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In this study, we define unrestricted Pell and Pell — Lucas hyper-complex numbers. We choose

arbitrary Pell and Pell — Lucas numbers for the coefficients of the ordered basis {ey, e, -, ey_1} of

hyper-complex 2V-ons where N € {0,1,2,3,4} and call these hyper-complex numbers unrestricted

Pell and Pell-Lucas 2V-ons. We give generating functions and Binet formulas for these type of

hyper-complex numbers. We also obtain some generalization of well — known identities such as

Catalan’s, Cassini’s and d’Ocagne’s identities.
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1. Introduction

Pell numbers and Pell — Lucas numbers are defined
by the following recursive relations
Py=0, P, =1and B, =2P,_ + P,_, forn > 2,
and
Q=1 0, =1and Q, =2Q,_; + Q,_, forn>2
respectively. Pell numbers take their name from English
mathematician John Pell after his studies on the equation
x? —dy? = (—1)™ where d is not a perfect square integer.
Generating functions for the sequences {B,}x-, and
{Qn}n=o are
o) n X foe) n 2—-x
Ym0 Pax™ = T-2x—x? and Y7o Qupx™ = T2x—x?
respectively. Binet formulas for the Pell and Pell — Lucas
numbers are
P, = yn:gn and Q, = yn;’an
respectively, where y = 1++2 and § =1 —+/2 are the
roots of the characteristic equation x? — 2x — 1 = 0. The
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positive root y is known as “silver ratio” and plays a
similar role to the golden ratio of Fibonacci and Lucas
numbers.

There are some interesting applications of Fibonacci
and Pell numbers. For example, all repdigits are expressed
as the products of a Fibonacci or a Pell number [1]. Pell
sequence is used for solving some Diophantine equations
[2].

Hyper-complex numbers are usually constructed by
using Cayley-Dickson Process. Complex numbers,
quaternions, octonions and sedenions with Pell and Pell-
Lucas numbers’ coefficients are investigated in this study.
There are many studies about Pell and Pell-Lucas hyper-
complex numbers. We can refer to [3, 4, 5, 6, 7, 8, 9, 10,
11] for Pell and Pell-Lucas quaternions, to [5, 8, 10] for
Pell and Pell-Lucas octonions and to [5] for Pell and Pell-
Lucas sedenions. In all of these studies, authors choose the
consecutive Pell and Pell-Lucas numbers as coefficients.
The difference between this study and previous studies is
that we choose random Pell and Pell-Lucas numbers as
coefficients of hyper-complex numbers. A similar idea can
be seen in [4]. In that study, the authors investigated the
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unrestricted Pell and Pell-Lucas quaternions, which is a
special case of our study.

For N =0,1,2,3,4 and ¢ = (cy =0,cy,...,c,n_;) Where
€1,Cz, ..., Cyn_y are integers, unrestricted Pell and Pell-
Lucas 2¥-ons are defined by

¢ _ y2N-1 ¢ _ y2N-1
PIS,?’ = 4i=0 Pr+ci € and lelr - Zi:o (1)

Qr+ci €;

respectively. Here multiplication rules of the standard basis
{eo =1,ey,€,, ..., e,v_,} Of the hyper-complex numbers
for N = 0,1,2,3,4 are in the following table [12]. We set
i=e; fori=0,1,..,15.

Table 1. Multiplication rules of the 2V-ons for N = 0,1,2,3,4.

. 0 1 2 3 4 5 6 7 8 9 10 11| 12| 13| 14| 15
0 0 1 2 3 4 5 6 7 8 9 10 11| 12| 13| 14| 15
1 1 -0 3 -2 5 -4 -7 6 9 8] -11| 10| -13| 12 15| -14
2 2 -3 -0 1 6 7 -4 -5 10| 11 -8 9] -14] -15 12 13
3 3 2 -1 -0 7 -6 5 4] 11| -10 9 8| -15| 14| -13| 12
4 4 -5 -6 -7 -0 1 2 3 12 13| 14| 15 -8 9] -10] -11
5 5 4 -7 6 -1 -0 -3 2 13| -12 15| -14 9 -8 11] -10
6 6 7 4 -5 -2 3 -0 -1 14| -15| -12 | 13| 10| -11 -8 9
7 7 -6 5 4 -3 -2 1 -0] 15| 14| -13| -12| 11| 10 -9 -8
8 8 9| -10| -11| -12| -13| -14| -15 -0 1 2 3 4 5 6 7
9 9 8| -11| 10| -13| 12 15| -14 -1 -0 -3 2 -5 4 7 -6
10| 10| 11 8 9] -14] -15 12| 13 -2 3 -0 -1 -6 -7 4 5
11| 11 ] -10 9 8] -15| 14| -13 12 -3 -2 1 -0 -7 6 -5 4
12| 12| 13| 14| 15 8 9] -10] -11 -4 5 6 7 -0 -1 -2 -3
13| 13| -12 15| -14 9 8 11| -10 -5 -4 7 -6 1 -0 3 -2
14| 14| -15] -12| 13| 10| -11 8 9 -6 -7 -4 5 2 -3 -0 1
15| 15| 14| -13] -12| 11| 10 -9 8 -7 6 -5 -4 3 2 -1 -0
According to the context mentioned above, we regard and
1-ons: real numbers, 2-ons: complex numbers, 3-ons: 2N—1
quaternions, 4-ons: octonions and 5-ons: sedenions. From Q5

the definition (1) and the definitions of Pell and Pell-Lucas
numbers following recursive relations can be found easily:

Piy = 2Pis_1 + P and Q= 2Qf -1 + Qfr—2- (2)

The special cases for unrestricted Pell and Pell-Lucas
2VN-ons are in the following table.

Table 2. Special cases

>

N |c Sequences

0 | (0) Classical Pell and Pell-Lucas numbers
1 |(,1) Gaussian Pell and Pell-Lucas numbers
2 1(0,1,23) Pell and Pell-Lucas quaternions

3 |(0.1,..,7) Pell and Pell-Lucas octonions

4 |(0,1,...,15) | Pell and Pell-Lucas sedenions

Example 1. The octonion Pg + Py,e; + P_ices + Py

4,-8,-24,-8,-8,~8,1
can be represent by po*~8 724787878139

The well-known identities P_,, = (—=1)**1P, and Q_,, =
(=1)"Qn give

2N-1
Pi e = (D7 Y (—D R e
i=0

11

e = CD7| D (D0 e
i=0

2. Binet Formulas and Generating Functions

The next theorem gives the Binet formulas for the
unrestricted Pell and Pell — Lucas 2V -ons.

Theorem 2.1. For N =0,1,23,4 and any integers
€y, Cy, .., Con_q, the r-th unrestricted Pell and Pell-Lucas
2N-on are

. YT — 887 . YT+ 667
Pls,r = yny and Qlflr = %
where
2N_1 2N_1
V= Z yCie;and 8 = Z 6 e;.
i=0 i=0

respectively.

Proof. From the definitions of unrestricted Pell 2¥-ons and
the Binet formula for the Pell numbers, we have

[
PN,T' - PT + Pn+clel + -+ Pn+CZN_1eZN—1

3
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1
— ]/_—6(]/1' _ 67’ + (yT+C1 _ 6T+C1)el

+ (,}/T+C2 — 6T+C2)ez
+
+ (yT+C2N_1 _ 6r+CZN_1)ezN_1

[y (rer + v + - 4y CN-)

+87(8 + 8% + -+ 5°CN-D)]
The last equation gives the Binet formula for the
unrestricted Pell 2V-ons. Binet formula for the unrestricted
Pell-Lucas 2¥-ons can be obtained similarly. m

:m

Generating functions for the unrestricted Pell and Pell
— Lucas 2" -ons sequences are given in the next theorem.

Theorem 2.2. The generating functions for the sequences
{Pyr}rzo and {Qn, 172 are

o . P&o+x(PS, — 2P
ZPI\C]J:XL _Ino ( N1 N,O)
i=0

1—2x — x?

and

i 0f  xi = QEI,O + X(Qfm - fol,o)

< Nt 1—2x —x2

respectively.

Since the proofs are very straightforward, we don’t give

the proofs. Now we need to define the following set for

later use. For i € {1,2, ..., 2Nt — 1}, we define the set
Si={U,K):ee;=e,1<jk<2V1—1i=ji+

kvej#k} (3)
By using this set, we give the following lemma.

Lemma 2.3. For N € {0,1,2,3,4}, we have
78 =Y 4+ 23225 and 8y = Y$ — 2v2Z5 @)
where
2N -1

V=205, - ) (-1
i=0

and
2N—1
De ) -D%R
i=1  (k)ES;
Proof. We prove the case N = 4. The others can be proved
similarly. We have
VE = QG0+ (“DA + (-1 4

+(=Dst — 1. (5)
Each versor e; (i = 1,...,15) in Z$ contains seven terms.
We have to calculate the sets S; for each versor e;. From
Table 1, we obtain
S =1{(2,3),(4,5),(7,6),(8,9),(11,10), (13,12), (14,15)},
S, ={(3,1),(4,6),(5,7),(8,10),(9,11), (14,12), (15,13)},

¢ _
ZN - j—Ck*

S =1{(1,2),(6,5), (4,7),(10,9),(8,11), (15,12), (13,14)},
S, ={(5,1),(6,2),(7,3),(8,12),(9,13),(10,14), (11,15)},
Se ={(7,2),(1,4),(3,6),(12,9), (14,11), (8,13), (10,15)},
Se = 1{(5,3),(2,4),(1,7),(15,9),(12,10), (11,13), (8,14)}
S, ={(6,1),(3,4),(2,5),(13,10), (12,11), (9,14), (8,15)},
Sg ={(9,1),(10,2), (11,3),(12,4), (13,5), (14,6), (15,7)},
S = {(11,2),(13,4), (14,7),(1,8), (3,10), (5,12), (6,15)},
S0 = {09,3), (14,4), (15,5), (2,8), (1,11),(6,12), (7,13)},
S11 = {(10,1), (15,4), (13,6), (3,8), (2,9),(7,12), (5,14)},
S12 =1{(09,5),(10,6), (11,7), (4,8), (1,13), (2,14), (3,15)},
S5 = {(12,1), (14,3), (10,7), (5,8), (4,9), (6,11), (2,15)},
S, = {(15,1),(12,2),(11,5), (6,8), (7,9), (4,10), (3,13)},
and
S;s = {(13,2),(12,3), (9,6), (7,8), (5,10), (4,11), (1,14)}.
So we have
Zf = [(_1)C3Pc2—c3 + (_1)C5Pc4—55 + (_1)C6Pc7—cs

+ (_1)C9P58—C9 + (_1)C10PC11—C10

+ (_1)C12PC13—C12 + (_1)C15PC14—C15]61
+[(_1)61P¢:3—c1 + (_1)66Pc4—c6 + (_1)C7Pc5—c7

+ (_1)610PC8—L'10 + (_1)C11Pc9—c11

+ (_1)6121)(:14—512 + (_1)C13Pc15—c13132
+[(_1)62P¢:1—c2 + (_1)65Pc6—c5 + (_1)C7Pc4—c7

+ (_1)691')(:10—59 + (_1)C11Pc8—cu

+ (_1)612Pc15—(:12 + (_1)C14Pc
+[(_1)C1Pcs—cl + (_I)CZPCG—CZ + (_1)C3PC7—C3

+ (_1)6121){: + (_1)C13Pc9—c13

+ (_1)6141')(: + (_1)C15Pc11—c15]e4-

13—C14] €3
8—C12

10~ C14

HEDER, e, + (CD Py, + (1P,

+ (DR + (DR ey,

+ (DR, + (1SR Jes
HEDS Py + (D Pyg, + (DR,

+ (FD Py + (DR gy

+ (DR ey + (DM Py, e
H (DD P, + (D, + (1S Py

+ (DD ey + (DM P,y

+ (F1) Py ey, + (CD) Py e

The last equation and Eq.(5) give the first equation in
Eq.(4)forN=4. m

3. Some Identities

In this section, we give generalizations for some well-
known identities about Pell and Pell-Lucas hyper-complex
numbers. We use PS and Qf instead of P§, and QF,
respectively for abbreviation.
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Theorem 3.1.
n,1,s,Co, C1,Cay o)

(Vajda’s identity). For any integers
c,n_y, We have
= PiPiirss = (CDR(RYY —2Q5Z7)  (6)

B Piys

and
Q5 +rQ51s 2Q5Z5).
7

- Q'rC:Q'rC:+r+s = 2(_1)n+1Pr(PsYI§ -

Proof. From the Binet formula for the unrestricted Pell 2V-
ons, we get
Pnc+rPnC+s - PnCPnC+r+s
1 o
— (y — 5)2 [(7yn+r _ 66n+r)(yyn+s
_ (7)/71 _ S6n)(?yn+r+s

1 <
— (y — 6)2 [(7)2y2n+r+s + (5)262n+r+s

_ 56n+s)
_ S6n+r+s)]

_ 6/5)/11+T5n+5 _ ‘(—S)T)'yn+56n+r
_ (7)2y2n+r+s _ (y)262n+r+s
+ (Vygjyn5n+r+s + \(‘gr)yn+r+s6n]

—ﬂ_‘“—’rs_"“sr S\ ST+S
=0 —oyl M)Z i @Y)y°e" + (¥8)6
+ )y ]
- E o - en-Ges + Bv)]
(r —6)*
—-1)"P. C
= % [GY)y — 1r6)57]
¢ 2‘? [(vS — 27225y — (¥ — 2v225)5°).
The last equation gives Eq.(6). Eq.(7) can proved similarly.

If we take s = —r and use the identities B.P_, =
—(-1)"P? and 2P.Q_, = (—1)"P,,, we obtain Catalan’s
identities for the unrestricted Pell and Pell — Lucas 2V-ons
given in the next theorem.

Theorem 3.2. (Catalan’s identities) For N € {0,1,2,3,4}
and any integers n, 7, ¢y, ¢z, *++, c,n_;, We have
o 5 2 5 N
PPy — [PE]” = (=)™ (V5P + Z5P,) (8)
and

02,5, — [QZ]" = 2(=1)™ (YER? + ZEP,,). (9)

If we take r = 1 in Theorem 3.2, we obtain Cassini’s
identities the unrestricted Pell and Pell — Lucas 2"-ons.

Theorem 3.3. (Cassini’s identities) For N € {0,1,2,3,4}
and any integers r,cy, ¢, +++, c,n_;, We have

PuiPiy — [PE)? = (DY +2Z5)  (10)
and

Q541051 — [QS)? = —2(=D)"(Y +2Z§) (11)

The following theorem gives the d’Ocagne’s
identities for the unrestricted Pell and Pell — Lucas 2V-ons.

Theorem 3.4. (d’Ocagne’s identities) For N € {0,1,2,3,4}
and any integers m,n, ¢y, ¢, -+, C,n_;, We have

BSPEy — PS 1 PE = (mD)"(YiPmon + 2Z5qm-n) (12)
and
Q50511 — Q%4105 = —2(—1)™(Y¥Pm-n + 2Z5qm_n)-

(13)

Proof. By using the Binet formula for the unrestricted Pell
2N-ons, we obtain

PiiPSes = Pluas P
= 5 [Gym = som) e
56m*t)
- (7 =85y - 857)]
= £ (-7Byment — Syyrrism 4 paymisn
+ Syymemt)
== mn = §y(y — 6)5™ ]
= (;3 [p8ym — syom=]
e

[(YN +2v2Z5)y™ " — (Y — 2v225)5™ ™|

The Iast |dent|ty gives Eq.(12). Eq.(13) can be obtained
similarly. m

We give many identities in the next theorem, which
can be proved by using the Binet formulas or definitions of
the unrestricted Pell and Pell — Lucas 2V-ons and well-
known identities for the classical Pell and Pell-Lucas
numbers.

Theorem 3.5. For N €{0,1,2,3,4} and any integers
m,Mn,cq,Cy,, C,N_yq, We have
P+ Pt = Qf
Qf + Qfr = 2P,
PE + QYC;L = PrC;L+1:
Pos1 + Phoy = 205
Qs + Qm—1 = 4P,
Qe + (—1)" Qmn = 24201
Prin + (=1)"Pn—n = 245 Pn,
Pin = (= D™(Pact P = PaPiy1),

[0a]° - 2[PE]" = (~1)my
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BS +PS_, = Qf,
Q5 + Q5_, = 2P,
Pnc + Qvg = r€+1v
2PF + Q% = Q541,
2Q5 + 3P¢ = P,
305 + 4B = Q%45
Q541 — Q5 = 2P,
P15+1 + Pﬁ—1 = 2Q7C1:
Q541+ Q51 = 4B¢
PnC+Pr(z:+1 +Pr(i+3 = 2P,f+2
Qn + Qn41 + Qniz = 30542,
PrL:+1 _Prf—l = 2Pn6
Qi1 = Qfia = 205,
Piyz + Pip = 6P,
Qnv2 + Qi = 605
P1$+2 - Prf—z = 4’Qﬁ'
Qrcz+2 - Qrcz—z = 8PnC:
2PF + Q% = Q541,
ZPnC + QTCI+2 = 3Q1€+1v
PSi1+ Q5 = 3Bf
Q5Q5+1 — 2PEPE,, = (—DMY§ — 4Zg],
PnEPf+3 - Pf+1pf+2 = (_1)n+1[2Y1€ - 625];
Q505,53 — Q5410Q5,, = (-1)"[4Y§ — 122§),
PEQS_, — QEPE_, = (D™ YY§ +22§]

4. Conclusions

There are many studies on hyper-complex numbers,
such as quaternions, octonions and sedenions, whose
coefficients are Pell and Pell-Lucas numbers. Current study
differs from all of them by the choice of coefficients.
Placing successive Pell and Pell-Lucas numbers in order
for the coefficients of versors is common. Our definition
provides to select arbitrary Pell or Pell-Lucas numbers for
the coefficients of versors. We call this kind of hyper-
complex numbers unrestricted Pell and unrestricted Pell-
Lucas hyper-complex numbers. After introducing these
numbers, we present Binet-like formulas for them and
using Binet formulas, we obtain a numbers of identities for
Pell and Pell-Lucas quaternions, octonions and sedenion.
Although we limit N to 1 to 4, one can easily realize that
there is no need such a restriction actually.
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