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Abstract : Any cyclic code with n=pm  length can be put into quasi-cyclic form ,where p≠ 1,  p,m +∈ Z . 
 In this paper, some  parameters of the Quasi-Cyclic codes over  GF(3) and GF(7) are  obtained  by using  
the best known cyclic codes.  
Keywords:  Cyclic codes, GF(q), Quasi-cyclic codes. 

 
GF(3)  ve GF(7)  üzerindeki yarı-devirli kodlar 

Özet: mp, pozitif tamsayılar ve 1≠p  olmak üzere pmn =  uzunluğundaki devirli kodlar yarı-
devirli formuna dönüştürülebilir. Bu makalede iyi bilinen devirli kodlar kullanılarak GF(3)  ve GF(7)  
üzerinde yarı-devirli kodların bazı parametreleri elde edildi. 
Anahtar  kelimeler: Devirli  kodlar, Yarı-devirli kodlar. 

 
Introduction 
Quasi-Cyclic ( QC ) codes contain many good linear codes. But unfortunately, there aren’t many construction 

methods for good QC codes. Some researchers used computers to get good QC codes ]4,3[ . Some researchers 

used the relation between the codes over 1/][ 2 −xxIFp  and pIF  where p  is a prime, they obtained the new 

codes over pIF  which improve the best known minimum distance bounds of some linear codes  ].6[  In  [2], there 

is another method to obtain good Quasi-cyclic codes. 
____________________ 
 
 
 It was shown that any cyclic code of composite length can be put into quasi cyclic form and  obtained many 
new good QC codes over 2IF . More general, t-generator QC codes were discussed  in ]2[ . 

 In this paper, we obtained some  parameters of the QC codes over )3(GF  and )7(GF , by using the 

method in ]2[ . 

Through  this paper  mpn ,,  are  positive integers where 1≠p . 

 Let A  be a nn×  circulant matrix where pmn = . Let us denote the polynomial corresponding to the 

first row of A  by 1
11 ............)( −
−++= pm

pmo xaxaaxa  . Then 
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If ia  corresponds to the element ),( rqa , where ⎥
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If  the rows and columns of A  are reordered, then the matrix C  is obtained and it can be written as follows; 
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where 1
),1(

2
),2(),1(),0( ...)( −

−+++= m
imiiii xaxaxaaxc   for  1,...,1,0 −= pi .  

 
The polynomials )(,),.......(),( 110 xcxcxc p−  are derived from the defining polynomial )(xa  and  these p  

polynomials specify the matrix C . In this way, a circulant  matrix can be decomposed into a matrix of smaller 

circulant matrices. This method was given in ]2[ .  
It can be given an example to this decomposition as follows.  
 

Example 1: The polynomial ])[3(2221)( 43 xGFxxxxa ∈+++=  uniquely specifies the circulant 

matrix A  of order 8 : 
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Reordering the rows and columns of A , following matrices of circulants of order 4  and 2 respectively are obtained. 

xxcxxc 22)(,21)( 1
2

0 +=+=   for  4,2 == mp . 
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 2)(,0)(,2)(,21)( 3210 ===+= xcxcxcxxc   for 2,4 == mp . 
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These matrices can be specified by matrices of polynomials: 
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           An  ],[ kmp  code is said to be QC with basic block length p if every cyclic shift of a codeword by 
p positions is also a codeword. A general form of generator matrix for a t-generator QC code is given as follows;  
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where ijG  is a circulant matrix of order m . Let ),...,( 21 tkkkK =  be the dimension vector. Then the 

dimension of t-generator QC ],[ kmp  code is tkkkk ....21 ++= . The nk ×  generator matrix is formed by 

ik  rows from the i-th row of the circulants spans the t-generator QC code, ti ...,,2,1= .                                                                           
 
           The two theorems in ]2[  will be given about finding the dimension vector and getting the 1-generator Quasi-
Cyclic codes.          
 
Theorem 1:   Let  C   be  a  ],[ kn   cyclic  code  of  composite  length  .n  A   p-generator QC   ],[ kn   code of 

dimension vector ( )( )0210 ,1 krrkK ××+=  where 12010 , rprandpkkr
p
kk −=−=⎥
⎦

⎥
⎢
⎣

⎢
=    

]2[ . 
 

Example 2: It is known that 43 2221)( xxxxa +++=  is the a generator polynomial of the cyclic ]4,8[  

code over )3(GF .   So   the   dimension   vector  of  4-generator  QC  ]4,8[   code is   )1,1,1,1()14( =× ,   

since    4,0,1
4
4

210 ===⎥⎦
⎥

⎢⎣
⎢= rrk    and    the   dimension   vector   of   

2-generator QC  ]4,8[  code is )2,2()22( =× , since 2,0,2
2
4

210 ===⎥⎦
⎥

⎢⎣
⎢= rrk . 

 
Theorem 2:  Given   a  cyclic ],[ kn  code C  of composite length n . A 1-generator  QC   ],[ kn  code can be 
obtained  if  
 

))(deg())1),(.),........(),(deg(gcd( 110 xhmxxgxgxgmk m
p −=−−= −  

where )(xgi  are  p  generator polynomials derived from the generator polynomial )(xg of C  ]2[ . 
 

 When     ))1),(.,),........(),(deg(gcd( 110 −−> −
m

p xxgxgxgmk ,     then     obtaining     a   

1-generator QC code is not possible. It is obtained  t-generator  QC codes with the procedure which is dealt with 

in ]2[ .                                                                                                          •                                  
 
 By using the computer, we have determined the generator polynomials )(xg  of cyclic codes  over 

)3(GF  and )7(GF  of composite length. Then, using the method in [2], t-generator QC  codes  are  obtained  

from best-known cyclic codes over )3(GF  and  )7(GF . t-generator QC  codes that are not in 
www.codetables.de/ are given in the Table 1-2-3-4-5-6.  
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1– generator QC codes over  GF(3) 
                                          

 
 
 

TABLE 1 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

codeQC
 

    
m
 

                     )(xg   )(xgi         )(xh  

 ]6,2,8[  4 6542 2221 xxxxx +++++
                  

232 2,221 xxxx ++++         22 +x  

]5,3,8[   4   532 21 xxxx ++++    221,1 xxx +++           x+1  

]12,2,16[
 

8 

1413

121098

6542

22
2

222

xx
xxxx

xxxxx

++

++++

+++++

 

6

4276

5432

2
21,2

222

x
xxxx

xxxxx
++++

+++++

 
   

12
2

2

46

++

+

x
xx

 

]12,4,20[
 

 5 

161514

1211106

542

22
2222

xxx
xxxx
xxxx

+++

++++

++++

 3232

43

2,
22,21,22

xxxx
xxxxx

+++

+++++
 

          1−x  

]9,10,22[
 

11 

12119

8643

222
222

xxx
xxxxx

+++

+++++

 

54

6432

22
1,2222

xx
xxxxx

++

+++++

      

          1−x  
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2-generator QC codes over )3(GF  
 

 
TABLE 2 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

           
codeQC  

     
m
 

    )(xg                           )(xgi             
)(xh  

             
K  

          
]5,3,8[  

     
2 

532 21 xxxx ++++   2,1,1,1 x+            
1 

           
)1,2(  

          
]4,4,8[  

     
2  

43 2221 xxx +++   2,0,2,21 x+            
1 
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2
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++++
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,22,22,22

xx
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++
+++

 
           
1   

           
)1,2(  

         
]6,7,16[  

     
4 

96

543

22
1

xx
xxxx

++

++++
 

1,2,21,1 2 xxxx +++             
1 

           
)3,4(

 
        

]12,4,20[
 

     
4 

161514

1211106

542

22
2222

xxx
xxxx
xxxx

+++

++++

++++

 2232

32

2,0,2,2
21,22
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xxxx
++++

++++
 

          
22 x+

 

           
)2,2(

 

      
]10,6,20[  
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14131211
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2
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1,
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+++
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1    

            
)1,5(  
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t- generator QC codes over )3(GF   ( 3≥t ) 

 
TABLE 3 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

codeQC
 

m
 

    )(xg               )(xgi  )(xh
 

K  

]4,4,8[  4 43 2221 xxx +++  xx 22,21 2 ++  1   
)1,1,1,1(  

]3,5,8[  

             

  2   

 

31 xx ++                1,0,1,1  1  )1,2,2(  

]12,4,20[
 

       
2 

1615141211

6542

2
22222
xxxxx

xxxxxx
+++++

++++++

 

          

0,0,0,2,2
2,0,2,21,2

xx
xxx

++
++++

   

2+x
 

)1,1,1,1(  

]10,6,20[
 

       
2  

14131211

8632

2
221
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xxxxx

++++

+++++
 

0,1,0,1
0,,1,22,2,1 xxxx +++

 

1 )2,2,2(  

         
]12,5,22[

 

       
2 

1716151413

165432

2222
221
xxxxx
xxxxxx

+++++

++++++

 

         

0,0,0,21,21,2
,21,21,0,21

xxx
xxx

+++
+++

 

2+x
 

)1,1,1,1,1(
 

         
]12,6,22[

 

       
2 

161514

121098

7632

22
22

21

xxx
xxxx

xxxxx

+++

++++

+++++

 

         

1,2,1,2,1,
,2,21,1,21,1

x
xxx ++

 

1 )2,2,2(  
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1-generator QC codes over )7(GF  

 
TABLE 4 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

             
codeQC

 

       
m
 

)(xg  )(xgi  )(xh  

              
]6,3,8[  

       
4     

5432 54362 xxxxx +++++  22 546,32 xxxx ++++  6−x  

             
]14,2,16[

 

       
4 

1413121110

9865

432

3225
2445
56253

xxxxx
xxxx
xxxx

+++++

++++

++++

 

32

32

322

35
42,2255

,2453,6

xx
xxxx

xxxx

++

++++

++++

 

62 +x  

             
]14,2,16[

 

       
8 

14131211

109865

432

322
52445

56253

xxxx
xxxxx

xxxx

++++

+++++

++++

 6542

765

432

225
65,325

44523

xxxx
xxxx

xxxx

++++

++++

++++

 

6

54

2

2
2

565

x
xx

xx

+

++

++

 

               
]8,7,16[  

       
8    

987

6542

56
264666

xxx
xxxxx

+++

+++++

 

432

432

66
6,52466

xxx
xxxx

+++

++++

 

6−x  

              
]15,2,18[

 

 

 

2 16151413

1210987

6432

552
552

5521

xxxx
xxxxx

xxxxx

++++

+++++

+++++

 
5,2,51

5,21,5,5,2,51
xx

xxxxx
++

++++

 

1 
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2-generator QC codes over )7(GF  
 

 
 

TABLE 5 
 
 
 
 

           
codeQC

 

m
 

                                              
)(xg  

                       )(xgi  )(xh
 

K  

]6,3,8[  2 432 54362 xxxx +++++
 

4,3,56,2 xx ++  1 (2,1) 

]4,5,8[  4 32 562 xxx +++  xx 56,2 ++  1  (4,1) 

]4,8,12[
 

6 432 65243 xxxx +++++
 

22 54,623 xxxx ++++  

4
5

2

+
+

x
x

 

(4,4) 

]4,8,12[
 

4 432 65243 xxxx +++++
 

xxx +++ 2,64,53  1 (4,4) 

]3,9,12[
 

6 32643 xxx +++  xx ++ 4,63  3−x
 

(5,4) 

]14,2,16[
 

2 

14131211

10986

432

322
5244
56253

xxxx
xxxx
xxxx

++++

++++

+++++

 

x
xxxxx

34
25,6,52,25,43

+
+++++

 

x-1  (1,1) 

]12,3,16[
 

2 

131211

10876

543

363
5225
66623

xxx
xxxx
xxxx

+++

++++

++++

 2,5,36,6
6,36,5,2,23

xx
xxx

++
++

 
1 (2,1) 

]10,5,16[
 

4 

1110

9876

5432

25
6642

34352

xx
xxxx

xxxx

++

++++

++++

 

22

22

243,5
25,63,642

xxx
xxxxx

+++

++++
 

1 (4,1) 

]8,7,16[
 

4 

9876

542

562
64666
xxxx

xxxx
++++

++++

 x
xxxxx

6
,26,66,546 22 +++++

 

1 (4,3) 

]6,9,16[
 

8 

76

543

5
5466

xx
xxxx

++

++++

 

3232 56,546 xxxxx +++++  1 (8,1) 
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t-generator  QC codes over )7(GF ( 3≥t ) 

 
TABLE 6 
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QC 
code 

m
 

                   )(xg         )(xgi  )(xh  K  

           
]4,5,8[

 

2 32 562 xxx +++  5,1,6,2  1 (2,2,1) 

         
]4,8,12[

 

3 5432 65243 xxxxx +++++  5,2,4,63 xx ++  1 
(3,3,2) 

         
]3,9,12[

 

2 32643 xxx +++  0,0,1,6,4,3  1 (2,2,2,2,1) 

         
]3,9,12[

 

3  32643 xxx +++  1,6,4,3  1 (3,3,3)  

         
10,5,16[

 

2 

1110

9876

5432

25
6642

34352

xx
xxxx

xxxx

++

++++

++++

 4,2,3,4,2
3,55,6,62

x
xxx

+
++

 

1 (2,2,1) 

         
]8,7,16[

 

2 

9876

542

562
64666
xxxx

xxxx
++++

++++

 6,2,6
,4,0,6,6,56 xx ++

 

1 (2,2,2,1) 

           
]6,9,16[

 

2 6543 55466 xxxxx ++++++

 

1,5,5,4,1,0,6,6  1 (2,2,2,2,1) 
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