@ SAKARYA UNIVERSITESI

FEN BILIMLERI ENSTITUSU

DERGISI

Sakarya University Journal of Science
SAUIJS

e-ISSN 2147-835X Period Bimonthly Founded 1997 Publisher Sakarya University
http://www.saujs.sakarya.edu.tr/

Title: Investigation of Matrices Q*(n. L ), M*(n._L ) and R*(n. L ) and Some Related
Identities

Authors: Ibrahim GOKCAN, Ali Hikmet DEGER

Recieved: 2021-12-08 00:00:00
Accepted: 2022-05-30 00:00:00
Article Type: Research Article

Volume: 26
Issue: 4
Month: August
Year: 2022
Pages: 677-686

How to cite

Ibrahim GOKCAN, Ali Hikmet DEGER; (2022), Investigation of Matrices Q*(n._L ),
MA(n. L )and R*(n. L ) and Some Related Identities. Sakarya University Journal

of Science, 26(4), 677-686, DOI: 10.16984/saufenbilder.1034057

Access link

http://www.saujs.sakarya.edu.tr/en/pub/issue/72361/1034057

New submission to SAUJS
http://dergipark.gov.tr/journal/1115/submission/start



uuuuu

«fé f«éw’ Sakarya University Journal of Science 26(4), 677-686, 2022

SAKARYA

UNIVERSITESI

Investigation of Matrices @™, M™L and R™t and Some Related Identities

ibrahim GOKCAN*!, Ali Hikmet DEGER?

Abstract

In this study, it is aimed to use the Lorenz matrix multiplication to find the n*"* powers of some
special matrices and to reach the quadratic equations and characteristic roots of the matrices
obtained in this way. In addition, it is aimed to contribute literature to the studies in the field by

reaching some identities.

Keywords: Characteristic Roots, Fibonacci

and Lucas Numbers, Lorentz Matrix
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1. INTRODUCTION

Fibonacci and Lucas numbers are studied
extensively in the literature and are associated
with many scientific facts. The Fibonacci number
sequence is 0,1,1,2,3, --- known by the recurrence
relation F, = F,,_; + F,_,. Similarly, the Lucas
number sequence is 2,1,3,4,--- known by the
recurrence relation L, = L,_; + L,_,. [1, 2] can
be examined about Fibonacci and Lucas numbers.
In [3], Ruggles obtained some findings related
with Fibonacci and Lucas numbers. In recent
years, studies realised on the generalization of the
Fibonacci and Lucas numbers. In [4], Tasci and
Kilic achieved generalization of Lucas numbers
by the help of matrices and a relation between
generalized order-k Lucas and Fibonacci
numbers. In [5], Kilic and Tasci studied on the
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generalized order-k Fibonacci and Lucas
numbers. They generalized Binet's formula for
these numbers and obtained some data that also
included these numbers. In [6], Kizilates and
Tuglu examined extented concolved (p,q)-
Fibonacci and Lucas polynomials and obtained
some recurrence relations about these
polynomials. In [7], Qi, Kizilates, and Du
achieved a closed formula for Horadam
polynomials by using tridiagonal determinat and
from here they reproduced closed formulas for
other poylnomial sequences. In [8], Kizilates
worked finite operators on Horadam sequences
and defined Horadam finite operator sequences.
In addition, in [8], Kizilates investigated
recurrence  relation, Binet-like  formula,
summation formula and generating function by
using this sequences. Moreover, in [8], Kizilates
obtained a closed formula that given number of
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this sequences by using tridiagonal determinant.
In [9], Kizilates, Du and Qi made a few explicit
formulas for (p, g, r)-tribonacci polynomials and
generalized tribonacci sequences by using
Hessenberg determinants and from here they
reproduced explicit formulas for some other
sequences. One of the studies in this field is to
obtain identities related to Fibonacci, Lucas and
other number sequences with the help of ntt
powers of the matrices consisting of the elements
of Fibonacci and Lucas number sequences, to
reach the quadratic equations and characteristic
roots of the matrices with the help of the
determinants of the n‘"* powers of the matrices.

Matrices Q = (i (1))M _ G ;) and R =
(% _21) were used specially.

In this section, some historical information were
given about the matrices Q, M and R in order to
make sense of our work. In this regard, [10] was
our main reference source. The subject of
examining Fibonacci sequences with the method
matrix Q and discovering the relations between
their elements has been discussed by
mathematicians for many years. With initial
conditions F, =0 and F;, =1, the Fibonacci
sequence is obtained with the recurrence relation
E, = F,_; + F,_,. The n*" power of the matrix Q
formed by the elements of the Fibonacci sequence

F. E )
becomes Q" = ( ntlo ) The determinant
Fy Fn-q

of this matrix satisfies the equation F,,{F,_1 —
E? = (—1)™ given by Robert Simson in 1753.
This equation is the basis of Lewis Carroll’s
famous geometric paradox. Basin and Hoggatt
[11] refer to Charles King’s [12] master’s thesis
for the first definition of the matrix Q. Earlier,
work on using the matrix Q to construct Fibonacci
sequences was published by Brenner [13]. J.

Sutherland Frame [14] used matrix (i‘ é) for

studying continued fractions [10]. Note that this
matrix becomes the matrix @ for « = 1 and the
matrix which produces the Pell sequences for a =
2. Schwerdtfeger [15] studied Jacobsthal [16]’s
Fibonacci polynomial matrix methods and
defined the Fibonacci polynomial with the
elements of Q™. White [17] used the matrices
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G (1)) and ((1) 1) to generate GL (2,Z).

Bicknell [18] found the square root of the matrix
Q and used it in fractional powers [10].

1.1. Examining the Matrix Q

Determinant of matrix Q is —1. Under classical
matrix multiplication, the powers of the matrix Q

are found as QZ=(2 1), Q3=(3 2),

1 1 2 1
0* = (g ;) From here, nt" power of matrix
F, F,
is found as Q" = ( AR )
Q C=lE Pl

Theorem 1. [19] Let n > 1. Then Q"=
(Fn+1 Fn )
Fn Fn—l l

Proposition 1. [19] Let n > 1. Then
Fry1Fno1 — Fnz = (D"

Proposition 2. [19] Let m,n € N. Then,
D) Fnin+1 = Fng1Fner + EnFa

) Frpyn = Fpy1 By + BpFpq

i) Fppn, = FpFpyq + Fp_1F,

V) Frign1 = FnBy + Fne1Frq
1.2. Examining the Matrix M

Determinant of matrix M is 1. Under classical
matrix multiplication, the powers of the matrix M

are found as M2=<§ 2) M3=(g 183),

4 _ (13 21\ th
M —(21 34), . From here, n** power of

) ) F,, _ F.
matrix M is found as M™ = ( 2n-1 n )
FZn F2n+1

Proposition 3. [19] Let n = 1. Then M" =
(FZn—l FZn >

FZn F2n+1 .
Conclusionl. Let n > 1. Then Fyy_1Fopiq1 —

F2, = 1.

678
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Conclusion 2. Let m,n € N.Then,

D) Fomi2n-1 = Fam-1Fan-1 + FamFon
i) Fz(m+n) = Fom-1Fon + FomFania
i) Fotman) = FamFon-1 + Famy1Fon
V) Fomizns1 = FamFon + Fame1Fonst
1.3. Examining the Matrix R

Determinant of matrix R is —5. Under classical
matrix multiplication, the powers of the matrix R
are found as R? = 51, R® = 5R, R* = 5%I,R®> =
52R, R® = 531, R7 = 53R, ---. Powers of (2n)""
and (2n + 1) of matrix R are obtained as R*"* =
5" and R?™"*1 = 5™R | respectively.

Conclusion 3. Letn > 1. Then R?™ = 5"],

Conclusion 4. Letn > 0. Then R?**1 = 5"R,

1.4. Quadratic Equations and Characteristic
Roots of Matrices @™, M™ and R™

The characteristic equation of Q is |Q — xI| = 0,
where Q is a 2 X 2 matrix and I is a 2 X 2 unit
matrix. The roots of the characteristic equation are
the characteristic roots of Q. With the help of the
equation given above, the characteristic roots of
Q™ are found as follows:

F F, 1 0|
n __ — n+1 n _
|Q xll |< Fn Fn—l) x(o 1)
_ |<Fn+1 E, )_(x 0)|
Fn Fn—l 0 x
— |<Fn+1_x Fn )|
Fn Fn_l_x

= (Fn+1 - x)(Fn—l —x) — Fn2
=x?+ Foy1Fno1 — x(Fpyq + Fpq) — Fn2
= x? = X(Fpy1 + Fooq) + Fpyi Frq — Fn2

=x?—xL,+(-1)"=0. (D

Sakarya University Journal of Science 26(4), 677-686, 2022

Using the quadratic equation, we can obtain the
following characteristic roots. From the method
A= b? — 4ac,

Ln T vV L%l - 4(_1)11

2

(2)

X1,2 =

are found. Substituting the identity L2 —
4(—1)" = 5E2 at (2),

L, +/5F? L, *+5E,
2 B 2

(3)

X1,2 =

roots are found [19].

Let’s examine the quadratic equation and
characteristic roots of the matrix M™ with a
similar method. M™ isa 2 x 2 matrix and I is a
2 X 2 unit matrix. The characteristic equation of
M™is |[M™ — xI| = 0. From here,

Fo_ F. 1 0 |
n __ — 2n-1 2n _
|M xll |( FZn F2n+1> x (0 1)
_ |<F2n—1 Fon ) _ (x 0)|
FZn F2n+1 0 x

_ |<F2n—1 —-X Fop >|
Fon Fopy1—x

= (Fapo1 = %) (Fon41 — %) — Fy
=x2 4+ Foni1Fon—1 — x(Fon41 + Fon—1) — F22n
= x% = x(Fyns1 + Fan_1) + Fonp1Fono1 — Foy
=x2—xLy,, +1=0. (4)
From the A method,

Lyp £+/13, — 4
2

(5)

X1,2 =

roots are found. L3, — 4 = 5F2,is obtained from
L% — 4(—1)"™ = 5E? (please see [19]) for n —
2n. From here, L3, — 4 = 5F%, is substituting at

(5),

LZn i'\/ 5F22n _ LZn i \/gFZn
> =

- (©)

X12 =

679
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roots are obtained.

Now let’s examine the quadratic equation of the
matrix R™ and its characteristic roots. R™ is a
2 X 2 matrix and I is a 2 X 2 unit matrix. R™’s
characteristic equation is |R™ — xI| = 0. Since
the matrix R™ is found differently for powers
(2n)t" and (2n+ 1)*, there are different
quadratic equations and characteristic roots for
both values. Quadratic equation for matrix R?",

Rl = | 5) == 1)l

=I5 -G Y

=15 52,

=(5"-x)(5"—x)

= 52" — 2x5" + x?

=x? —2.5"x + 5" = 0. (7)

From the A method,

2.5" +V4.52" — 4,520 2,5"
2 o2

X12 = = 5"(8)

roots are obtained. Quadratic equation for matrix
R2n+1'

|R2n+1—x1|=|(2_5;n 2_?:)—95((1) (1)>|

(s Zen) =G )
- |(5;1 E”x —é;‘sj x)|
= (5" — x)(—5" — x) — 4.5%"

= (5" — x)(5™ + x) + 4.52"
= —x2 + 521+l = (), 9)

From the A method,

+,/—4. (—1)52+1
2

X1, = = +5™/5 (10)

Sakarya University Journal of Science 26(4), 677-686, 2022

roots are obtained.
1.5. Lorentz Matrix Multiplication

In [20], the authors defined Lorentz matrix
multiplication between two matrices unlike the
classical matrix multiplication. Let’s Ry* denote
matrices of type m X n and R denote matrices of
type n X p. Lorentz matrix multiplication

n

(a,b), = —ajbyy + z a;jbji (11)
=2

by “..” is defined between lines of matrices A =
(a;;) € R and columns of matrices B = (b;; ) €
Ry . A., B is amatrix of type m X p. (i, /)" inner
product of A.; B is (4;, B/}, when 4; is i*" line of
matrix A and B/ is j** column of matrix B. A., B
is defined as follows:

(AlﬂBl)L <A1'Bj)L

AL B = : P (12)
(Ai1B1>L (Ai'B])L

Determinant of A.; B is defined as

det(A., B) = —detA.detB. (13)

[20-22] can be examined for Lorentz matrix
multiplication and its related properties.

2. OBTAINING IDENTITIES WITH HELP
OF MATRICES @™t, M™. AND R™L

n" power under Lorentz matrix multiplication of
matrices @, M and R is denoted with Q™L, M™L
and R™L respectively.

2.1. Matrix Q™ and Related Identity

nt" power of matrix Q is obtained under Lorentz
matrix multiplication as follows for k € N:

=1 .G D=5 Z5)

0 =1 o)+(% D=0 ®)
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o= 30 DG 8)

o= o) o)=(% &)

=G DS B-( B
( (2 5(1)) n=3k+1

F, —F
ny — 0 1 _
QL = <—F1 —F1>’ n=3k+2 (14)
—F _
( F, Fl), n=3k+3
Let us prove identity (14) by using induction.

It is provided Q'L,Q%L and Q3% forn =1,n =
2 and n = 3 ,respectively. Then,

( (F1 F1) _
(5 7) n=1
F, —F
ng — 0 1 _
9 L‘*(—Fl —Fl)’ n=2
—-F F _
\ ( Fy F1)' n=3

Let assume that Q3k*1L Q3k+2.L gnd Q3k+31L js
provided for n=3k+1,n=3k+2and n=
3k + 3 respectively. Then,

1)
Fi F)’
F, -F
QL = (_,ﬂi _Fl), n=3k+2
1 1

—F, F,
( F 1 F"), n=3k+3
0 1
Let demonstrate that Q3k+%L Q3k*+5L and

Q3k*6.L is provided forn =3k +4,n =3k +5
and n = 3k + 6, respectively.

(= )
F, F,)’

F, -F
QL = (_,ﬂi _Fl), n=3k+5
1 1

<_F1 F0>
Fo F)’
For Q3k+4.L — Q-L Q3k+3'L,

Q3k+4.L — (} él)) . (—01 g) _ (ii ?3)

For Q3k+5.L — Q-L Q3k+4'L,
3k+5,, _ (1 1 1 1\ _ ( Fo —F1)
Q b= (1 0) 'L (1 O) - _Fl _Fl )

For Q3k+6-L — Q'L Q3k+5'l‘,

n=3k+1

n=3k+4

n=3k+6

Sakarya University Journal of Science 26(4), 677-686, 2022

o=y o)( )= (5 k)

Determinants of matrices are obtained as follows
from (13).

detQ?L = —det(l 1).det (1 1) -1

1 0 1 0
detQ3L = —det (1 é).det (_01 :D =—-1
detQ*L = —det (1 é).det (_01 2) =1
detQ>L = —det G é).det G é) =-1,-

Determinants of matrices are detQ™L = —1 for
n > 1.

2.2. Matrix M™! and Related Identities

nt" power of matrix M is obtained under Lorentz
matrix multiplication as follows:

w0 D= (2 7)

Fy
we=( 304G )= £)
F, F
M4'L=G E)LG %)=<F2 Fi)
F; F
=5 9 2)=(e g)
(5 A

Let us prove identity (15) by using induction.
It is provided M? for n = 2. Then,
F, F
2. — 0 2
wee= (i )
Let assume that M*L is provided for n = k.
Then,
F, F,
MEL = ( k—2 k )
Fr  Fiiz
Let demonstrate that M***L is provided for n =
k+1.
For Mk+1L = M., M¥L,
11 Fro F )
k+1.p —
M (1 2) 'L( Fr  Fryo
_ (—Fk_z + Fk _Fk_z + ZFk)
—Fy 4+ Fry2  —Fi + 2F
(Fk—l Fk+1>
Fev1  Frs/)
Determinants of matrices are obtained as follows
from (13).

detM?L = —det (} %).det G ;) =-1
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detM3L = —det (2 ;).det G ;) =1
detM*L = —det (; g).det (i %) =1
detM>L = —det (; g).det (i ;) =1,

If we continue like this, we obtained

detM?L = detM*L = --- = detM?™. = —1 and
detM3L = detM>L = -+ = detM?"*11L = 1.
From here, the determinant for the generalized
matrix is F,_,Fn,, — E? = (=1)"*1 for n > 2.
This identity can be proved by inductive method.
Among the matrices obtained by Lorentz matrix
multiplication, the following operations are
provided by Lorentz matrix operations.

Moy me= (202 = s,

5 13
ML, M5t = (g 281) = MSL
mre mt= (3 3 ) = o

If the situation is generalized for different m and
n numbers, the equation M™%, M™L = M™+™L
is obtained. Using this equation, identities can be
obtained. The identities in the following theorem
are reached by both Lorentz and classical matrix
multiplication.

Theorem 2.

D) Fron—2 = —Fm_2Fn_2 + Euly
i) Fpyn = —F_2Fy + FnFugo
i) F,\y = —Fp oy + FruoF
V) Frngniz = —FnBy + Fg2Fago

Fn _ Fmi+2+Fn—2

Vv
) Fn Fpyz2+Fp—2

Vi) Fop = LpFy

Proof. Following equation is provided with

Lorentz matrix multiplication when m and n are
F,,_ E

natural numbers for M™L = ( m-z o m ) and

P P Fm Fm+2
Mn'L — ( n-—2 n )
Fn Fn+2

F. E F. E
M™L, M™M= ( m-—2 m ) ( n—2 n )
L Fm Fm+2 L Fn Fn+2

Sakarya University Journal of Science 26(4), 677-686, 2022

(_Fm—ZFn—Z + Fan _Fm—ZFn + Fan+2>
_Fan—Z + Fm+2Fn _Fan + Fm+2Fn+2

— (Fm+n—2 Fm+n )

Fm+n Fm+n+2
— Mm+n.L

i)Iftakenasr=2, m=n—-2and n=m in
FEFpin = FparFy — (FD7FpF,_, (please see
[23])1 FZFn—2+m = n—2+2Fm - (_1)2Fn—2Fm—2
is obtained. So, Fy, -2 = —F_2Fm_2 + E,F,,.

ii)Iftakenasr = 2,m = nandn = min
FFpin = FpyrFn — (1) EpE,_, (please see
[23]),

FyFpem = FpyoFy — (_1)2FnFm—2

is obtained.So, Fpyn = —FFm_2 + Fpio By,

iii) Iftakenasr = 2in F.Fpyp = Fyr By —
(—=1)"E,,E,_, (please see [23]),

FyFpin = FpioE, — (—1)2E,,F,_, is obtained.
S0, Fn+n = Fns2Fn — FnFn—2.

iv) Iftakenasr = 2,n = m+2andm = n
iNEFyn = Fpyr By — (D" EF - (please
see [23]),

Fpimez = —FFy + Fo o Fpyo 1S Obtained.

v) From (ii) and (iii) identities,

Fin = —Fm_2Fy + B Fpyo and

Fin = —EpFa2 + Fpio By

are found. From the equality of two identities,
—Fm—2Fy + FnFry2 = —FEnFnp + Fnio By

is obtained. So,

FnFni2 + EnFna = Fpo Byt o By

Fm _ Fm+2+Fm—2

Fn Fn+2 + Fn—z
identity is obtained from
Fn(Fpiz + Fuo2) = (Fpa2tFm-2) By

vi) If taken as m=n in (i),
Fop = =FuaFy + BiFpiy = (Fpp—Fa2)Fy

= LpF,

is obtained.

Now let’s give the theorem about newly obtained

identities according to Lorentz  matrix
multiplication.
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Theorem 3.

1) 3Fm4n = Fni2Fni2 — Fn2Fn2
i) Lypin-1 = —Ln1Fnz + Linya By
i) Lypinsr = —Lm—1Fy + Ling1Fnga
V) Fon_p = —F7_, + E}

V) Fonyz = —F + Fiyy

Vi) 3Fn = Fiyp — Fi,

Vil) Lyp—1 = —Ly—1Fn— + Lp1 By
Viil) Lypy1 = —Ln-1Fy + Lpy1Frio
iX) Lop—1 + Lopsr = —L5_q + L3 4q
X) Lon_1 = —Fi_, + F{ + Lo Fy

Proof.

1) From Theorem 2 (i) and Theorem 2 (iv), we get
Fnin—2 + Fn2Fn2 = FnFy and Fnby =
Frii2Fni2 — Fryngo. From the equality of two
identities,

Frnin-2 + Fm—2Fn—2 = Fny2Fni2 — Fninsz

is obtained. So,

3Fmin = Fpy2Fny2 — Fn—2Fn— 1S Obtained
from

Fnin—2 + Fnintz = Fni2Fniz = Fn—2Fn-2-

ii) From Theorem 2 (i) and Theorem 2 (iii) , we
obtain Fy, o = —Fp_2Fn_» + E, F, and
Fpon = —FEnFp_y + Fpp o F,. From the sum of
two identities,
Fnin—2 + Fnin =
= —Fn2Fn2 + FnFn—FnFn2 + Fpnioby
= —(Fn—2tE)F o + (Fn + Fi2) By
= —Lp-1Fn—2 + Lipi1 sy

mn—2 t Fman = —Lm-1Fn—2 + L1 By
S0, Liptn-1 = —Lm-1Fn—2 + Lins1 B

iii) From Theorem 2 (ii) and Theorem 2 (iv), we
find that F,4, =—Fn_2F + E,Fny, and
Frisniz = —FnE, + FpyoFpyn. From the sum of
two identities,

Frin + Fninsz =

Sakarya University Journal of Science 26(4), 677-686, 2022

= —Fp by + EnFryy — BBy + FoFogo
_(Fm—z + Fm)Fn + (Fm + Fm+2)Fn+2

= —Lpm_1F + Liny1Fuyo

S0, Linsn+1 = —Lm-1Fy + Lins1Fnsz

iv) If taken as m = n in Theorem 2 (i),
Fono = —FpoFn s + B = _Frf—z + Fn2 is
obtained.

v) If taken as m = n in Theorem 2 (iv),
Foniz = —EyFy + FryoFnip = —E7 + F7%+2 is
obtained.

vi) If takenas m = n in (i),
3Fn = FryoFnea — FuogFn_p = Ffp — Fi 5 is
obtained.

vii)lf taken as m = n in (ii),
LZTl—l = _LTl—lFTl—Z + L1’l+1FTl |S Obtalned

viii)If taken as m = n in (iii),
L2n+1 = _Ln_an + LTL+1FTL+2 |S ObtalnEd

iX) From the sum of (vii) and (viii) identities,
Lop_1+ Lanys =

= —Lp_1Fp 3+ Lyy1B — Ly 1Fy + Ly Frgo
= _(Fn—z + Fn)Ln—l + (F, + Fn+2)Ln+1

= —Lp_1Llpq1 + Lpy1lniq

=L 4+ 1%,

Lyp_q + Lynys = —L4_; + L2, is obtained.

X) From the sum of (iv) and Theorem 2 (vi),
Fon_y + Fop = =F7_, + EZ + L,F,. S0,

Lyn_1 = —F?_, + E? + L, F, is obtained.
2.3. Examining of Matrix R™L

nt" power of matrix R is obtained under Lorentz
matrix multiplication as follows:

Re=(y 2)4G 2)=(0 20)
we=( 2).C 2D=0C8 )
R4’L=G —21)'L(_—121 I1Z)= 52 —22)'
RS'L:G —21)'L(274 EL;):(—L}B}B —34?1)'
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Determinants of matrices are detR?L = —25,
detR3L = —125, detR*L = —625 and

detR>L = —1325.

Identities could not be found because matrix R™L
could not be written in terms of the elements of
the Fibonacci and Lucas Number sequences.

3. QUADRATIC EQUATIONS AND
CHARACTERISTIC ROOTS OF @™, M™L
AND R™L

3.1. Quadratic Equations and Characteristic
Roots of Q™.

Matrix Q™ could not be written in terms of the
elements of the Fibonacci and Lucas Number
sequences. Then, quadratic equation and
characteristic roots could not be reached.

3.2. Quadratic Equations and Characteristic
Roots of M™L

The determinant of the matrix M™L found as
Fp_3Fpip — E? = (—1)™1 The quadratic
equation of the matrix M™L is obtained as follows

where %L = (_1 0

0 1) is unit matrix.

F,_ E -1 0
MTL.L _ IZ.L — |< n-2 n ) — |
| x | Fn Fn+2 X( 0 1)

=|<Fn_2 Fn>_(—x 0)|
FTl Fn+2 0 X
_|<Fn_2+x Fy >|

Fy Foiz —x
:(Fn—z'i'x)(FrHZ_x)_Fn2
:_xz+Fn—2Fn+2_x(Fn—2_Fn+2)_FnZ

F, o — F,_, = L, (please see [19]),

here, F,,_, — F,,4, = —L,,. If the obtained value is
substituted in the quadratic equation of the matrix
M™L

IM™L — xI%L| = —x? + xL, + (-1)"*1  (16)
is obtained. From the method A,
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—L, £ 12 — 4(-1)"

-2
roots are obtained.

(17)

X1,2 =

3.3. Quadratic Equations and Characteristic
Roots of R™L

Matrix R™L could not be written in terms of the
elements of the Fibonacci and Lucas Number
sequences. Then, quadratic equation and
characteristic roots could not be reached.

4. CONCLUSION

In this study, Lorentz matrix multiplication was
used, unlike classical matrix multiplication, to
find the nt" power of a matrix. Under classical
matrix ~ multiplication,  previously  known
identities [Theorem 2] were obtained. However,
new identities [Theorem 3] were obtained. In this
article, matrices that type of 2 x 2 are used. In [5],
matrices that type of k x k are worked to obtain
generalized order-k Fibonacci and Lucas matrices
under classical matrix multiplication. Unlike
these matrices, different generalized matrices can
be reached under Lorentz multiplication. At the
same time, in this study, identities are obtained
with classic Fibonacci and Lucas numbers.
Differently from this article, in [5], identities are
achieved with generalized order-k Fibonacci and
Lucas numbers. These identities are generalized
of identities obtained with classic Fibonacci and
Lucas numbers for different k value. The
quadratic equation and characteristic roots of the
matrix M, which can be generalized by both
classical matrix multiplication and Lorentz matrix
multiplication, are obtained.
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