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Some Inequalities on The Permanents

Dursun TASCI '

Abstract: In this paper we obtained some inequalities about permanents of Hadamard product of matrices
and permanents of sum of matrices.
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Permanentler Uzerine Bazi Esitsizlikler

Ozet: Bu calismada matrislerin Hadamard g¢arpiminin Permanentleri ve matrislerin toplaminin Permanentleri
ile ilgili bazi esitsizlikler elde edildi.

Anahtar Kelimeler: Permanent, Hadamard Carpimi, Pozitif Yari tanimli Hermityen Matrisler.

Introduction and the Main Results

Definition 1.[1] The Permanent of real nxn matrix A = (a;;) € M,, is defined by

per(A)= > ﬁaic(i) :

ceSy i=1
where S, is the symmetric group of order n.
The permanent can thus be thought of as a function whose domain is the set of nxn real

matrices and whose range is the set of real numbers.
Definition 2.[2] If A =(a;) and B =(bj) are nxn matrices then their Hadamard product is

the nxn matrix C = AoBwhose (ij) entry is a;b

ij -
Lemma 1.[2] If A and B positive semidefinite Hermitian matrices then so is AoB .

Theorem 1.[1] If A =(a;;) is an nxn matrix then for any i, 1<i<n,

per(A)=> ay per(A; ).
=

where Aij denotes the submatrix obtained from A by deleting rows i and colums j.
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Theorem 2. Let A €M, be positive semidefinite Hermitian matrix and define

—per(A) , if A4qis positive semidefinite Hermitian
u(A) = per(Ayg)
0 , otherwise

where A;; is the (n-1)x(n-1) principal submatrix of A that results from deleting the first row and
column of A and M,, denotes nxn matrices. Then

1(A0B) 2 u(A)by; +u(B)ag, —n(A)u(B) (1)

Proof. It suffices to prove that
per(AoB)  per(A) by — per(B) ay, + per(A) per(B) 50 2
per(A1;0B11)  per(Ayq) per(By;) per(Aq;) per(By;)
We have
per(AoB) per(A) per(B) per(A) per(B) per(AoB)
- by — ap + = —apby
per(A;,0By,) per(Aq) per(By;) per(Aqq) per(By;) per(A;,0By)

per(A) per(B) _
+(per(A11) a“Mper(Bm b”J' o

Now we must show that

per(AoB)
— 7 __a;.b;, >0, 4
per(A;;0By;) s (4)
per(A)
—> 7 _a,, >0, 5
per(Aqq) H ©)
and
per(B)
—— _ by >0, 6
perBy) ©

respectively. Considering Theorem 1 we have

per(AoB) = ay;b;3 per(A;;0By; )+ a0, per(ApoBy; ) + -+ + @by, per(AoBy, ),  (7)
where Alj and Blj 1< j < n, denote the submatrices obtained from A and B by deleting row 1
and columns j respectively. Now from (7 ) we write

per(AoB) = aj;b;, per(A;,0By;)
or
per(AoB)
per(A;;0B4,)

Similarly the inequalities (5) and (6) are satisfied . From (4), (5), and (6), the inequality (1) holds and
thus the proof is complete.

Theorem 3. If A;, A,, ..., A, are nxn matrices with nonnegative entries then
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per[zn:Ai] > Zn:per(Ai). (8)
i=1 i=1

Proof. We use induction on n for the proof of Theorem. It is true for n = 2 . Indeed the (i,j)

2
entry of A;+A, is just a() i(jZ), where A; :(ai(jl))and A, :(ai(j )) are nxn matrices with

nonnegative entries. Thus a typical term in the sum defining per(A1 + A2) is
n
@) (2)
H(alc(l) + alc(l)) 9

i=1
Now if we multiply out the product (9) and throw a way all terms expect

HaIG(I and HaIG(I

we obtain (remember A; and A, have nonnegatlve entrles)
@
H(alc |) IG(I)) Halc + Halc(l ' (10)
i=1
If we sum all the inequalities (10) for c € S,, we get

Z lﬂ[(aic(sl(?) |c(|)) Z Halc (i) + Z Halc (i)

ceS, i=1
that is,
per(A; +A,)>per(A;)+per(A,).
We assume now that the inequality (8) is true for n-1 and show that assumption implies that (8)
holds for n. Now, if

n-1 n-1
per[ZAiJ > per(A;)
i1 =]
then

i=1 i=1 i=1

per(zn:Ai] = per[nzlAi +An] > per(ani}per(An)
=3 per(a )+ per(A,)= S per(a)

thus we have proved by induction that the inequality (8) holds for aII n.

Corollary 1. If A is nxn matrix with nonnegative entries and

T
H(A)=A+A

then

1-n

per(H(A))> 27" per(A),

where AT denotes the transpose of A.

53



D. TASCI

Proof. By the Theorem 3 we have

.
per(H(A)) = per[A +2A ] = in per(A + AT)
2

(per(A) + per(AT))

thus the proof is complete.
Corollary 2. If A and B are nxn matrices with nonnegative entries then

[per(A + B)]2 > 4per(A)per(B).

Proof. Using arithmetic-geometric mean inequality and considering Theorem 3 we have

o) [0 5orBIT , apperey

and therefore we write
[per(A + B)]2 > 4per(A)per(B).
We conclude the paper with a theorem.

Theorem 4. If A and B are nxn matrices with nonnegative entries and A > B then

per(A)—per(B) > per(A-B) (11)

and
|per(A-B)| = per(B-A)| . (12)

Proof. By Theorem 3 we write
per(A)=per(A—-B+B)>per(A-B)+per(B)

and it follows that the inequality (11) holds. On the other hand we have
|per(A—B) =| per(- (B-A))| = ‘ (-1)" per(B A)‘ = |per(B-A)

Thus the proof is complete.
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