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Abstract

In this paper, we define 2-normed grand sequence space by inspiration of (Gunawan, 2001) and (Rafeiro et. al., 2018).
Also, we give some basic properties of these spaces.
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2-Normlu Biiyiik Dizi Uzaylar1 Uzerine Bir Not

Oz
Bu ¢alismada, (Gunawan, 2001) ve (Rafeiro et. al., 2018) calismalarindan esinlenerek 2-normlu biiyiik dizi uzaylarini
tanimladik. Ayrica, bu uzaylarin bazi temel 6zelliklerini verdik.
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1. Introduction

Let X be a real vector space of dimension greater than one. If the real valued function ||.,.||on X X X
satisfying the following conditions, then ||.,. || is called a 2-normed on X;

N1- [|x,y|| = 0 if and only if x and y are linearly dependent,

N2- ||x»}’|| = ||y!x||1

N3- [lex, y1| = |¢]|lx, y1| for arbitrary c € R,

N4- ||Ix + z,y|| < |Ix, yI| + ||z y|| for every x, v,z € X.

The concept of 2-normed space was introduced by Gahler (Gahler, 1964). The 2-normed spaces
and generalization to the n-normed spaces studied by many authors (Duyar et. al., 2016; Duyar et. al.,
2017; Ogur, 2018). Later, Gunawan (Gunawan, 2001) defined, by using the standard 2-norm on #2,
the natural 2-norm |[[.,.[|, on ¢? X P ,1 < p < oo as follows;

1
p
1%, yllp = [%sz: |det (;j ;ﬁ)r)]
]

Xi Xk
[, Y|leo = supjsupy |det (yj )’k)|
for p = oo . Also, he gave the fixed point theorem for n —normed #? — spaces.

Iwaniec and Sbordone (Iwaniec and Shordone, 1992) introduced the grand Lebesgue spaces
LP),1 < p < oo. These spaces were studied by many authors (Jain 2010; Samko, 2017). Later, Raferio
et. al., (Rafeiro et. al., 2018) defined the grand sequence space £ (X), 6 > 0, by the norm

0

and

X[m0 = SUPeso P |x][p14e)
where |[|.|[pc1+¢) IS the standard norm on £P(+€) and X is one of the sets Z", Z,N and N,. They

studied some operators of harmonic analysis. Later, (Ogur, 2020) defined the grand Lorentz sequence
spaces and studied some basic properties such as multiplication operators.

2. Materials and Methods

In this paper, we inspired by the above observations and defined 2-normed grand sequence spaces
with 2-norm ||x, y ||, ¢ given as follows;

Let6 >0 and 1 < p < co. Let define the function ||.,. || on €726 x£P)8 by

1
p(1+€)lp(1+e)

) Xj Xk
|1, Y11py,01 = Supeo [%ZJZRV“(Y; yk)| @

Also, we studied some basic properties of these spaces.
3. Findings and Discussion

Firstly, we show that [|., . ||, ¢ makes sense;
Lemmal. Letd > 0and 1 < p < . By Minkowski’s inequality, we have
1

p(1+¢)
|p(1+£)

6
£
112, ¥1py,6 = SUpeso 72 lejyk — XiYj
T x

1
0 (A+8)1p(+e)
<supasio [ 5 2 TPl + ey )P
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1
9 (1+&))pG1+e)
<SUPgso [{%Z}' (EA) }p(1+ )

1
p(1+¢)

89
15D (a7
k

J
-1
S<SuPe>02”(“S)> Clxpre 1y pr0)

=2||x| |gp),9 [yl |gp),9

which shows that [[.,.]],) ¢ makes sense.

Theorem 1. 7,1 < p < o0, is a 2-normed space with the function ||., . [p),6-

Proof. It is easy to see N2) and N3) by the definition of the 2-norm. For N1), let [|x, y||,)¢ = 0,
then we have

det (xj xk) = 0 ifand only if x and y are linearly dependent
Vi Yk )

For N4), let x, v, z € P>, Then, by Minkowski inequality and property of the determinant, we
get

1
p(1+¢€) p(i+e)

]
& Xi+y;i X+ Vi
||x +y:Z||p),9 = SUPe>0 |det( g Z: g VA )
2 Z Zk j k
J

1
SSUPeso l%zj'qudet (2 )ZC:)| + |det (}le 321:)|)p(1+s)lp(1+s)
1
SSUPeo l% %) i |det (’Z‘j ’Z‘:)|”<1+€)l—p<l+g>
_1
s [ Befae () 2

=[x, z|lpy,6 + 11y, 2|1 p),6-
Remark 1. By Lemma 2.4 in (Gunawan, 2001) we have that a sequence in #? is convergent

(Cauchy sequence) in the 2-norm ||., . ||, if and only if it is convergent (Cauchy sequence) in the

usual norm |[[.|[,. Also, by 2.7. Theorem in (Swe, 2019), we have that the function ||x||:,p)_9
defined by
Hxl w0 = 11X, 2l I )0 + 11X, Wllp)e (2)

, where z and w are linearly independent, is a norm on P9,

Similarly, we get that a sequence in #7> is convergent (Cauchy sequence) in the 2-norm
[I.,-1lp)e if and only if it is convergent (Cauchy sequence) in the usual norm ||. || ,p)6. By using
similar way as in (Gunawan, 2001), we have

Lemma 2. The derived norm ||. ||} is equivalent to the [|. || ,»6 on £P)9 and the inequality

-1

27 |1x|l oo < 11x11jme < 21x1 |20 ©)

holds for all x € #P)9.
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Proof. Let choose e; = (1,0,0,...) and e, = (0,1,0,...) and define ||x||:,p)_9 with respect
to {e;, e,}. Thus, we have

*
||x||[p),9 = ||X, elllp),g + ||x' eZ||p)’9

0 1
_ € 1+¢) |P(1te)
=SUPe>0 [7 Zk¢1|xk|p( )]

1

o _1
& 1+ p(1+£)
TSUPe>o [7Zk¢2|xk|p( 8)]

1 1
SZ(supDO 21’(1+8)> SUPe>o [89 Zklxk IP(1+€)]p(1+£)

<2|x|| e
On the other hand,

1
x| 6 = supeso€® Zklxk|p(1+€)]p(1+s)

1
Ssup£>0[£9|x1|p(1+€) + £9)x, [PO+E) 4 20 Zk23|xk|p(1+6)]p(l+g)
1
p(1+e)

=su [2 iz o, [PCFe) + Zfz |x |p(1+e)]
=SUPe>0 | 45 Lk=11Xk > Lk=21Xk
1 1

1 ‘] Hl1te) ] (1+e)
— (¢ 1+4¢) \PA+O) £ 14¢)\PA+o)
SSUPes 2P+ (7Zk¢1|xk|p( 8)) + 7Zk¢2|xk|p( £)

1
Szp (llx' el||p),9 + ||x1 elep),Q)

*

£p)0

1
:2p||x||

which gives the proof.
Now, we can give the following theorem.

Theorem 2. The space 7,1 < p < oo, is a complete 2-normed space with its 2-norm
-5 1lpy6-

Proof. Let (x(m)) be a Cauchy sequence in ¢ with respect to ||.,. ||p),6- By the Lemma
2 (x(m)) is a Cauchy sequence in #P? with respect to ||. || p)6. Also, since the space P isa
complete space with respect to [|.||,».6, then there is x € £P29 such that lim,,_e||x(m) —
x||»6 = 0. By the inequality (3), x(m) converges to x in £P)% with respect to ||.,. |I),6- This
shows #P)? is a complete 2-normed space with respect to ||., . )6

Theorem 3. Let, F be a self-mapping on #P»® and contractive with respect to
|I.,1lp),6- Then, F has a unique fixed point with respect to derived norm |1x| |:p)_9.

Proof. Using similar way as in (Gunawan, 2001) and by the inequality (3), the proof can
be obtained.

4. Conclusions and Recommendations

Here, we give the definition of 2-normed grand sequence space and show that £ is a
complete 2-normed space with respect to its 2-norm ||., . || »¢- Also, we get an inequality for derived
norm || x| |;p),9. The results in this paper can be generalized to the n-normed concept as in (Gunawan,
2001).
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