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Abstract

3k
We introduce a new subclass Pp (a, ﬂ, f, Q, m) of analytic and P — valent functions
with negative coefficients. Coefficient theorem, distortion theorem and closure theorem of

functions belonging to the class P; (Ol, ﬁ, f ,Q, m) are determined. Also we obtain
radius of convexity forpp* (OC,ﬂ, f , Q,m). Integral operators of functions belonging
to the class P;(a,ﬂ, §,Q,m) are studied here. Furthermore the extreme points of

P; (a0, B,&,Q,m) are also determined.

Keywords: Distortion theorem, exreme points, analytic function, radius of
convexity, Salagean operator.

NEGATIF KATSAYILI p-VALENT FONKSiYONLARIN BiR
YENI ALTSINIFI HAKKINDA

Ozet
s
Bu makalede negative katsayili D — valent analitik fonksiyonlarin Pp (a, ﬂ, f, Q, m)
ile gosterilen yeni bir sinifi tanitild. P; (0!, ﬂ, §, Q, m) swmifina ait fonksiyonlar i¢in katsayt

Sk
teoremi, distorsiyon teoremi ve kapanis teoremi belirlendi. Ayrica f;(a, ﬁ,f 8, m)

swmifi igin konvekslik yaricapr elde edildi. Bundan baska P;(a,,b’, é:,Q, m) smifina ait
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fonksiyonlarin integral operatérleri ¢alisildi. Bunlara ilave olarak P;(a,ﬁ,f,Q, m)
swmifinin extreme noktalari belirlendi.

Anahtar kelimeler: Distorsiyon teoremi, extreme noktalari, analitik fonksiyon, konvekslik
yarigapi, Salagean operator.

2000 Mathematics Subject Classification: Primary 30C45.

1. Introduction and Definitions

We recall some basic facts together with terminology and notation that will be
needed.

Let 4 be class of functions f(z) of the form f(z)=z+ Zakzk which are
[
analytic in the open unit disk U = {Z : |Z| < 1} .For f(z) belong to 4, Salagean

[7] has introduced the following operator called the Salagean operator:

Df(z)=f(z). D'f(z)=Df(2)=2f(2)
D'f(z)=DD"'f(z) (meld ={1.23..}).

We note that

D'f(2)=z+Y K'az', nel,={0}ul.

Let S ,(PE [ ) denote the class of functions of the form

f(z2)=z"+ Zan+p2"+p
n=1

that are holomorphic and p -valent in the unit disk |Z | <1.

Alsolet T' » denote the subclass of S » consisting of functions that can be expres-
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sed in the form

00
f()=2"=3|a,,|2""

n=1 . (1.1)

We can write the following equalities for the functions f(z) belonging to the

class T B

D'f(z)=f(2),

o0

D'f()=Df ()= @)= p" =Y (n+p)la,., |2,
D*f(2)= DD (2) = p=" = Y (n+ p)la,., |27,
D f(2)= DD f(2)) = p°2" =¥ (n+ p)°la,., | .
A function f(z) €T, in P;(Ol,ﬂ, &,Q,m) if and only if
‘ (D f(2))™ =" _PQP"
(p_m) o < ﬂ’
26[(D ()" ~a) ]~ {(Dﬁf(z»('”)z'""’ - B }
(p—m)!

(p.mel, Qel,, pzm). [4<1, for 0Sa<%, 0<B<l, %<§£1.

Particularly, the symbol (D® f(z))"™ was named as the 71— th order deriva-
tive operator.

Such type of investigation was carried out by Aouf [1] for fj: (a, ). We note

that P ()= P (0,,1,0,1) is precisely the class of functions in U studied by
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Caplinger [2]. The class P (a,1,3,0,1) = B (a, B) is the class of analytic func-
tions investigated by Juneja-Mogra [4]. Gupta-Jain [3] investigated the family of

0
analytic univalent functions that have the form f(z) =z — Z|an | z" and satisfy
the condition n=2

| f@-1 |
|f'(z)+(1_2a)|<:8: O0<a<l, 0<pB<L)

Kulkarni [5] has studied above mentioned properties for the functions having Tay-

. . _ n
lor series expansion of the form f(z) =z + z a,z".
n=2

A function feT, isin P;(a,ﬂ,f) if and only if
| ' livyw_€ _ <5
126(f'(2)2" —a)~(f(2)2" - p)|

Z

< for 0<a<, 0<pel, Legl
2% 2

The class P, («, f,&) investigated by Kulkarni ef al. [6].

A function f €T, isin P;(a,,b’, £,Q) if and only if
| (D°f ()27 = p™" |

(D% () 2 —a)-(D°f (@) 2" - p™ )| b

Qel,. |7<1, for 0<a<L, 0<p<], 1 g<r
28 2

The class P;(a, S,&,Q) studied by Orhan et al. [8].

In this paper sharp results concerning coefficients, distortion theorem, closure

theorem and the radius of convexity for the class P; (a0, B,&,Q,m) are deter-
mined. Furthermore, we give integral operators of functions belonging to the class

Pp*(a,ﬂ, &,Q,m).
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We note that P; (a,p,,Q,1) = P; (a, p,&,Q). Therefore our class
P (a, B,&,Q,m) is the generalization of P, (&, 5,&,€2,m) by Orhan ez al. [8].

2. Coefficient Theorem
We begin by proving some sharp coefficient inequalities contained in following

theorem.

0

Theorem 1. A function f(z)=2z" —Z a,,,|z"" isin P;(a,[;’,g,Q, m)
if and only if n=1
S[1+@25-DB (n+p)9(n+p)
— (n+p—m)! (p m)!
The result is sharp, the extremal function being
2B&( (" pm),—oo
flz)=z"- P P @.1)
[1+@2&-Dp](n+p)* (n+ p)!
(n+p—m)!

Proof. Let |Z| =1.Then

2

p'p°
(p—m)!

Q (m) m-p _ _ Q z (m)Zm*p_i
2£[(Df ()" 2" ~a] {(D (@) (o]

(D ()™=

(n+p)*(n+p)) pp (2&-D(n+p)*(n+p)! .
; trr gy el | ARG - ; e U
= [1+ @25 -DB](n+ p)®(n+ p)! ~ plpt

SZ:: (n+p—m)! Caro 2ﬂf;((p—m)! @)=<0

by hypothesis. Hence, by maximum modulus theorem f'(z) € Pp* (a, p,&,Q,m)

For the converse we suppose that

September 2013 Vol:21 No:3 Kastamonu Education Journal



950 Omer DURMAZPINAR...

(DO (- P ‘

(p=m)!
26[(D )"~ —[(DQf(z))‘mzm-P o ’_”m)!ﬂ

= (n+p)(n+p)! ;
J % Gepmy <p
p* p _ (2E-1)(n+p)*(n+ p)! 0 '
‘ “Co—m! Z (n+ p—m)!
Since |Re(z)| < |Z| for all z we have
= (n+ p)*(n+ p)! 0
® ; (n+p-—m)! wp|? <B
) P° p j QE-D)(n+p)°(n+p)! 00
2 o= m! Z (nap-my el

We select the values of z on the real axis so that (D £(2))™ 2" is real.
Simplifying the denominator in the above expression and letting z —> 1 through real
values, we obtain

Pl e BEENup )
LT e

iwp) (n+p)!

(n+p-m)!

”*P n+p

n=1

and it result in the required condition.

The result is sharp for the function (2.1).
Corollary 1. Let the function f(z) defined by (1.1) be in the class

Pp (a’ ﬂ, 57 Q; m). Then
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pp!
2ﬁg{(p m)! “}

< ,
“or ST QE“DB](n+ p)°(n+ p)!
(n+ p—m)!

n=12,3,....

3. Distortion Theorem

Let us start with the following theorem.

Theorem 2.1f f(z) € P, (at, B,&,Q,m) ., then for |z| =7,

| P e
p_ p }’l’l) rp+l<| Z|<I’p+ p m) rp+1 (31)
[1+Qe-Dp]1+p)°(+p) C o [1+@E-DB) U+ p) (14 p)!
(I4+p-m)! (I4+p-m)!
and
i {(j Zo 4 i ng% “]
pl_ P <]y < 11 " 3.
pr PRI I) <f(l<p [1+2§ i r (3.2)
(I+ p-m)! (I+p-m)!

Proof. In view of Theorem 1, we have
5z PP }
'Bé{(p m)!
[1+(2§ D]+ p)*(1+p)!
1+ p—m)!

n+p

Hence
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- 2'89{( b )v}
[f ()<’ +Z @, pt < [1+(2§—1)ﬂ]?1+n; ST e
1+ p-—m)!
and
w vy
|f(Z)| >r? —; a, "zt~ [1+(2§—1),B]l(?1+p) TSy e,
1+ p—m)!
In the same way we have
| iz
|f'(z)|£prp1+;(n+p) awlr”””l <pr'+ [1+(2§_1)ﬂ](117+;1)9 o P

(1+ p-m)!

b

and

. ﬂf{

! -l n+p—1 -l ( )
T i iy T T
(+p-m)

This completes the proof of the theorem.

The above bounds are sharp. Equalities are attended for the following function:
2 ﬂ§|: Pipt a}
(p—m)!
[1+@2&-Dp](n+ p)* (n+p)!
(n+ p—m)!

Pz =4r (3-3)

f2)=z"-
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Theorem 3. Let f(z) € P; (e, p,&,Q,m). Then the disk |Z| <1 is mapped
on a domain that contain the disk

(1+P)Q(1+P)!+IB (25—1)(1+P)Q(1+P)!_2§( p°p! —a)
|w|< 1+ p—m)! 1+ p—m)! (p—m)!
[1+2§—1),B](1+p)9(1+p)!

1+ p—m)!

The result is sharp with extremal function (3.3).

Proof. The result follows upon letting # —> 1 in (3.1).

Theorem 4. f(z) € P, (a,3,5,Q,m), then f(z) is convex in the disk

|Z| <r=r(a,p,5,Q,m), where
1

P 1+QE-DB](n+p)*(n+p)t|"

(e, B.6.Q,m) =inf O pm) =123
B e G0}

the result is sharp, the extremal function being of the form (2.1).

Proof. It is enough to show that

(1+%—p <p for |z|<1
First we note that
7@ p‘ rera-prel, ZTPl
/() 1) ", S 0+ D o

Thus, the result follows if
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)

in(n +p)

n=1

z

al’l+p an+p

IZI"Sp{p—i(Hp)

b

or, equivalently,

| n+p ’ "1
52
But in view of Theorem 1, we have
= [1+QE-DB](n+ p)*(n+ p)! p'p®
2 ey e S
Thus f is convex if
i [1+Q2&-DB](n+ p)*(n+ p)!
(””’j o[ < (et p=m); . n=123,..
p pp
25 0 -
p’[1+QE-D](n+p)®(n+p)!|"
EE Ué*f"’")! , n=123,..
286 L+ py’
(p—m)!

which completes the proof of our theorem.

4. Closure Theorem

We shall prove the folloving result for the closure of functions in the class

Pp*(a’ﬂ’ é’ Q9m)
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Theorem 5. If f(z)=2z" —Z a, ,|z"" and g(z)=z" —z b, ,1z""
n=1 n=1
« 1 &
. S n+p .
are in the Pp(a,ﬂ,f,Q,m), then h(z)=z 2Z,an+p+bn+p z is also

in Pp*(a, B.E,Q,m).

Proof. f and g both being members of Pp (a, B,&,Q,m), we have in accor-
dance with Theorem 1

i[1+(2§—1)ﬁ](n+p)g(n+p)!

Q)
<2pe(EL——a) @

an+p

pu (n+p—m)! (p—m)!
and

= [1+(2& -1 ° ! “p!
QDA el 0 2
= (n+p—m)! ! (p—m)!
To show that 4 is a member of P;(a,,b’,é,Q,m) it is enough to show that

= [1+(2&-1 “ ! “p!
L[ CEDBO P DY
255 (n+p-—m)! pen (p—m)!

This is exactly an immediate consequence of (4.1) and (4.2).

5. Integral Operators

In this section, we prove the following.

Theorem 6. Letthe function f'(z) defined(1.1)beintheclass P; (a, B,&,Q,m)
and let ¢ be real number such that ¢ > —p . Then the function F(z) defined by

C

F(z) =L [ o (5.1)

z

also belongs to the class P;(Ol, £,E,Q,m).

Proof. From the representation of F(z), it follows that
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o0
F(Z) =z’ —Zb’HpZ’H‘D
n=1

>

where
b., =[C+_PJ a,.,
c+p+n
Therefore,
i[1+(2§_1)ﬂ](”+p)g(n+p)!b
n=1 (n+ p—m)! n+p
:i[l+(2§_l)ﬂ](”+p)g(n+p)! ot p
(n+p—m)! crpan )
= [1+Q2E-DB](n+ p)*(n+ p)! ol
S; s pm) a,H,,SZ,Bf(—(p_m)! a)'

Since f(z)e P; (a, B,&,Q,m). Hence by  Theorem

F(z) e P)(a,,&,Q,m).
6. Extreme points for P;(a,ﬂ,f,.(),m)

We shall now determine te extreme points of F; (, ﬂ R f ,Q,m).

Theorem 7. Let f,(z) =z" and

2B P g

— |
j;,+p(z):Zp_ (p m) n+p’ n:1,2’3’“.

[+ QE-DB](n+p) (n+p)
(n+ p—m)!
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Then f(z) € P, (a,f3,£,€2,m) if and only if it can be expressed in the form

f(z)= Z wipSorp(2) where 4., >0 andz iy =

n=0

Proof. Suppose that £ (2) = Z Ay Sy (2) =2 f(z>+Z Ayip ooy (2)

, 265 P g
=1 zP +z/1n+ 2P (p—m)! P
' 1T TV Bln ) )

n=l1
(n+p—-m)!

w ) 25 ;’_p )
:ﬂ,pz +;/1n+p zl 1+(2§ l)ﬂ](n+P) (n+p)|
(n—}—p—l’l’l)!

} i 286 PP )
(p_ )' n+p
Z z
= " [1+@2&-DB](n+ p)*(n+ p)!
(n+p-—m)!

i 2B&( p‘; —a)

) n+p
Z‘ "1+ (28— 1)ﬂ](ﬂ+p) (n+p)'
(n+ p—m)!

Thus
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25 p°p! ) [1+@2&-DB](n+ p)* (n+ p)!
N (p-m)! (n+p-—m)!
;/1"“’ [1+@2&E-1)B](n+ p)*(n+p)! 5 g P!
Be——-a)
(n+p-—m)! (p—m)!

Sa, =S4 -4 =1-2 <1
n=1 n=0

so by Theorem 1, f(z) € P:(a,ﬁ,f,Q,m) .

Conversely, suppose f(z) € P; (a, B,&,€2,m) . Since

2P )
@y = by =m): ~1,2.3
S @Dl pP G pyt TTEB)
(n+ p—m)!
we may set
[1+ Q& - B](n+ p)°(n+ p)!
ﬁ'ner = (n+€)_:/n)' anw
PP
2ﬂ§((p_m)! o)
and
lﬂzl_iﬁnﬂ;
Then
w w T
f(Z)=Z —ga,ﬁpz =Z _;ﬂ,ﬁp [1+(2§_1)ﬂ](”+p)g(n+p)lz
(n+ p—m)!
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=z’ —Z_;inw(zp _fmp(z)) =z’ _Zlﬂ’wpzp + Z_;ﬂ’mpfnﬂ?(z)

=(1- Z /1n+p )z" + Z /1n+Pf"+P (2)
n=1 n=l

=4,2" 4D A S (2)
n=1

B ilﬂpﬁ’”’ (Z) - /1Pf17 (Z) * i/lnﬂ,pr (Z)

This status is completes proof of theorem.

Corollary 2. The extreme points of P; (a, B,&,Q, m) are givenby fp (z)=12"
and

285 2P g
Soip(2)=2" = (p—m). Z"P n=12,3,..
[1+ Q& -Dpn+ p)*(n+ p)

(n+ p—m)!

Remark. If we take m =1 and €2 =0 in the class P; (e, p,&,Q,m) then we
have the results by Kulkarni et al. [6].

Remark. If we take m =1 in the class P;(a,ﬂ,f,Q, m) then we have the
results by Orhan et al. [8].
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