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1. Introduction

Difference equations are basis in many fields of life which model several varied phenomena in ecology,
biology, physics, engineering, etc. since have an important status in applied sciences. Recently, researchers
have concentrated on studying the behaviors of rational difference equations of order greater than one
which deserves further consideration. The study of the behaviors of difference equations of a higher order is
quite challenging and valuable due to the importance of rational difference equations and its applications.
Moreover, there are many recent published research paper in this area. For examples, Alayachi et al. [1]

explored the qualitative behavior of the solutions of the following recursive equation

BYy-1Yn-3

Y1 =AYy 1+ ——
n+1 n-1 CYn—S +DYn_5

In [2], Elabbasy et al. studied the periodicity of solutions, boundedness and stability of solutions of the

difference equation
axpy+ Pxp_1+YXn—2

Axp+Bxp,-1+Cxp_2

Xp+1 =

limsulami@uqu.edu.sa (Corresponding Author); Zemmelsayed@yahoo.com

L.2pepartement of Mathematics, Faculty of Science, King Abdulaziz University, Jeddah, Saudi Arabia
IDepartement of Mathematical Sciences, Faculty of Applied Science, Umm Al-Qura University, Makkah, Saudi Arabia
2Deprtement of Mathematics, Faculty of Science, Mansoura University, Mansoura, Egypt

Article History: Received: 15 Dec 2021 - Accepted: 01 Apr 2022 - Published: 30 Apr 2022


https://dergipark.org.tr/en/pub/jnrs
https://doi.org/10.54187/jnrs.1037024
https://orcid.org/0000-0002-2174-6915
https://orcid.org/0000-0003-0894-8472

Alsulami and Elsayed / JNRS / 11(1) (2022) 48-61 49

In [3], they analyzed some behaviors of the solution of the following equation

ax,_1+bx,_o
c+dxp_1Xn_2

Alayachi et al.[4], gave a description about the stability and periodicity of the following difference equation:

bxp—1
e 1 dxns
n-1— n-3

Almatrafi et al. [5], investigated the following difference equation:

bxp-1

Tl = A — d X
n-1— n-3

Elsayed et al. [6] researched the global stability, periodicity character of the following second order differ-

ence equation

N b+ cxy_1

Xp+1 = aXp+ ———
n+1 n d+ eXn-1

The dynamical behaviors of the following difference equation

2
€U, _4

Un+1=CUp_g+
n+1 ( n-8 ﬂUn—8+kUn—17

was investigated by Alshareef et al. in [7].

Also, the authors in [8] considered the stability, periodicity character of the following third order rational

difference equation
c+dx,_o

Xpe1=aXp+bxp_1+
e+ fxp—2

Alogeili [9] has described the behaviors of the following difference equation

Xn-1

Xpyl1=—"
a—XpXn-1

For more linked results on this side can be found in [10-27].
The purpose of this research paper is to investigate the following new rational difference equation

B+ywn—

+ , n=01,2,... 1.1
5+ Ciom_s 4D

Wp+1 =AWy

where w_j, w_1, and wy are arbitrary real numbers and the values a, B, ¥, §, and { are defined as positive

constants.
2.Some Basic Theorems

In this part, we recall some basic theorems that we use in this paper.

Theorem 2.1. [5] Suppose that p;e R,i=1,2,... and ke€{0,1,2,...}. Then,

k
2 |pil<1
i=1
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is a sufficient condition for the asymptotic stability of the difference equation

Wpik T P1Whik-1+--+prwp, =0, n=0,1,2,...

The next theorem will be useful to prove the global attractor of the fixed point.

]l+l

Theorem 2.2. [5] Suppose that g: [a,b — [a, b] be a continuous function, where [ is a positive integer

and [a, b] be an interval of real numbers. Consider the difference equation
Xn+1 = g(xnyxn—l’ .. "xn—l)) n= 0) 1»- ..

Assume that g satisfying the following :

(1) For each integer i with 1 < i < [+ 1, the function g(zi, 22, ...,2;+1) is weakly monotonic in z; for each

Z1,Z2y s Z]41-

(2) If (m, M) be a solution of the system
m=g(my,my,...,myy1) and M =g(My, My,...,M1)

then, foreachi=1,2,...,1+1
m=M

Then, there exists a unique equilibrium point X and every solution converges to x.

3. Local Stability of Equation (1.1)

This section is devoted to discuss the local stability of the solution of Equation (1.1).

Equation (1.1) has the unique equilibrium point which given by

wzaw+§:?;

or
((l—a)w2+(6—6a—y)w—,6:0

Then, the unique equilibrium point is

(y-6+0a)+/(y-6+0a)2+4B{(1 - a)

v 2((1-a)

Theorem 3.1. The equilibrium point w is locally asymptotically stable if and only if

(6_CWZ>M, a<l
(1-a)

Proof.

Let us define the function £ : (0,00)2 — (0,00) as

B+yv

f,v)=au+ 5+ v
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Thus,
of (u,v) of (w,v)  y6-p¢
ou =a and v (6+(v)?
So, we see that at w ,
ofww _ . _
of(w,w) _ Y6 - B¢ _
ou G+cw?z M

Then, by linearization of Equation (1.1) around w we have

Yn+1— Po¥Yn—P1Yn-—2=0

By Theorem 2.1, Equation (1.1) is asymptotically stable if and only if

|po| +|p1] <1
Thus, 5Bt
Yo—pe
| G
and so, 5t
’)/ —
m <l-a, a<l
or
lyé - B¢

<(+{w? a<l
1-al

which proved the required.
4.Boundedness of Solutions

In this part, the discussion centres on the boundedness of solutions of Equation (1.1). The following theo-

rems provide the bounded and unbounded solution under a specific condition.

Theorem 4.1. Every solution of Equation (1.1) is bounded if ¢ < 1.

Proof.

Let {w,,}fl":_2 be a solution of Equation (1.1). From Equation (1.1) we note that

+ B+ywn—
6+Cwp—
B Y Wn-2
* O+{wy_s * O0+{wp_s

Wn+1 =AWy

Then,

Wnp-2
wn+1sawn+é+y

6 Cwn—z

:awn+§+%, forall n=2
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In order to handle the right hand side by using a comparison we have that

Zn+]:aZn+§+%

SO ,wWe can write

zp = a'zy + constant

and this equation is locally asymptotically stable since @ < 1 and converges to the equilibrium point z =

BL+yd
o((1-a)"
Therefore,
. BC+vo
1 <——
i P S ST a)

which gives solution is bounded.

Theorem 4.2. Every solution of Equation (1.1) is unbounded if a > 1.

Proof.

Let {wn};’l":_2 be a solution of Equation (1.1). From Equation (1.1) we note that

B+ywn—2

+ >aw,, forall n=2
0+Cwy_o "

Wp+1 =AWy
We can write the right hand side as
Zns1=Qzp = Zp=a"z

and this equation is unstable since a > 1 and lim,—.«, 2, = co. Then, {w,}}__, is unbounded from above

where we have used ratio test.
5. Periodicity of the Solution

The existence of periodic solutions of Equation (1.1) is deeply investigated in this section. The next theorem

confirms that our equation has periodic solutions of prime period two under necessary conditions.

Theorem 5.1. Equation (1.1) has a period two solution if and only if

A+ )6 +ad+y)? —4a(l + )26 +ad +7) +aBl] >0 (5.1)

Proof.

We claim that there exists a period two solution

b q,p,q,...

of Equation (1.1), and we prove that condition (5.1) holds.

From Equation (1.1), we have
B+vq
6+(q

p=aq+
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and 5
_ +Yp
Q—“P+—5+CP
Therefore,
5p+(pq:a5q+a(q2+ﬁ+yq (5.2)
and
5q+(pq:a5p+a{p2+,6+yp (5.3)

Subtracting (5.3) from (5.2) we get

Sp-q)=—-ad(p-q)—al(P*-g*) -y(p-q)

So,
b=—ab—-al(p+q) ~vy

Indeed p # g, it gives that

—(0+ad+
p+q:—( ") (5.4)
ad
Again, adding (5.2) and (5.3) gives
S(p+q)+2(pg=ad(p+q) +al(p*>+g*) +2B+y(p+q)
2pg=al(p*+q*) + (@b +y—-8)(p+q) +2B (5.5)
By using this relation
p2+q2:(p+q)2—2pq forall p,geR
and from (5.4) ,(5.5) yields
(ab+y—86)(=6—ad—7y)
2pa=al((p+a) ~2pa) + ———— C2p
that is Grabir? (@b 5) (=6 ab—7)
3 +ad+y ab+y-6)(-6—-ad -y
2{(1+a)pg=al w20 + al +2p
And
2a0%(1+a)pg =26 +2a8% + 26y +2a Bl
al’?A+a)pg=80G+ad+y)+af(
Then, 56+ a8 P
O+adb+y)+a
= 5.6
al?(l+a) (56)

From Equations (5.4) and (5.6), clearly that p and g are the two distinct roots of the following quadratic
equation
- (p+qt+pg=0
So,
2. (6+a6+7/)t+ 60+adb+y)+apfl o
al al?(1+a)
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that is,
al?(1+a) P +(1+ (S +ad+y)t+ 60 +ad+y)+ap] =0 (5.7)
and so
1+a)?C G +ad+7)*>4al’>(1+a) 5 +ad +7) + afl]
or

A+ )6 +ad+7)* —4al’(1+ )66 +ad +7) +aBl] >0

Therefore, condition (5.1) holds.

On the contrary side, assume that condition (5.1) is true. We shall prove that Equation (1.1) has a prime

period two solution.

Suppose
_—(1+a){6+adb+y)+A

2a((1+a)

and
_—(Q+a)l6+adb+y)—A

2a((1+a)

where A = \/(1 + @220+ ad +7)2 —4al2(1+ ) [5(6 +ad +7) + ap]

We see from condition (5.1) that
A+ )6 +ad+y)* —4al’(1+ )6 +ad +7) +aBl] >0

which equivalents to
A+’ +ad+7)*>4al’(1+a)[5 +ad +7) + afl]
Therefore p and g are distinct real numbers.
Put
w_o=p, w-_1=q and wy=p
We wish to get that
w=w-1=¢qg and Wy =wy=p

From Equation (1.1) we have that
-(1+a)yl{(6+ad+y)+A
B+yp —a(1+a)((6+a5+y)+l+ﬁ+ 2al(+a)

5+lp 20 (1 +a) 5+ _(Haﬁfz(fﬁ“f)”)”

wy=ap+

Multiplying the denominator and numerator by 2a({(1 + a) we get

2a(1+a) -1+ a)yl(0+ad+y)+ A
206((1+a)—(1+a)(?G+ad+y)+ A

w=—a(l+a){(0+ad+y)+ A+

We can get by simple computations that

: —1+a)0+ab+y)—-A :
W= 2a{(1+a) -
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Similar way as before, we can conclude that w» = p. So, by induction we get that
wop=p and wyu1=¢q, forall n=-2
Hence, Equation (1.1) has the prime period two solutions
R /N7 1 /N
This completes the proof of theorem.

6. Global Attractivity Results

This section is devoted to investigate the global asymptotic stability of Equation (1.1).

Theorem 6.1. If one of the following statements holds
(x) y0=zp¢ and y>6(l-a)a<l

(%) y6<pB{ and a<l
then equilibrium point w is a global attractor of Equation (1.1).

Proof.

Suppose that a and b are real numbers and assume that g : (a, b)> — (a, b) is a function defined as

_ B+yv
§= T Sty
Then, we have
0g(u,v) _ o ogwv)  _ y6-p¢
ou ’ ov 6 +v)?

Now, we have to cases to consider:
Case(1): Suppose that (6.1) is true, clearly the function g(u, v) increasing in both u and v.

Let w be a solution of the equation w = g(w, w). Then, we have from Equation (1.1) that

w=aw + g:z:{)}
or ﬁ
+YW
l-a)=
wl-a) =5y

then the equation
(I-a)w?+©61-a)—-Pw-F=0

has a unique positive solution wheny > 6(1 —a), a <1whichis

_(y=6+6m)+\/(y-6+8a)> +4p{(1-a)
v 20— a)

55

(6.1)

(6.2)
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Which implies by using Theorem 2.2 that w is a global attractor of Equation(1.1).
Case(2): Suppose that (6.2) is true, clearly the function g(u, v) increasing in u and decreasing in v.

Assume that (m, M) be a solution of the system M = g(M, m) and m = g(m, M). Then we have from Equation
(1.1) that

_ B+ym p+yM
M—aM+5+(m , m—am+5+(M
or
. _B+ym . _B+yM
M(1 a)_5+Cm , m(1 a)_5+(M
thus
d-a)M+{1-a)Mm=B+ym, 6(l-aym+{(Q1—-a)ymM=+yM
implies that

M-m)=61-a)(M+m)+y=0

Which under the condition a < 1 gives
M=m

Which implies by using Theorem 2.2 that w is a global attractor of Equation (1.1). Hence, this completes the

proof.
7.Numerical Solutions

Here, we consider some numerical examples in order to verify our theoretical results of this paper which

provide different types solutions to Equation (1.1).

Example 7.1. Assume that w_» =1, w_1 =7, wo=11,a=0.2, =2,y =5,0 =3, and { = 7. See Figure 1.

plot of w(n+1)=aw(n)+B+yw(n-2)/(5+Jw(n-2))

Figure 1. Local Stability of Equation (1.1)
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Example 7.2. Suppose that w_ = 0.5, w_1 =3, wp=0.9, «a =0.1, =3.5,y =5, =0.05, and { = 9. Then,

this example demonstrates the global stability behaviour of Equation (1.1). See Figure 2.

plot of w(n+1)=aw(n)+B+yw(n-2)/(5+{w(n-2))

251

1.5

0.5

Figure 2. Global Stability of Equation (1.1)

Example 7.3. This example plot the solution whenwe have w_, = 0.5, w_1 =7, wy=3,a=1.2, =4,y = 1.5,
0 =0.6, and { = 5.3. See Figure 3.

140 plot of w(n+1)=aw(n)+B+yw(n-2)/(5+{w(n-2))

120
100
80

60 -

Figure 3. Solution of Equation (1.1)

Example 7.4. Here, we also present the plot of the solution under w_, = 0.2, w_; =3, wy = 0.4, @ = 0.2,
B=2,y=4,0=0.5 and { = 4. See Figure 4.
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plot of w(n+1)=aw(n)+B+yw(n-2)/(5+{w(n-2))

58

25

S15¢
x

Figure 4. Solution of Equation (1.1)

Y =4,6 =8,and { = 11. See Figure 5.

20

Example 7.5. Now , we show the behavior of the solution when w_, =0.2, w_; = 1.5, wy=0.2, a =0.1, B =6,

1.6

1.4

1.2

0.6

04r

T

plot of w(n+1)=aw(n)+B+yw(n-2)/(5+{w(n-2))

0.2

60=05=09, w_p=p, w_1=q, wy=¢q (since p,q =

Figure 5. Solution of Equation (1.1)

—(1+a){(0+abd+y)+A

Example 7.6. In this example , we confirm that our equation has period two when a = 0.6, 8 =0.5, y = 0.9,

TG ) . See Figure 6.
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; plot of w(n+1)=aw(n)+B+yw(n-2)/(5+{w(n-2))

09r
0.8

0.7 i

£05¢ 1
04r a
03r ]
021 ]

04 f 1

0 2 4 6 8 10 12 14 16 18 20

Figure 6. Solution of Period Two

8. Conclusion

In conclusion, we have shown some significant dynamical behaviors of Equation (1.1) such as investigated
the local and global stability. Also, we highlighted to the boundedness of the solutions of Equation (1.1)
and we established two theorems to show that when the solution of the Equation (1.1) is bounded and
unbounded under necessary condition. Furthermore, we have discussed the existence of periodic solutions
and obtained that Equation (1.1) has a periodic solutions of period two. Finally, we gave some numerical

examples of Equation (1.1) and got some figures to confirm our theoretical results by using Matlab.

Author Contributions

All the authors contributed equally to this work. They all read and approved the last version of the manuscript.
Conflicts of Interest

The authors declare no conflict of interest.

References

[1] H.S. Alayachi, M. S. M. Noorani, A. Q. Khan, M. B. Almatrafi, Analytic solutions and stability of sixth
order difference equations, Mathematical Problems in Engineering, 2020, (2020) Article ID: 1230969,
1-12.

[2] E. M. Elabbasy, H. El-Metwally, E. M. Elsayed, Global attractivity and periodic character of a fractional
difference equation of order three, Yokohama Mathematical Journal, 53(2), (2007) 89-100.

[3] X. Yang, W. Su, B. Chen, G. M. Megson, D. J. Evans, On the recursive sequence x,, = axn—1 + bxu_2c +
dxp—1%xn—2, Applied Mathematics and Computation, 162(3), (2005) 1485-1497.

[4] H.S. Alayachi, M. S. M. Noorani, E. M. Elsayed, Qualitative analysis of a fourth order difference equa-
tion, Journal of Applied Analysis & Computation, 10(4), (2020) 1343-1354.



Alsulami and Elsayed / JNRS / 11(1) (2022) 48-61 60

(5]

(6]

(7]

8]

91

(10]

[11]

[12]

[13]

(14]

[15]

[16]

(17]

(18]

(19]

(20]

(21]

M. B. Almatrafi, E. M. Elsayed, E Alzahrani, Investigating some properties of a fourth order difference
equation, Journal of Computational Analysis and Applications, 28(2), (2020) 243-253.

E. M. Elsayed, M. M. El-Dessoky, A. Asiri, Dynamics and behavior of a second order rational difference
equation, Journal of Computational Analysis and Applications, 16(4), (2014) 794-807.

A. Alshareef, E Alzahrani, A. Q. Khan, Dynamics and solutions’ expressions of a higher-order nonlinear
fractional recursive sequence, Mathematical Problems in Engineering, 2021, (2021) Article ID: 1902473,
1-12.

E. M. Elsayed, E Alzahrani, H. S. Alayachi, Global attractivity and the periodic nature of third order
rational difference equation, Journal of Computational Analysis and Applications, 237, (2017) 1230-
1241.

M. Aloqeili, Dynamics of a rational difference equation, Applied Mathematics and Computation,
176(2), (2006) 768-774.

aXn-1

C. Cinar, On the positive solutions of the difference equation x,.1 = Tohox

Computation, 156(2), (2004) 587-590.

, Applied Mathematics and

M. M. El-Dessoky, M. A. El-Moneam, On the higher order difference equation, Journal of Computational
Analysis and Applications, 25(2), (2018) 342.

E. M. Elsayed, A. Alotaibi, H. A. Almaylabi, The behavior and closed form of the solutions of some differ-

ence equations, Journal of Computational and Theoretical Nanoscience, 13(11), (2016) 8642-8651.

T. E Ibrahim, Solvability and attractivity of the solutions of a rational difference equation, Journal of
Pure and Applied Mathematics: Advances and Applications, 2, (2009) 227-237.

T. E Ibrahim, A. Q. Khan, A. Ibrahim, Qualitative behavior of a nonlinear generalized recursive sequence
with delay, Mathematical Problems in Engineering, 2021, (2021) Article ID: 6162320, 1-8.

R. Karatas, Global behavior of a higher order difference equation, International Journal of Contempo-
rary Mathematical Sciences, 12(3), (2017) 133-138.

A. Khaliq, E Alzahrani, E. M. Elsayed, Global attractivity of a rational difference equation of order ten,
Journal of Nonlinear Sciences and Applications, 9(6), (2016) 4465-4477.

A. Q. Khan, M. S. M. Noorani, H. S. Alayachi, Global dynamics of higher-order exponential systems of
difference equations, Discrete Dynamics in Nature and Society, 2019, (2019) Article ID: 3825927, 1-19.

Y. Kostrov, Z. Kudlak, On a second-order rational difference equation with a quadratic term, Interna-
tional Journal of Difference Equations, 11(2), (2016) 179-202.

K. Liu, P. Li, E Han, W. Zhong, Global dynamics of nonlinear difference equation x,,, = A+ —2—

Xn-1Xp-2 ’
Journal of Computational Analysis & Applications, 24(6), (2018) 1125-1132.

M. Saleh, M. Aloqeili, On the difference equation y,.1 = A+
Computation, 176(1), (2006) 359-363.

y{ fk with A <0, Applied Mathematics and

D. Simsek, C. Cinar, R. Karatas, I. Yal¢inkaya, On the recursive sequence, International Journal of Pure
and Applied Mathematics, 28(1), (2006) 117-124.



Alsulami and Elsayed / JNRS / 11(1) (2022) 48-61 61

(22]

(23]

(24]

(25]

(26]

(27]

Y. H. Su, W. T. Li, Global asymptotic stability of a second-order nonlinear difference equation, Applied
Mathematics and Computation, 168(2), (2005) 981-989.

D. T. Tollu, Y. Yazlik, N. Taskara, Behavior of positive solutions of a difference equation, Journal of Applied
Mathematics & Informatics, 35(3-4), (2017) 217-230.

E. M. E. Zayed, M. A. El-Moneam, On the rational recursive sequence x,+1 = Axp + BX,_j + %,
Acta Applicandae Mathematicae, 111(3), (2010) 287-301.

N. Touafek, D. T. Tollu, Y. Akrour, On a general homogeneous three-dimensional system of difference
equations, Electronic Research Archive, 29(5), (2021) 2841-2876.

A. S. Kurbanli, C. Cinar, I. Yalginkaya, On the behavior of positive solutions of the system of rational
difference equations, Mathematical and Computer Modelling, 53(5-6), (2011) 1261-1267.

I. Yalginkaya, D. T. Tollu, Global behavior of a second order system of difference equations, Advanced
Studies in Contemporary Mathematics, 26(4), (2016) 653-667.



	Introduction
	Some Basic Theorems
	 Local Stability of Equation (1.1)
	Boundedness of Solutions 
	Periodicity of the Solution
	Global Attractivity Results
	Numerical Solutions
	Conclusion

