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A Note on 2-Normed Grand Sequence Spaces 
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Abstract 

In this paper, we define 2-normed grand sequence space by inspiration of (Gunawan, 2001) and (Rafeiro et. al., 2018). 

Also, we give some basic properties of these spaces. 

Keywords: Grand sequence space, 2-normed space, Lebesgue sequence space. 

 

 

  2-Normlu Büyük Dizi Uzayları Üzerine Bir Not 

 

Öz 

Bu çalışmada, (Gunawan, 2001)   ve (Rafeiro et. al., 2018)  çalışmalarından esinlenerek 2-normlu büyük dizi uzaylarını 

tanımladık. Ayrıca, bu uzayların bazı temel özelliklerini verdik. 

Anahtar Kelimeler: Büyük dizi uzayları, 2-normlu uzaylar, Lebesgue dizi uzayları.  
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1. Introduction 

 

Let 𝑋 be a real vector space of dimension greater than one. If the real valued function ||. , . || on 𝑋 × 𝑋 

satisfying the following conditions, then ||. , . || is called a 2-normed on 𝑋; 

         N1- ||𝑥, 𝑦|| = 0 if and only if 𝑥  and 𝑦 are linearly dependent, 

         N2- ||𝑥, 𝑦|| = ||𝑦, 𝑥||, 

 N3- ||𝑐𝑥, 𝑦|| = |𝑐|||𝑥, 𝑦|| for arbitrary 𝑐 ∈ ℝ, 

 N4- ||𝑥 + 𝑧, 𝑦|| ≤ ||𝑥, 𝑦|| + ||𝑧, 𝑦|| for every 𝑥, 𝑦, 𝑧 ∈ 𝑋. 

 The concept of 2-normed space was introduced by Gahler (Gahler, 1964). The 2-normed spaces 

and generalization to the n-normed spaces studied by many authors (Duyar et. al., 2016; Duyar et. al., 

2017; Ogur, 2018). Later, Gunawan (Gunawan, 2001) defined, by using the standard 2-norm on ℓ2, 

the natural 2-norm ||. , . ||𝑝  on ℓ𝑝 × ℓ𝑝 ,1 ≤ p < ∞ as follows; 

||𝑥, 𝑦||𝑝 = [
1

2
∑∑|𝑑𝑒𝑡 (

𝑥𝑗 𝑥𝑘

𝑦𝑗 𝑦𝑘
)|

𝑝

𝑘𝑗

]

1
𝑝

 

and 

||𝑥, 𝑦||∞ = 𝑠𝑢𝑝𝑗𝑠𝑢𝑝𝑘 |𝑑𝑒𝑡 (
𝑥𝑗 𝑥𝑘

𝑦𝑗 𝑦𝑘
)|  

for  p = ∞ . Also, he gave the fixed point theorem for 𝑛 −normed  ℓ𝑝 − spaces. 

 Iwaniec and Sbordone (Iwaniec and Sbordone, 1992) introduced the grand Lebesgue spaces  

𝐿𝑝), 1 < 𝑝 < ∞. These spaces were studied by many authors (Jain 2010; Samko, 2017). Later, Raferio 

et. al., (Rafeiro et. al., 2018) defined the grand sequence space ℓ𝑝),𝜃(𝑋), 𝜃 > 0, by the norm 

||𝑥||ℓ𝑝),𝜃 = 𝑠𝑢𝑝𝜀>0𝜀
𝜃

𝑝(1+𝜀)||𝑥||p(1+𝜀) 

where  ||. ||p(1+𝜀) is the standard norm on ℓp(1+𝜀) and 𝑋  is one of the sets ℤ𝑛, ℤ, ℕ and ℕ0. They 

studied some operators of harmonic analysis. Later, (Oğur, 2020) defined the grand Lorentz sequence 

spaces and studied some basic properties such as multiplication operators. 

 

2. Materials and Methods 

 

In this paper, we inspired by the above observations and defined 2-normed grand sequence spaces 

with 2-norm ||𝑥, 𝑦||𝑝),𝜃 given as follows;  

Let 𝜃 > 0  𝑎𝑛𝑑 1 ≤ 𝑝 < ∞. Let define the function ||. , . ||𝑝),𝜃 on ℓ𝑝),𝜃×ℓ𝑝),𝜃  by 

 

||𝑥, 𝑦||𝑝),𝜃: = 𝑠𝑢𝑝𝜀>0 [
𝜀𝜃

2
∑ ∑ |𝑑𝑒𝑡 (

𝑥𝑗 𝑥𝑘

𝑦𝑗 𝑦𝑘
)|

𝑝(1+𝜀)

𝑘𝑗 ]

1

𝑝(1+𝜀)

  .                                                        (1) 

  

Also, we studied some basic properties of these spaces. 

 

3. Findings and Discussion 

 

Firstly, we show that ||. , . ||𝑝),𝜃 makes sense; 

Lemma 1. Let 𝜃 > 0 𝑎𝑛𝑑 1 ≤ 𝑝 < ∞. By Minkowski’s inequality, we have 

||𝑥, 𝑦||𝑝),𝜃 = 𝑠𝑢𝑝𝜀>0 [
𝜀𝜃

2
∑∑|𝑥𝑗𝑦𝑘 − 𝑥𝑘𝑦𝑗|

𝑝(1+𝜀)

𝑘𝑗

]

1
𝑝(1+𝜀)

 

       ≤𝑠𝑢𝑝𝜀>0 [
𝜀𝜃

2
∑ ∑ (|𝑥𝑗𝑦𝑘| + |𝑥𝑘𝑦𝑗|)

𝑝(1+𝜀)

𝑘𝑗 ]

1

𝑝(1+𝜀)
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       ≤𝑠𝑢𝑝𝜀>0 [{
𝜀𝜃

2
∑ ∑ (|𝑥𝑗𝑦𝑘|)

𝑝(1+𝜀)

𝑘𝑗 }

1

𝑝(1+𝜀)
 

+{
𝜀𝜃

2
∑∑(|𝑥𝑘𝑦𝑗|)

𝑝(1+𝜀)

𝑘𝑗

}

1
𝑝(1+𝜀)

]
 
 
 

 

    ≤(𝑠𝑢𝑝𝜀>02
−1

𝑝(1+𝜀)) (2||𝑥||ℓ𝑝),𝜃||𝑦||ℓ𝑝),𝜃) 

    =2||𝑥||ℓ𝑝),𝜃||𝑦||ℓ𝑝),𝜃 

 
which shows  that ||. , . ||𝑝),𝜃 makes sense. 

Theorem 1. ℓ𝑝),𝜃, 1 ≤ 𝑝 < ∞, is a 2-normed space with the function ||. , . ||𝑝),𝜃 . 

Proof. It is easy to see N2) and N3) by the definition of the 2-norm. For N1), let ||𝑥, 𝑦||𝑝),𝜃 = 0,  

then we have 

 𝑑𝑒𝑡 (
𝑥𝑗 𝑥𝑘

𝑦𝑗 𝑦𝑘
) = 0  if and only if 𝑥 and 𝑦 are linearly dependent. 

For N4), let 𝑥, 𝑦, 𝑧 ∈ ℓ𝑝),𝜃. Then, by Minkowski inequality and property of the determinant, we 
get 

||𝑥 + 𝑦, 𝑧||𝑝),𝜃 = 𝑠𝑢𝑝𝜀>0 [
𝜀𝜃

2
∑∑|𝑑𝑒𝑡 (

𝑥𝑗 + 𝑦𝑗 𝑥𝑘 + 𝑦𝑘

𝑧𝑗 𝑧𝑘
)|

𝑝(1+𝜀)

𝑘𝑗

]

1
𝑝(1+𝜀)

 

          ≤𝑠𝑢𝑝𝜀>0 [
𝜀𝜃

2
∑ ∑ (|𝑑𝑒𝑡 (

𝑥𝑗 𝑥𝑘

𝑧𝑗 𝑧𝑘
)| + |𝑑𝑒𝑡 (

𝑦𝑗 𝑦𝑘

𝑧𝑗 𝑧𝑘
)|)

𝑝(1+𝜀)

𝑘𝑗 ]

1

𝑝(1+𝜀)

 

         ≤𝑠𝑢𝑝𝜀>0 [
𝜀𝜃

2
∑ ∑ |𝑑𝑒𝑡 (

𝑥𝑗 𝑥𝑘

𝑧𝑗 𝑧𝑘
)|

𝑝(1+𝜀)

𝑘𝑗 ]

1

𝑝(1+𝜀)

 

+𝑠𝑢𝑝𝜀>0 [
𝜀𝜃

2
∑ ∑ |𝑑𝑒𝑡 (

𝑦𝑗 𝑦𝑘

𝑧𝑗 𝑧𝑘
)|

𝑝(1+𝜀)

𝑘𝑗 ]

1

𝑝(1+𝜀)

 

    =||𝑥, 𝑧||𝑝),𝜃 + ||𝑦, 𝑧||𝑝),𝜃. 

Remark 1. By Lemma 2.4 in (Gunawan, 2001) we have that a sequence in ℓ𝑝 is convergent 
(Cauchy sequence) in the 2-norm ||. , . ||𝑝 if and only if it is convergent (Cauchy sequence) in the 

usual norm ||. ||𝑝. Also, by 2.7. Theorem in (Swe, 2019), we have that the function ||𝑥||
ℓ𝑝),𝜃
∗  

defined by 
 
||𝑥||

ℓ𝑝),𝜃
∗ : = ||𝑥, 𝑧||𝑝),𝜃 + ||𝑥, 𝑤||𝑝),𝜃                              (2) 

 
, where 𝑧 and 𝑤 are linearly independent, is a norm on  ℓ𝑝),𝜃. 
Similarly, we get that a sequence in ℓ𝑝),𝜃 is convergent (Cauchy sequence) in the 2-norm 
||. , . ||𝑝),𝜃 if and only if it is convergent (Cauchy sequence) in the usual norm ||. ||ℓ𝑝),𝜃 . By using 

similar way as in (Gunawan, 2001), we have 
Lemma 2. The derived norm ||. ||

ℓ𝑝),𝜃
∗  is equivalent to the ||. ||ℓ𝑝),𝜃  on  ℓ𝑝),𝜃 and the inequality 

 

2
−1

𝑝 ||𝑥||ℓ𝑝),𝜃 ≤ ||𝑥||
ℓ𝑝),𝜃
∗ ≤ 2||𝑥||ℓ𝑝),𝜃                               (3) 

 

holds for all 𝑥 ∈ ℓ𝑝),𝜃. 
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 Proof. Let choose 𝑒1 = (1,0,0, . . . ) and 𝑒2 = (0,1,0, . . . ) 𝑎𝑛𝑑 𝑑𝑒𝑓𝑖𝑛𝑒 ||𝑥||
ℓ𝑝),𝜃
∗  with respect 

to {𝑒1, 𝑒2}. Thus, we have 

||𝑥||
ℓ𝑝),𝜃

∗
= ||𝑥, 𝑒1||𝑝),𝜃

+ ||𝑥, 𝑒2||𝑝),𝜃
 

               =𝑠𝑢𝑝𝜀>0 [
𝜀𝜃

2
∑ |𝑥𝑘|

𝑝(1+𝜀)
𝑘≠1 ]

1

𝑝(1+𝜀)
 

      +𝑠𝑢𝑝𝜀>0 [
𝜀𝜃

2
∑ |𝑥𝑘|

𝑝(1+𝜀)
𝑘≠2 ]

1

𝑝(1+𝜀)
 

               ≤2(𝑠𝑢𝑝𝜀>02
−1

𝑝(1+𝜀)) 𝑠𝑢𝑝𝜀>0[𝜀
𝜃 ∑ |𝑥𝑘|

𝑝(1+𝜀)
𝑘 ]

1

𝑝(1+𝜀) 

               ≤2||𝑥||ℓ𝑝),𝜃 . 

On the other hand,  

 ||𝑥||ℓ𝑝),𝜃 = 𝑠𝑢𝑝𝜀>0[𝜀
𝜃 ∑ |𝑥𝑘|

𝑝(1+𝜀)
𝑘 ]

1

𝑝(1+𝜀) 

        ≤𝑠𝑢𝑝𝜀>0[𝜀
𝜃|𝑥1|

𝑝(1+𝜀) + 𝜀𝜃|𝑥2|
𝑝(1+𝜀) + 2𝜀𝜃 ∑ |𝑥𝑘|

𝑝(1+𝜀)
𝑘≥3 ]

1

𝑝(1+𝜀) 

        =𝑠𝑢𝑝𝜀>0 [2
𝜀𝜃

2
∑ |𝑥𝑘|

𝑝(1+𝜀)
𝑘≠1 + 2

𝜀𝜃

2
∑ |𝑥𝑘|

𝑝(1+𝜀)
𝑘≠2 ]

1

𝑝(1+𝜀)
 

        ≤𝑠𝑢𝑝𝜀>02
1

𝑝(1+𝜀) {(
𝜀𝜃

2
∑ |𝑥𝑘|

𝑝(1+𝜀)
𝑘≠1 )

1

𝑝(1+𝜀)
+ (

𝜀𝜃

2
∑ |𝑥𝑘|

𝑝(1+𝜀)
𝑘≠2 )

1

𝑝(1+𝜀)
} 

     ≤2
1

𝑝 (||𝑥, 𝑒1||𝑝),𝜃
+ ||𝑥, 𝑒2||𝑝),𝜃

) 

      =2
1

𝑝||𝑥||
ℓ𝑝),𝜃

∗
 

 
which gives the proof.  
Now, we can give the following theorem. 
 Theorem 2. The space ℓ𝑝),𝜃, 1 ≤ 𝑝 < ∞, is a complete 2-normed space with its 2-norm 
||. , . ||𝑝),𝜃. 

 Proof. Let (𝑥(𝑚)) be a Cauchy sequence in ℓ𝑝),𝜃 with respect to ||. , . ||𝑝),𝜃. By the Lemma 

2 (𝑥(𝑚)) is a Cauchy sequence in ℓ𝑝),𝜃  with respect to ||. ||ℓ𝑝),𝜃 . Also, since the space ℓ𝑝),𝜃  is a 

complete space with respect to ||. ||ℓ𝑝),𝜃 , then there is 𝑥 ∈ ℓ𝑝),𝜃 such that 𝑙𝑖𝑚𝑚→∞||𝑥(𝑚) −

𝑥||ℓ𝑝),𝜃 = 0. By the inequality (3), 𝑥(𝑚) converges to 𝑥 in ℓ𝑝),𝜃 with respect to ||. , . ||𝑝),𝜃. This 

shows ℓ𝑝),𝜃 is a complete 2-normed space with respect to ||. , . ||𝑝),𝜃. 

 Theorem 3. Let, 𝐹 be a self-mapping on ℓ𝑝),𝜃 and contractive with respect to 

||. , . ||𝑝),𝜃. Then,  𝐹 has a unique fixed point with respect to derived norm ||𝑥||
ℓ𝑝),𝜃

∗
. 

 Proof. Using similar way as in (Gunawan, 2001) and by the inequality (3), the proof can 
be obtained. 
 

  4. Conclusions and Recommendations 

Here, we give the definition of 2-normed grand sequence space and show that ℓ𝑝),𝜃  is a 

complete 2-normed space with respect to its 2-norm ||. , . ||𝑝),𝜃.  Also, we get an inequality for derived 

norm ||𝑥||
ℓ𝑝),𝜃
∗ . The results in this paper can be generalized to the n-normed concept as in (Gunawan, 

2001). 
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