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1. Introduction

Let Q C R” be a bounded domain with sufficiently smooth boundary 9Q. For (x,t) € Q x R™ we consider a Kirchhoff beam equation with
variable exponents and time delay given by

U+ A2u—M <HVMH2) A+ pyuy (x,0) g7 (1) + oy (1 — ) g "D 72 (x,0 — 7) = 0, (1.1)
with Dirichlet boundary condition
u(x,1) =0 in 9Q x[0,00), (1.2)

and initial data

u(x,0) =up (x) inQ, (1.3)
u (x,0) =u; (x) inQ, (1.4)
ur (x,0—7) = fo(x,t—7) inQx (0,7), (1.5)

where 7 > 0 is time delay term, 4, is a positive constant, yi, is a real number. M (s) is a positive C!-function like M (s) = a + bs” for s > 0,
specially we take a,b = 1 and y > 0. The functions ug, u], fo are the initial data to be specified later.
The variable exponent m (-) is a measurable function on Q satisfying

2<m™ <m(x) <m" <m*, wherem™ = essinfm (x), m" = esssupm(x) e m* = ——ifn>5. (1.6)
xeQ xeQ n—4

The problems with variable exponents arise in many branches in sciences such as nonlinear elasticity theory, electrorheological fluids and
image processing [7,8,26]. Time delay often appears in many practical problems such as thermal, economic phenomena, biological, chemical

Email addresses and ORCID numbers: ferreirajorge2012@gmail.com, 0000-0002-3209-7439 (J. Ferreira), episkin@dicle.edu.tr , 0000-
0001-6587-4479 (E. Pigkin), raposo@ufsj.edu.br, 0000-0001-8014-7499 (C. Raposo), mshahrouzi@jahromu.ac.ir, 0000-0001-9308-0115 (M.
Shahrouzi), hazally.kaya@gmail.com, 0000-0002-1863-2909 (H. Yiiksekkaya)



https://orcid.org/0000-0002-3209-7439
https://orcid.org/0000-0001-6587-4479
https://orcid.org/0000-0001-6587-4479
https://orcid.org/0000-0001-8014-7499
https://orcid.org/0000-0001-9308-0115
https://orcid.org/0000-0002-1863-2909

2 Universal Journal of Mathematics and Applications

and physical [12].
One of the first mathematical analysis of beam equation for @ = (0,L) C R, L > 0,

L
Usr + Uy — M (/0 |ux|2dx> uyy =0 (1.7)

was done by Ball (1973) [6]. Tucsnak (1996) [29] extended (1.7) for the beam equation in Q C R”
e + A2u+M(||Vul|?)(—Au) =0, (1.8)
where

|[Vul|? =: / |Vu|? dx.
Q

The problem (1.8) is called of Kirchhoff type in reason of the one-dimensional nonlinear equation (1.9) proposed by Kirchhoff [13] (1883),

E)zu ‘L'() 62
c9t2_< 2mL/ ( ) ) ox2 =9 (1.9

where 7 is the initial tension, m the mass of the string and k the Young’s modulus of the material of the string. This model, in connection with
some problems in nonlinear elasticity, describes small vibrations of a stretched string of the length L when only the transverse component of
the tension is considered.

This kind of problem (1.9) is obtained from the model (1.10), first proposed by Woinowsky-Krieger [30] (1950), for the transverse motion of
an extensible beam of the length L whose ends are attached at a fixed distance

0%u  EId*u H EA Lau 0%u
a2 o oAt ( 3L Jo )(*W):O’ (1.10)

where L, E, I, p, H and A denote, respectively, the length of the beam in the rest position, the Young’s modulus, the cross-sectional moment
of inertia, the mass density, the tension in the rest position, and the cross-sectional area.
Antontsev et. al. [3], considered the nonlinear plate (or beam) Petrovsky equation with variable exponents as follows:

gs + A2 — Auy + [y )P 2y = )2, (1.11)

The authors, by using the Banach contraction mapping principle, obtained the local weak solutions. Also, they showed that the solution is
global if p(-) > ¢(-). Moreover, the authors proved that a solution with negative initial energy and p(-) < g(-) blows up in finite time.
In [4], Antontsev et al., considered the Timoshenko-type equation with variable exponents as follows:

U +A2u—M <HVMH2) Au+ [y P72y = )12, (1.12)

The authors proved the local existence of the solution. Moreover, they investigated the nonexistence of solutions for negative initial energy.
In [5], Antontsev et al., studied the nonlinear p(x)-Laplacian equation with time delay and variable exponents as follows:

i — Aoyt + Bty (6, ) [ty "2 (1) + oty (6,1 — 7 [ ") 72 (0 — ) = b |70 72 (1.13)

The authors proved the blow up of solutions. Then, by applying an integral inequality due to Komornik, they obtained the decay result.
There are few results on Kirchhoff beam equation with delay. In [10] was considered the following nonlinear viscoelastic Kirchhoff beam
equation with a time delay term in the internal feedback, given by

1
Ut + Nu— divF (Vu) — o (t) /0 gt —5)A2u(s)ds + pyuy |ue| ™1 (x,1) + pous [us "~ (x,0 — 1) =0,
where Q C R”, (n > 1) is a bounded domain with smooth boundary dQ. The function u = u(x, ) is the transverse displacement, and & (t)
and g(t) are positive functions defined on R™. py, i1, are positive constants and 7 > 0 represents the time delay. Under suitable assumptions,
the authors established the general rates of energy decay by using the energy perturbation method.

Kafini and Messaoudi [16], studied the equation with variable exponents and delay term as follows:

uy — Au+ pyug (x,1) [y \'"m*z (o,1) + tous (x,2 — 1) \u,|’"<x>72 (x,t —T)=bu |u|p(x)72 . (1.14)

They established the decay estimates and global nonexistence results for the equation (1.14).
Santos et al. [27], investigated the existence and the decay of the beam equation as follows:

1
U +A2u—M <\|Vu\|2) Au—/ h(t—s)Au(s)ds+ oy =0, (1.15)
0

in a non-cylindrical domain. Recently, some other authors investigate hyperbolic type equations (see [11,21-25,28]).

Our aim in this work is to prove the stability of solutions for the Kirchhoff beam equation with the delay term (tpu; (x,7 — 7)) and variable
exponents which make the problem more different than from those considered in the literature. This manuscript extends the result of [16] to
Kirchhoff beam equation.

The paper is organized as follows: In Section 2, the definition of the variable exponents Sobolev and Lebesgue spaces are stated. In Section
3, we obtain the stability result.
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2. Preliminaries

In this section, we present some material needed for the statement and proof of our results. In what follows, we present some properties
related to W1-P(") (Q) Sobolev spaces with variable exponents, see [2,9, 14]. The spaces L” Q) (Q) are special cases of the generalized Orlicz
Spaces originated by Nakano [19] and developed by Musielak [17] and Orlicz [18]. The study of these spaces have been stimulated by
problems of elasticity, fluid dynamics, calculus of variations and differential equations.

Let p: Q — [1,00) be a measurable function. We define the variable exponent Lebesgue space with variable exponent p (-) by:

'O (Q) = {u : Q — R; measurable in Q : / \u\p(‘)dx < oo }7
Q

with a Luxemburg-type norm

. ) u |P)
||qu(_):1nf{/l>0./Q‘I‘ dxgl}.

Equipped with this norm, LP(*) (Q) is a Banach space (see [8]).
The relation between the modular [, | f|P (*) dx and the norm follows from

p(x

. - + " - +
(17 17150 < [ 11700 de < max((1£15 17100,

In the case p(x) = const > 1, these inequalities transform into equalities. For all f € L’ (Q), g € LP'()(Q) with

7 p(x)
P € (o), ple) =~

the generalized Holder inequality holds, that is,

Lemma 2.1. [1] (Holder’s inequality) Let p,q,s > 1 be measurable functions defined on Q and

1 1 1
= e yEQ
S0 p) Ty Frae e

satisfies. If f € LP") (Q) and g € L") (Q), then, fg € L*") (Q) and
I£8lsey < 201 pe Ngllge -
Next, we define the variable-exponent Sobolev space wip() (Q) as follows:
wlrO) (@) = {u e 1’0 (Q): Vu exists and |Vu| € L) (Q)}.
Variable exponent Sobolev space with respect to the norm:
luelly piy = lluelloe + 1 Vaellocy

is a Banach space. The space WOI P0) (Q) is defined as the closure of Cy’ () in whr() (Q). Foru e WOI P0) (Q), we can define an equivalent
norm:

llall1 py = 11Vl -

The dual of WO1 20) (Q) is defined as Wo_l"p/(') (Q), similar to the usual Sobolev spaces, where -1~ 4+ -1~ =1.
We also assume that:

< ——— forallx,y € Q, (2.1)
log [x —y|

B>0and0< 6 <1 with |x—y| < 8. (log-Hélder condition)
Lemma 2.2. [2] (Poincaré inequality) Suppose that p (-) satisfies (2.1) and let Q be a bounded domain of R". Then,
1 .
el < [Vl for allue wy ™ (@),
where c=c(p~,p*,|Q|) > 0.

Remark 2.3. We denote by c various positive constants which may be different at different occurrences. Also, throughout this paper, we use
the embedding

Hg (@) = Hy (@) = L7 (@)
which implies
[lull , < Cl[Vull < C|[Aull,

where2§p<°°(n:1,2),2§p§,12_—”2(1123).
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3. Stability of solutions

In this section, we get the stability results for the problem (3.1)-(3.7), with the exponent m(-).
Similar to the work of [20], we introduce a new variable

2(x,pt) = u (x,t —1p), x€Q, p€(0,1),1>0;
hence, we have
77 (x,p,1) +2p (x,p,1) =0, x€Q, p € (0,1), 1 >0.

Consequently, problem (1.1)- (1.5) is transformed to:

e+ AP — M (HVqu) Au+ pryag (o) g (6, )" 72 4 oz (3, 1,6) [2.(x, 1,6)["@ 72 =0, in Q@ x (0,00) G.1)
17 (x,p,1) +2p (x,p,2) =0 in Qx(0,1) x (0,00), 3.2)

with Dirichlet boundary condition

u(x,t)=0 on 9Q x[0,), (3.3)
z2(x,p,#) =0 on dQ x[0,1) X [0,00), 3.4)
and initial data
u(x,0) =ugp(x) in Q, 3.5)
ur (x,0) =up (x) in Q, (3.6)
z2(x,p,0) = fo (x,—p7) in Qx(0,1). 3.7)

Similar to [16] we can define the strong solution as follows:

Definition 3.1. Fix T > 0. We call (u,z) a strong solution of (3.1)-(3.7) if
w € W>([0,7);L3(Q)) nW=((0,T); Hg (Q)) NL=([0,T); H*(Q) N H3 (Q)),

ur € L"0(Q) % [0,7)),
2e Wh=((0,1] x [0, T);L3(Q)) N L=([0, 1]; L"0@N0T)),

and (u,?) satisfies the initial data and (3.1) in the following sense

-l 22— 01 (V1) Bt () i ()2 oz (31,0 2, 1,02 = 0,
/Q[m (x,p,1) +2p (x,p,1)]wdx =0,

fora.e. t € [0,t) and for (v,w) € H} (Q) NL*(Q).

In order to state our main result, we define the “modified” energy functional of (3.1) is given by

E0) = 3 P+ 5 I8l + 3 190+ 5 970 [ dedp, G8)
for 1 > 0, where £ is a continuous function yields

T o] (m (x) = 1) < & (x) < T (pim (x) — |ma]), x € Q. (3.9)
The following lemma gives that, E (¢) is decreasing under the condition t; > ||
Lemma 3.2. Let (u,z) be a solution of (3.1)-(3.7). Then, there exists some Cy > 0 such that

E'(r) < fco/g (|u,|’”(x> +lz(x, 1,:)\m<x)> dx <0. (3.10)

Proof. Multiplying (3.1) by u;, integrating over Q, then, multiplying (3.2) by 1& (x) |22 7 and integrating over Q x (0, 1), summing up,
we obtain

d |1 1 1
- [2 HquZ + 5 HA””z + 5 HV”H2 +

1
2(y+1)

1 m(x)
2(y+1) é(-x) |Z(X7P7t)‘
ar [Vull + /0 /Q B a— dxdp

1
- /Q ") s~ %/Q /0 E () |2 (6, p,0)[" Y2 22 (x,p,1) dpdx — /Q”rz()a 1,0) [z (x, 1,0)[" 2 ax. (3.11)



Universal Journal of Mathematics and Applications 5

The last two terms of the right-hand side of (3.11) can be estimated as follows:

1 X, m(x)
%/Q/O E () |2 (6, p.0) "D 2 22, (x,p.1) dpdx_”/ / (W) dpdx

S (x) mix
i (@00 — 2 1,010 ) dx
g( ) m(x) é(x) X m(x)
QTW[( )| f‘ dx— QTm(X) |Z( 71’t)‘ .

By using Young’s inequality, ¢ = ( ) ; and ¢’ = m(x) for the last term, we get

_ 1 m(x)—1
m(x)=1 m(x) m(x)
‘l/l;HZ(X71J)| = m(x) ‘ul‘l + m(x) | (X7l,l’)‘
Consequently, we obtain
f,uz/ 2]z (6, 1,0)" 02 dx < || (/ }) dx+/ me) =1 ) <>dx>.
Q

Thus,

B0 < [ - (£ 4 D) g [ (6 om0y g

Tm(x)  m(x) m (x) m(x
As a result, for all x € Q, the relation (3.9) satisfies

£ ml

Tm(x)  m(x)

§(x)  |mof(m(x)—1)

Tm(x) m(x)

fl(X)=ur( )>0,andf2(x)= > 0.

Since m (x), and hence & (x), is bounded, we infer that f] (x) and f> (x) are also bounded. Hence, if we define
Co (x) =min{fi (x), f>(x)} > 0 for any x € Q,

and take Cp (x) = inf5Cp (x), so Cp (x) > Cp > 0. Therefore,

E' (1) < —G { /Q g (1)) dx + /Q |z(x71,t)\m<x)dx} <o0.

We need the following lemmas before obtain our stability results.

Lemma 3.3. (Komornik, [15]) Let E : R* — R™ be a nonincreasing function and suppose that there are constants &, ® > 0 such that

/ E (1 é S (0)E (s) = cE (s), Vs > 0.

Then, we have

{ E(t)<cE0)(1+0)'° ifo>0,
E({t)<cE(0)e ™ ifc=0.

forallt > 0.
Lemma 3.4. [16] The functional

7’5/ /epré )|z (x,p,0)[™™) dxdp

satisfies

1
< /Q £ (x) 1" dx — £e " /0 /9 £ (x) |2 (x, p,0)|") dxdp

along the solution of (3.1)-(3.7).

Theorem 3.5. Assume that conditions (1.6) and (2.1) are satisfied. Then, there exist two constants ¢, o > 0 independent of t such that any
global solution of (3.1)-(3.7) satisfies,

{ E(t)<ce ™ ifm(-)=
E(t) <cE0) (140%™ =2 irmt > 2.
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Proof. We multiply the equation (3.1) by uE4 (¢), for g > 0 to be specified later, and integrate over Q x (s,T), s < T, to have

T .
/ E1 (t)/g[ uu,,—i—quu—uAu—||Vu||2VuAu+/J1uu,|u,\m<x)72+u2uz(x,l,t) |2 (x, 1,£)["0) =2 }dxdtzO,
s
which implies that
/Eq / (vt — 12+ 8 - [V 4 (Va2 [V oy (e, ()72 gy (2,1, 2 (e 1) 702 ) dxde =0
(3.12)

Recalling the definition of E (), given in (3.8) adding and subtracting some terms and using the relation

d ) d
o (E‘f o) /Q uu,dx) — gES () E' (1) /Q wndx-+ (1) 4 /Q wnydx,

the equation (3.12) satisfies

Z/STE‘IH(t)dt:—/STZt (Eq( )/Quutdx) dt—l—q/xTEq*l(t)E'(t)/Quutdxdt

T T T
Y[ g / |9l V| s +2 / E4(1) / Wdxd — / E4(1) / sty |2 dxdit
Q K Q K Q

- Y+1Js
T T 1 m(x)
_ q m(x)—2 q 5 (X) ‘Z(xvl):t)‘
“2./s E (t)’/Quz(x,l,t)|z(x,l,t)| dxdz+2~/s E (t)/o (/Q—(x) dxdpdt. (3.13)

m

Next, we estimate the parts of the right side in inequality (3.13), respectively.
The first term is estimated as follows:

'7/5T51 <E‘1()/Quu,dx)dt _|ga
E4(s) {/Q u? (JC,S)d)H—/S.2 u? (X,s)dx] + %E‘I(T) {/9“2 (va)dX—i-/g;utz (LT)dx}

E9(5) [Cy 18w (5) 3+ 26 (5)] + 59 (T) [ v (T) 3+ 22 (7)]
(s) [CpE (s) +E (s)] +E4(T) [C,LE(T)+ E(T)],

(s)/guu, (x,s)dx—E1 (T)/Quut (x,T)dx

IN

IN N
o = =

where C), is the Poincare’s constant. Because of E (r) is nonincreasing, we infer that

'7/5sz (Eq( )/Quu,dx) dt

In similar way, we handle the term

' / ETV(0)E (¢ )/uu,dxdt

< cE9MY (5) < cE(0)E (s) < cE(s). (3.14)

< q/ ESV (1) E' (1) [CpE (T) +E(T)) dt
Sfc/ E9(1)E' (1) < cETT (s) < cE (s). (3.15)

We estimate the other term as follows:

'_7

T .
e Eq/ HVquy)Vuz‘dxdt
'}’+1 s Q

. —2ys ('Vﬂl /(v )

T HVMHZ Y+1)
— g L1
= 2y E ( 2( 1) dt

< C'E(s) (3.16)

where C* is a generic constant.
To treat the other term, we set

Qr={xeQ, |y (x,0)] >1} and Q_ = {x € Q, |u; (x,7)] < 1}.
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Then, by using the Holder’s and Young’s inequalities, we get
T 2 T q 2 2
eq/udxdt:/E t{/ udx+/ udx}dt
[ o[ ey | [, waxs [
T - 2/m~ . 2/m*
< c/ E1(r) [(/ |ue ™ dx) + (/ |ue|™ dx) :| dt
Js Q. JQ_

Sc./sTEq(t) [(/Q|ut|m( )2/m (/ ‘ut|mx )2/’”+] dt
< c/T E1() [(~E 0)7" + (< (0)*"™ | an
<ce /T [E ()] /" 2 dr 4 c(e) /T (—E' (1)) di +ce /TE (1) dr+c(e) /T (—E' (1) 20 gy,

s

For m™ > 2 and the choice of g =m™ /2 — 1 will give -2 qm =q+1+2 =" '"+7’” .
Therefore,

T . 5
E z/ dxdt
| B [ tax

<ce / "k ()T di + ce [E(0)] / ! [E (1)) di+c(e)E (s)

N

T
gce/ E0)" di+c(e)E(s). (3.17)

For the case m™~ = 2 and the choice of ¢ = m™ /2 — 1 will give the similar result.
For the other term, utilizing Young’s inequality we conclude

'ful/STE‘/(t/ Jag "0 <s/ E9(t /|u dxdt+c/ E9(r /Q () g (£)") dxdie
gs/s E9(1) U DI dx+/ 0" dx} dt—i—c/ Eq(t)/g.)cg(x)\u, ()" dxds,

where we have used Young’s inequality with

m(x) / _
po) = ) =)

and hence

ce (X) _ (m (x) _ l)m(x)m(x)/(lfm(x)) 81/(17111(,())_

By using the embeddings H (Q) — L™ (Q) and H} (Q) — L™ (Q), we obtain

T
',M/ E (r)/ g " dxdr
K Q

<e TE"(t) cllAu(s)|[3 +cllAus)|2" | de+c TE"(t) ce (%) |uy (6)") dxat
s K Q

<e / "R [cE™ 22 (0)E (1) + cE™ D2 (0)E (1)) dt +¢ /TEq ) /S')cg ) [ (£)" dixr

s

T T
<ce / BT () di + / E4 (1) /Q ce () s ()™ dxr. (3.18)

The next term of (3.13) can be estimated in a similar attitude to get

_ T
' uz/ E4(1 / l2(x, 1,0) "~ s <e/ E9 (1) [e [ Au(s)]ly +c\|Au(s)Hg'*]dz+c/ E"(t)/ch(x)\z(x,17z)|m(x>dxdt

T .
<ce / E (1) dr + / E4(1) / ce (0 |2 (6, 1,0)" dxat. (3.19)
K K Q

For the last term of (3.13), from Lemma 3.4, we get

2/ Ei (1 //é szpt\

m(x

dxdpdt < i_/TEQ(r)/I/ E(x) |2 (x,p,0)|") dxdpdt

<77 / E1(0) 5 (/ / e PTE (x) 2" dxdp)

r = / E9() [ &) ") da

{E‘I / /e PTE (x) ") dxdp} . +7/' E9(t /é ) i ) dxt.
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As & (x) is bounded, by (3.8), we obtain

m(x) sz
Z/STE‘i(t)/O]/Q%dxdpdzg ZTW:%E(](S)E(S)+"2%E(]+I(T)

m
27e " 2
< S BI(O)E(s) + B (T)E ()  cE(s), (3.20)
for some ¢ > 0.
By combining (3.13)-(3.20), we conclude that
T T T
/ E(r)dt < s/ ETTY (1) dt 4 cE () +c/ E9 (z)/ ce (%) |2 (x,1,6)") dxat. (3.21)
s s K Q

Choosing € so small such that

/TE4+1 (1)dt < cE (s)+c/TE‘1 (:)/ch () |2 (e, 1,0) ") dxr.

Once ¢ is fixed, then c¢ (x) < M, since m (x) is bounded. Therefore, we infer that
T T
/ E9T (1) di < cE (s) + M / E9(1) / 12.(x, 1,0) ™) dxdle
s s Q

T
< CE(s)— CoM / E9()E (1) di

< cE(s)+ % [Eq“ (s) — E9+! (T)] < CE(s). (3.22)
By taking 7 — oo, we obtain
/:OE’f“ (t)dt < cE(s).
Thus, Komornik’s Lemma (with 6 = g =m™ /2 — 1) implies the desired result. O
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