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1. Introduction

The extremum problems for discrete inclusions with delay are a generalization of the
discrete problems of optimal control with delay. Application of nonsmooth analysis
theory is of importance for investigation of such a problem. Since the definition of
the subdifferential given by T. Rockafellar and F.Clarke is entirely a generalization
of the smooth and convex problems, the application of the theory of nonsmooth
analysis in this paper is advisable. As the necessary extremum conditions are
formulated more naturally with the help of the subdifferential, the definition of
subdifferential is of importance in the theory of extremum problems.

There exist a lot of papers devoted to the qualitative investigation of different
problems of optimal control of discrete systems. The control problems of discrete
systems, described by the different difference equations are of importance among
various optimal control problems. In spite of this fact, there are many unstudied
problems in the field of extremum problems for discrete inclusions. Recently,
multivalued mappings became the subject of intensive study. Different properties of
multivalued mappings and their connection with the theory of optimization were
considered in (Aubin, Ekeland, 1984: 510; Borisovich, Gelman, Mishkins,
Obukhovskiy, 1986: 103).

Note that main models of mathematical economics are reduced to extremum
problems for discrete inclusions.
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If the state of the control system is characterized by a system of more than two
equations and an operator connecting the equations of the system (connection
operator) exists, then such a control system is called a variable structure system.

This work generalizes some of the results, obtained in (Mirzayeva, Sadygov, 2005:
89-94; Mirzayeva, Sadygov, 2006: 106-112). An arbitrary order necessary
extremum conditions are obtained for the nonconvex optimal control problem for
discrete inclusions with delay in (Mirzayeva, Sadygov, 2006: 106-112). In this paper
the extremum problem for delay discrete embedding is reduced to the mathematical
programming problem using the method given in ( Boltyanskiy, 1975: 3-55).
Further, using Clarke’s theory, necessary extremum conditions are obtained.
Differently from the considered works (Mirzayeva, Sadygov, 2005: 89-94;
Mirzayeva, Sadygov, 2006: 106-112; Mirzayeva, Sadygov, 2007: 67-72), in the
paper the discrete extremum problem with constraints is considered. Note that the
extremum problem for delay discrete inclusions, is a particular case of variable
structure extremum problem for delay discrete inclusions. The known optimal
control problems of a variable structure are obtained from variable structure
extremum problems for delay discrete inclusions (Mirzayeva, 2007: 44-50). The
optimal control problems of variable structure with discrete time delay are
considered in (Mirzayeva, 2007: 44-50). Such problems are considered by many
authors. Differently from the known works, in this paper a nonsmooth case is
considered and the problem is reduced to the extremum problem for delay discrete
inclusions with variable structure. Further, in the paper the necessary extremum
condition is obtained for discrete systems with variable structure.

Variable structure extremum problem for delay discrete inclusions without
constraints is considered in (Mirzayeva, Sadygov, 2007: 67-72). The necessary
extremum conditions are obtained for one discrete systems class in (Mirzayeva,
Sadygov, 2007: 67-72).

Note that optimal control problems of variable structure arise while investigating
some chemical-technological processes, applied problems of economics and physics.

2. The formulation of the problem

Let X,Y be Banach spaces, a X’ —>2", t=01,.,k-1,
b :Y*—>2", t=k,k+1,..,m—1 be the multivalued mappings, where 2" denotes
the set of all subsets of V. We denote grF’ = {(z, vIeZxV :ve F(z)}.

Let us consider the delay discrete inclusions with variable structure

X, €a,(x, ,,x), t=01,.k-1

x, =c(t) at t=-A,-A+1,..,-1,0

Va€b, ,,.y), t=kk+1,...,m-1 2.1
v, =G(x) at t=k—-hk-h+Lk-h+2,..,k

V. €C,

m
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where c(t)yeX at t=-A-A+1,...,-10, CcY,G: X >Y is  mapping,
k,m,A,h are fixed natural numbers. As a trajectory (solution) ({x,}, {y,}) of the

discrete inclusion 2.1) we understand the process
x,t=1...,k=Lk, y,v=k+1,..m, forwhich (2.1)is satisfied.

Suppose that
A<k—-1,h<mintk—1L,m—k-1}, g;(,t): X > R, t=1,...k, i=1,..,n
fi(): Y SR t=k+1,.,m i=1l,.n.

We denote x = (X0, X1 )y ¥ = (Vpsgoeees Vi )-

Consider the minimization of the function

Fi60)= 28,050+ X £,(740 @2

t=k+1

on the trajectories of discrete inclusion (2.1) and with the following constraints

k m
F(xy)=2 8,0+ > £(2,.1)<0,
=1 1=k+1

Flen)=Ya(eo0) 32 (.0)<0,

t=k+1
k m
F‘/Jrl(x’y)zzg/#l(xl’t)-'- ij+l(yt’t)20’ (2'3)
t=1 t=k+1

Fx.2)= Y. lut)+ 2 1, (v:0)=0.

t=k+1

We note that as a trajectory of (2.1) we take the pairs (x,y), for which (2.1) is

satisfied. Denote by M the set of solutions of problem (2.1). To reduce the
formulated problem to the mathematical programming problem we use the following

notation. We denote s =m —k and define the sets in X* xY* as

M, = {(x1 g Xy Vinoes ¥, ) EX XY 1 x, €, (c(—A),c(O))},
M, = {(x],...,xk, Vs V) €EX XY 1 x, €aq, (c(—A+l),xl)},

k o
M, = {(xl,...,xk, Vislros V) EX " xY  ix,,, € aA(c(O),xA)k
ko ys.
My, = {(xlamaxka Vistsn Vi) € XU XY ixpp €apy (xlaxAH)};

k s .
M, = {(xlv""xk: Vil V) €X° XY 1y € a5 (xk—l—A’xk—l)}’
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My = {0 g Vgt V) € X5 XY 2y € b (Gl ) G
M, = {(xla""xk’ Virrse V) € XXV 0y € by (Gl )’yk+1)}a

ko ys .
M = {(xla'"nxka Vistres V) EX XY 1y €byy (G(xk)nyk+h)}:

_ k s .
My = {(xlwaxka Vistoos Ym) € X" XY 1y 0 €by (yk+1:J’k+h+1)}:

M, = {(xlv'"’xk’ Vistr V) €EXE XY 1y, € bmfl(ymflfh’ymfl)}a
M, :{(xl,...,xk, ykﬂ,...,ym)eXk <Yy, eC}

It is clear that the formulated problem will be reduced to the minimization of the

function F(x,y) onthe set M = ﬂM , with the constraints

t=0

ﬂ(x,y)SO,...,Fj(x,y)SO, F_I-H(x,y):O,...,Fn(x,y)zo.

3. The solution of the problem

Let Z be a Banach space, £ be a nonempty subset of Z . Clarke’s subdifferential
of the function ¢ at the point z is denoted as 0¢(zy) .

Suppose z, € E . The set Tz (z,) = {z eZ: dg (zg32) = 0} is called tangent cone to

E in z,.

The set NE(ZO)Z{Z* €Z":<z",z><0 at zeTE(zo)} is called normal cone to E

in z;.

Let D c Z . The set of all hypertangents to D at the point z € D denote by /,(z) .
By the definition (see (Clarke, 1988: 279) )

IE(E):{veZ:EIg>0,thaty+ta)eE atallye(2+gB)ﬂE, a)ev-i-gB,te(O,g)}.

We note if gi(-,t),i =0,...,n, satisfy the Lipschitz condition in the neighbourhood
of x,, where ¢t =1,...,k and fi(-,t),i =0,...,n , satisfy the Lipschitz condition in the
neighbourhood of y,, where t=k+1,...,m, then F,-(x,y),i =0,...,n satisfy the
Lipschitz condition in the neighbourhood of (x,y). Denoted by Q the set of
solutions of problem (2.1), satisfying condition (2.3). The pairs ()_c, J_/) € Q are called
optimal , if F|, ()?, f) <F, (x,y) at (x,y) e Q.
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We use Lagrange’s generalized function for the nonsmooth problem of
mathematical programming. Let L((x, y),l,r)zZﬂiFi(x, y)+ r|ﬁ|dM (x,v), where
i=0

A= (/10,/11,...,/1”), A;,reR ,i=0,.,n. The following corollary follows from

Theorem 6.1.1 ( Clarke, 1988: 279).
Corollary 1. Let (x,y)e Q minimize the functional F, on the set Q, the functions

Fy,F,,...F, satisfy the Lipschitz condition in the neighbourhood of (¥,7), M bea
closed set. Then for sufficiently large r the numbers 4, 20,4, 20,...,4; 20 and

A .,A4, may be found, not all equal to zero simultaneously, such that

jio
241«1(2, ¥)=0 and 0 € AL((X, ), A,7).
i=1

In the paper, the necessary extremum conditions are obtained, considering the
additional conditions A, B of R.T. Rockafellar (Rockafellar, 1998: 733), the
conditions C, D (Sadygov, 2007: 59). Similarly to subdifferential calculation the
certain additional conditions are required for calculating normal cones. Such
problems (the problems of calculation of normal cones) were studied by some
authors as F.H. Clarke, R.T.Rockafellar, Dubovitsky-Milutin and others. These
conditions are not equivalent, though they are considered for the same purpose.

Condition A. TM0 @) (i Fj] IM;' (2)= 2.
ConditionB. X =R",Y=R"?  from a)l»* € Ny, (2) and
Wy + @ +-+, =0 it follows that @, =0 at i =0,...,m.
ConditionC. X =R",Y=R",T, (Z)—ﬁTM Z)=R"™xR™, I=1,..m,
and M, are closed sets at i =l:(;,...,m.
ConditionD. X=R",Y=R", T, (2)- ﬁTM’ (zZ)=R"xR™, 1=0,.,m-1,

i=l+1

and M, are closed sets at i =0,...,m.

Proposition 1. If one of the conditions A, B, C or D holds, then
N,Ec Y N, ().
i=0

Further we suppose that b, : Y* — C(Y), where C(Y) denote the families of all

nonempty closed subsets of Y. We denote F, ()7, f) = iﬂiFi(x, y).
i=0

Theorem 1. Let z =(%,7)=(X,,.... X, Vsu1se-- ¥, ) € Q minimize the functional
F, on the set Q, gra, at t=0,.,k—-1, grb, at t=k,..m—1 and C be closed

sets, G:X — Y continuous operator, the functions g; (-,t):X —R, i=0,.,n
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satisfy the Lipschitz condition in the neighbourhood of X, at 7=1,..,k, the
functions f;(-,¢), i =0,...,n satisfy the Lipschitz condition in the neighbourhood of
vy, at t =k +1,...,m. If in addition one of the conditions A, B, C or D holds, then

there  exist  vectors @ €N M, (Z)t=0.1,..,m and  the  numbers

Ao 20,4 20,...,/1J- >0 u /ljﬂ,...,ﬂn may be found, not all equal to zero

simultaneously, ~where ZJ:/L.FI.(E, ¥y)=0 and o €dF,(x,y) such that
i=1
o = —i o, .
i=0

Proof. Using Theorem 1.3.12 (Borisovich, Gelman, Mishkins, Obukhovskiy, 1986:
103) we have that M is closed at s =k,...,k+h. So the intersection of finitely

many closed sets is a closed set, therefore according to this condition we obtain that
M is closed. It is straightforward to check that the conditions of corollary 1 are
satisfied. Then for enough large r the numbers A4, = 0,4, 20,...,/1_/- >0 and

Ajitses A, may be found, not all equal to zero simultancously such that

Zf:ﬂ,E (x,7)=0 and
i=1

0ec a(i AF, +1ld, ](x, 7)c 0> AF (%5)+ iod,, (7.5) <
i=0 i=0

cdY AF(x7)+N,(xy).

i=0

Since N, (%,7)c ZN (¥,7), then we have that 0 € oF, (x,7)+ ZNM (x,7).
=0 t=0
Therefore there exist @, € N M, (z).t=0.,....,m, and " €dF,;(x,y) such that

o = —Z @, . The theorem is proved.

t=0

Theorem 2. If z =(X,y) = (EI,...,fk s VialosVm ) € (2 minimizes functional F;, on
the set Q, gra, at t=0,....,k—1, grb, at t =k,.,m—1 and C are closed sets,
G: X - Y is continuous operator, the functions gi(-,t): X > R,i=0,...,n, satisfy
the Lipschitz condition in the neighbourhood of X, at ¢=1,..,k, the functions
f,-(~,t),i =0,...,n, satisfy the Lipschitz condition in the neighbourhood of y, at
t=k+1,...,m and in addition one of the conditions A, B, C or D holds, then the
numbers A, 20,4, 20,...,4; >0 and A4

A2 j+15--+» A4, may be found, not all equal to

J
zero simultaneously, where Z A,F (X,¥)=0 and there vectors exist

i=1
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xX,€0) Ag (X0 att=1,..k,x, €0 Af (1) at t=k+1...m,
i=0 i=0

55 0)€ Noyelapeto)®)s (5 @57 (0)€ N ey G T 1= 108,
(6 (@t hoxi (850w B+ 0)e Ny, (o T Bt 1= Lek=1-8,
ey (0,2, (), Vi (B)) €N gy 00600 R B> V)
(60 G 00,7 G+ 00Vt D)€ N 600 Foasros Fros Frarst o £ = oo
Gtae G B0, i R+ 40, Ve G+ R0V EN gy (Frars hshors Prshsrst )
t=l,m-1-k—h, y (meN.(,)

such that in the case 4 = A the relations are fulfilled:

Xoo+x, (=1 +x, (1) +x (A+1)=0 at  =1,....k;
Xty (t=D+y,(O+y t+A)=0at t=k+1,..,m—h—1; (3.1

Xty t=D+y/(t)=0at t=m—h..,m;
in the case & < A the relations are fulfilled:

Xpo+x, (=D +x, () +x, (A+1)=0 at t =1,...k—1-A;
X +x, (=D +x,()=0at t =k—A,...k—h—1;
Xoo+X, (=D +x, () +x, (t+h)=0 att =k —h;....k; (3.2)
Xoo+y, =D+ y )+ (t+h)=0at t=k+ L. ,m—h-1;

x;,o +y:(t—l)+y,*(t):0 at t=m—h,...,m;
in the case / > A the relations are fulfilled:

Xpg+x, (=D +x, () +x, (A+1)=0att=1,...k—h-1;
Xpo+x, (=D +x, (O +x (t+A) +x, (t+h)=0at t=k—h,..k—1-A;  (3.3)
Xoo +x, (=D +x, () +x, (t+h)=0at t=k—A,...k;
Xty =D+ y, Oty t+h)y=0att=k+1,m—h-1;
X0+ y =D+, ()=0at t=m—h,..,m;
Proof. Using the corollary of Theorem 2.4.5. (Clarke, 1988: 279), from the
definition of M, M ,...,M , we obtain that
Ty, (2)= {(x1s~--sxks Vistoeo Vm VEX XV 1x € Ty (c(=A)e(0)) (?71)},

Ty, (2)= {(xl’""xkv Vistr ¥ VEX XY 1 (x,,x,,)) € Tora, (c(i-n), ) ()_c,,)?m)}
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t=1,..A,
-\ _ k s . — R
TM, (Z)_ {(xl s s Vialse Vi )e X7 xY '(xt—Aﬂxt’xH—l)e Tgra[ (xt—A7xt:xt+])}
at t=A+1,...,k-1,
Ty, (2)= {(xlr"vxk’ Visrra Y )EX XY 1 (034, i) €
€ Tgrp (G().G() (ik—h X Vial ) }
= k s — — —
Ty, (z)= {(xlv'"’xk’ykﬂv'"’ym ) EXT XY (X Vs Vis1) €l grn 600, (xt—h’yt’yHl)}
t=k+1,...,k+h,

TM[ (E)z{(xla'-'axka Vit Vm )EXk xY* :(yt—haytayt-%—l)ETgrbl ()_}t—ha)_}taytﬂ)}
t=k+h+1,...m-1,

— k ¢ —
TMm (Z):kxlﬂ“ﬂxk’ YitloVm )EX xY* Vm ETC (ym)}
Therefore we have

Ny ()= {(x;‘,o,...,O) e X XY X €N, (areon (zl)}
N, (2)= {(xf,x;,...,xz,o,...,O) e X Xy i(x'x,) e NgoconryFX)
x; =0 at i;tt,t+l} at t=1,..,A,
N, (z)= {(xl*,...,xz,O,...,O) e X xy” :(x;A,x:,x;l)e N,., (%, 0%, %),

X =0atizt—Ant+l}att=A+1. k-1,

—_ * * * *k 55 * * *
NMk(z):{(xl,...,xk,ka,O,...,O)EX xY :(xkfh,xk,ykﬂ)e

€N, oo XX Vo, )l x) =0ati=k—hk | (3.4)
Ny, (2) = {(x;a"-»xltay;ur-':y;) e X xy” (X5 Vi s Vin) €
€ Ny 6o B T T )Xs = Oati %t —h, y) =0ati %6, +1}
atr=k+1,...k+h,
N, (2)= {(xf,---,xz,yzw-.-,y;) e X" XY Ayl €
€Ny, (B BT oyl =0t i # = Ity +1)

att=k+h+1,...m-1,

Ny ()= {(0,...,0, 0,..0,y) e X x Y™ 1y eNe(F,, )} :

According to Theorem 1 the numbers 4, 20,4, 20,...,4;, 20 and 4

sty = SERERE

., A, may

J
be found, not all equal to zero simultancously, where 3 4, F,(X,7)=0, such that
i=1
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Oea(iﬂﬂ(ﬂJ ZN %.7)= [%Zgnx 0+ 2,3 £ (5 +/12g

t=k+1

WA +/12g )MHan(f,,j ZN %, 7)= (zzg

t=k+1 t=k+1

+ ..+2/1,-gi( Zﬂ“f y/:+1’k+1 +Zlf y m\J+zm:NM'(E_

i=0

TS G} T 6.0 Sv. e,

t=k+1 i=0

(3.5)

Using the relations (3.4) and (3.5) it is straightforward to check the correctness of
Theorem 2.

Theorem 3. Let z = (X, 7)€ Q minimize the functional F, on the set Q, gra, at
t=0,.,k-1, grb,att=k,..m—-1and C be closed sets, G:X —>Y be
continuous operator, the functions g; (',t): X > R,i=0,..,n satisfy the Lipschitz
condition in the neighbourhood of X, at  =1,...,k, the functions fl-(-,t),i =0,..n,
satisfy the Lipschitz condition in the neighbourhood of y at¢t=k+1,..,m

Lyoiinn (X5 )at t=1.0A, 1, (%,,.%,.%,,) at t=A+1,. k-1,
1o (0060) KXo Vi) s 1o 600 X Vi Vi) at t=k+1,...k+h,
1,3 .5,.5.)at t=k+h+1.,m-1 and I-(¥,) be nonempty sets. Then the
numbers A, 20,4, 2 O,...,/l- >0 and /1j+],...,ln may be found, not all equal to

zero simultaneously, where Z 2,;F,(x,7)=0, and there vectors exist
i=1

X}, =7z},, where A=0,1, z;, €0)_Ag,(X.0) at t =1,.k, z,, € DY A f,(¥,.0)
i=0 i=0

at t=k+1,m, x(0)e N, . u.on®). (@50 (0)e

€ N, (ccarny (5 X)) at t=1,A, (xt (A+2)xn,, (A+e)xx,,u (A+t))e
eN. (R T F.)att=A+l. h-l,

(xk+t—h (k+1), Vit (K +0), Vjeypn (K + f))e N g, (600) Khest=t> Viewt s Vi1 s
=Ly Vs kR 0), s (R0, Vi (k+h+1)) €
€ Ngﬂ%hﬂ Vkests Viesnst> Vierhien ) L =LLm—=1—k —h, y;kn(m) eNc(V)

such that in the case &= A the relations (3.1) are fulfilled, in the case 4 <A the
relations (3.2) are fulfilled, in the case /# > A the relations (3.3) are fulfilled.

Proof. It is straightforward to check that

_ k - -
Iy (2)= {(xl soees Xpes Viatoeees Vi ) € X T XY 0 (0, %,40) €4 gy (e-avey) (Kp X }
at t=1...,A;
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Iy (2)= {(xl,...,xk,ykﬂ,...,ym)eXk XY (X, p> X5 X,41) €
€1 gy (Fp XX )f At t=A+lk—1;
Iy, (2)= {(xla""xk’ykﬂ""’ym) € X XY (Xppr Xps Vigi) €
€1 g, (G().G() (Xeon Xe> Pint )},

= k K — - —
Iy (2)= {(xl""axk’ykﬂ’""ym) €X XY™ (X Vs VirE L g (G, (X Ve Vo )}
att=k+1,..,k+h;

— k . — - —
Iy, (2) = {(xlr"’xk’ykﬂ""aym) €X " XYt (Vicp> Vi Vist) €lgp, ., (yt—h’yz’ywl )}
att=k+h+1,..m-1;

Iy (2)= {(xl,...,xk,yk+|,...,ym)eXk xY* 1y, e[c()_/m)}

If Ty, (Z)n ((m][MI (2)) =, then according to lemma 5.11 ( Girsanov, 1970: 118)
=1

we can find the linear functionals a),* eN M, (2), t=0,,...,m, not all equal to zero,

such that @, + @, +...+ w, =0. Then we obtain that at 1 =0 the statement of
Theorem 3 is satisfied.

According to Theorem 3 we have that 7, (E) =intT), (E) atr=1..,m.

Therefore, if 7), (2) N (N1, (2)) # &, then the conditions of Theorem 2 with
=1

the condition A are satisfied. Then it follows from Theorem 2, that at 4 =1 the
statement of Theorem 3 is satisfied. The theorem is proved.

Theorem 4. If Z=(X,7)=(X,.... X Vst s ¥y ) €Q, gra, at t=0,..k—1,
grb, at t=k,.,m—1 and C are convex sets, G: X — Y is a linear operator, the

functions gl-(~,t):X—>R,i:0,...,n are convex at ¢=1,..,k, the functions

ﬁ(-,t):Y—)R,i:O,...,n are convex at t=k+1,..,m, besides j=n and

A =12420,.,4;,20 may be found, where éﬂiFi()_c, i) =0,
; i=1

* n _ * n _
X0 €02 A,8;(X,,t) att=1,..k, x,0 €02 A, f;(y,,t) at t =k +1,....m,
i=0 i=0
and there the vectors exist

x; (O)e Nao(c(—A),c(O))()_C )9 (x;* (t)sx;l (t))e Ngra,(c(—A+t),-) (x;5X,,), t=L.LA,
(x,* (A+1)xi,, (A+o)xs,, (a+ t))e N gra., ()_c, X n s Xnsenl ) atr=1,.,k—1-A,
(e (), (6, 1 (6)) €N gy (600,60 K X » Pt )

(xk+t—h (k+0), Vs k+0), Vi (k + f))e N gty (600 Kt s Viear» Vw1 )s
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t=1.h, ek +h+0), Y K+ D0,y (k+h+1) €
€ Ngrbk+h+r (yk+t’yk+h+tv;k+h+t+l)v t=1..m—1-k—h ’ym(m) ENc(.)_/m)

such that in the case 4 = A the relations are fulfilled:

Xoo+x, (=1 +x, (1) +x (A+1)=0 at  =1L...k;
Xty (t=D+y O +y ¢ +M)=0at t =k+1...m—h—1; (3.6)

Xo+y =D+ (€)=0 at t=m—h,...,m;
in the case /& < A the relations are fulfilled:

Xio+x, (t=D)+x, () +x, (A+1)=0 at t =1,.,k—1-A;
Xpo+x, (t=D+x,()=0at t=k—A,...k—h-1;
X0 +x, (t =D +x, () +x,(t+h)=0 at t =k —h,...k ; (3.7)
X+ =D+ )+ (t+h)=0at t=k+1,.om—h—1;

xz*,o +)’:(f—1)+y,*(t):0 at t=m—h,..m;
in the case & > A the relations are fulfilled:

Xoo+x, (=D +x, () +x; (A+1)=0att=1,....k—h—1;
Xpo+x, (=D +x, () +x, (t+A) +x; (t+h)=0at t =k —h,...k—1-A;
Xoo+x, (=D +x, () +x, (t+h)=0at t=k—A,...k ;
X0ty =D+ (O)+y, (t+h)=0att=k+1..,m—h-1; (3.8)
X+ t=D+y,(©)=0at t=m—h,..m

Then z = ()_c,)_/)z ()_cl,...,)?k,f/k“,...)_zm)e Q) minimizes the functional F,, on the
set Q .

Proof. Consider the case /1 = A . Since x;, € ailigi(?c,,t) at t=1,.,k and
i=0

Xy € 6i/”ti]”[()7t,t) at t =k +1,...,m, then from the relation (3.6) we have

i=0

X - =x () =x (h+1) 05 Ag,(Fu0) at t=1..k;
i=0
—yj(t—l)—yj(t)—yj(t—i—h)e@ilifi()_zl,t) at t=k+1,.,m—h—1:
=0

—y =) —yi(t)e a_zoz,.f,.(;,,r) at t=m—h,..,m;

where
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%1 (0) € Ny ecanecon (1) (x: (0% (f))e Ngra e(-asny) G s X))y 1= Lol
(7 (o )i (4 0w (B )N g Ry Fys Fargon)s £ = b 1=,
(%o (R)s X (KD, Ykt () €N g 6006009 s s Vit )

(xltﬂfh (k+ ),y (k+8), v (K + 1))6 N gty (6000 Kt Vst » Views1 )s

=Ly Vg 4 B4 0, Yy k4 D40, i (kB4 1) €

Ngrb“w Vsts Virnser Virnres1 ) t =Lom—=1=k —h, yjn(m)ENC(J_’m)
Therefore
fzoﬂfgi<x,,r>—fzoﬂigi(x,,r)z<—x;"<t—1)—x:‘<z>—xf(h+r),x, %) at £=1k;

gﬂiﬁ(yt,t>—;)iiﬁ(it,t>z<—y?(z—l)—y;‘(r)—y;‘<t+h), v= T )
att=k+1,...m—h-1,;

__ioll-ﬁ(y,,t)—_:z’oﬂif,-(ft,r»z(—y,"a—l)—y,"a), Vo= ) att=m—h.m.

Hence follows
m-h-1 n

PAOIFACHIED AR RS N WAL WRACHE

t=1 i=0 t=k+1 =0 i=l

+ i[i%ﬂy,,n—iﬂ,-f;(f,,t)jz > (- (=)= ()= (h+ 0,5, - %, )+
+W:Z(—yf(t—1)—yf(t)—yf(t+h), Y, =3 )+ i(—yf(t—l)—yf(t), v -7 )

Since according to the condition that gra,,grb,,C are convexsetsand G: X - Y

is a linear operator, then we have
<x1* (0, x, — zl> <0 at x, €ag(c(=h),c(0)),
(G O O, (%) = FoF)) S O at (x5 %,00) € gra (e(=h +1),)
and t=1,...,h, <(x,* (h + t),x;t (h+1), X0 041 (h + t)) (X, X pys X npra1) —
- (x :3_CA+,,)_CA+,+1)>SO at (X, , X5, »Xpses1) EQrap,, and t=1,..,k—1-h,
(534 003 00, OO0 ey )~ (B Ty o)) < O
(551 401) € &7 (GO, GO ({5t (0, e, 0,3 (k1)

(Xksrmis Vierts Viewrs1) = Kkvrcis Virrs Vierent )) <0 atz=1L..,h,

<(yZ+t (k+h+1), YZ+h+t (k+h+1), y;:+h+t+l (k+h+ t))> Vs Virhees Vierhars1) —
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= Vkst> Virnreo yk+h+t+1)> <O at (Vgrrs Virner» Virnsent) € &by ipy, and
t=lom—1-k—h, <y;(m),(ym —ym)>so at y, e C.
If ({x,}, {¥,})e M , then hence we have

* a— h * * — —
=l .31 %) = Z{0x7 O, 8 O, (5300 = (B T =
=
- <(xz* (h + t)’xZ+t (h + t)’x;+t+1 (h + t)) s (xt s X pyrs Xhat+1 ) - ()_Ct > xh+t > ;h+t+1 )> -
= (G 00,57 ), i 00, G5y ¥ Vi) =Ry B T =

h * * *
- zl<(xk+t—h (k + t), Yie+t (k + t)’ Viert+ (k + t))7 (xk+t—h s Virt s Viere+1 ) -
=

_ _ _ m—1-k—h « «
=Xt s Viewt» Viwrs1 )> - 2 <(yk+t (kK+h+1), Yiine (k +h+ t)’

t=1
Yi+h+t+1 (k +h+ t)l (yk+t s Vieth+t o Vk+h+t+1 ) - (§k+t ’ yk+h+t ’ )_/k+h+t+l )> +
(=M, (7 = F,)) 2 0.

Hence it follows

m=h-1

Z( X (=D =] ()= x (4 0,3, = 5,)+ D=y (=D =y (O =y (4 h),

m

y=3 )+ 2 (=yie=D-y ). y, -5, )20.

t=m—h

Then we obtain

m—h-1

S g, (50) - Zzg(x,,r)wZ(iM(yl,r) Zﬂf(ymt)ﬂ

t=1 i=0 t=k+1 =0

AL 00~ Z/lf(y,,t)J Z( X (t=1)=x ()= x(h+0),x, - %)+

t=m-h =0 t=1

m—h-1

+ =y =)=y () =yt +h), y,—i>+

t=k+1

+i<‘y:(f—l)—yf(t), Vv, =, )zo

i.e. o
Z(Zzgmt) Zzg(xnt))fz(izf(y,,o Zﬂf<yl,r))+
AL - Z/lf(y,,t))>0

t=m-h i=0

at ({x,}, Dn)eM.

It is clear that
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Q:{(x,y)eMzﬁM, :E(x,y)SO,...,F (x,y)SO }.

n
1=0

Since 4, =1, Y A4 F(%5)=0 and > 4F (x,y)<0 at ({x,}, {r,})eQ, then

2 (800~ 2 Gt + XS (= So Gt + (0= fy Tt 20

t=m—h
at ({x,}, {y,})e Q. Hence it follows that Z = (X, ) = (X|yees Xj.» Vispse-» ¥y ) 1S AN
optimal solution of problem (2.1)-(2.3).

The correctness of Theorem 4 is checked analogously in the cases A>#4 and
A < h ,using (3.4) and (3.5). The theorem is proved.
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