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Abstract

Our goal in this paper is to use combined Laplace transform (CLT) and Adomian decomposition method
(ADM) (that will be explained in section 3), to study approximate solutions for non-linear time-fractional
Burger’s equation, fractional Burger’s Kdv equation and the fractional modified Burger’s equation for the
Caputo and Conformable derivatives. Comparison between the two solutions and the exact solution is made.
Here we report that the Laplace transform decomposition method (LTDM) proved to be efficient and be
used to obtain new analytical solutions of nonlinear fractional differential equations (FDEs).
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equations Burger’s equation modified Burger’s equation Burger’s Kdv equation Laplace transform
Adomian decomposition method.

1. Introduction

Fractional partial differential equations (FPDEs) proved to be important in applications in physics,
engineering, chemistry, electromagnetic, acoustics, electrochemistry, and material science,..., etc [5]. In
general, there exists no method that yields an exact solution for fractional partial differential equations.
Only approximate and numerical solutions can be derived.

Burger’s equation :
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is a fundamental nonlinear partial differential equation in fluid mechanics. It is also a very important
model encountered in several areas of applied mathematics, such as heat conduction, acoustic waves, gas
dynamics, and traffic flow. It was actually first introduced by Bateman (1915), [6], when he mentioned it as
worthy of study and gave its steady solutions. It was later proposed by Burger (1948), |7], as one of a class of
equations describing mathematical models of turbulence. In (1972), Benton and Platzman [8] surveyed the
exact solution of one-dimensional Burger’s equation. Investigating and reaching exact or numerical solutions
to these types of equations has great importance in applied mathematics. Many studies were conducted by
scientists in order to determine the numerical or analytical solution to Eq.(1). For example, T. Ozis and A.
Ozdes [10] used a direct variational method to solve Burger’s equation. E. Aksan and A. Ozdes [11] used
a variational method constructed on the method of discretization in time to solve Burger’s equation. S.
Kutluay et al. [12] obtained a numerical solution of Burger’s equation by using finite difference methods. E.
Varoglu and L. Finn [13] made use of a weighted residue method. J. Caldwell and P. Wanless [14] used finite
elements. D.J. Evans and A.R. Abdullah [15] used the group explicit method. R.C. Mittal and P. Singhal
[16] used the Galerkin method to determine numerical solutions to Burger’s equation. Therefore, it can be
concluded that scientists have devoted much attention to obtaining the numerical and/or analytical solution
for the fractional Burger’s equation.
For instance, in (2005), Gorguis [9] gave a comparison between the Cole-Hopf transformation and the de-
composition method for solving Burger’s equation.
In this paper, we use the Laplace transform decomposition method (LTDM), which is a known method for
finding approximate solutions of nonlinear equations. A comparative analysis of the temperature distribu-
tions obtained in both cases will be established. The following equations are of great interest in applied
sciences :

Non-homogenous fractional Burger’s equation :

Ou(z,t) 0u(x,t) Ou(x,t) n Ou®(x,t)

-2 t = t 2
ot D2 e ) g, e @0 @
time-fractional Burger’s Kdv equation :
0%u(x,t)  Ou(x,t) Ou(z,t)
g T g T Bulz )= = =0, (3)
and fractional modified Burger’s equation :
0%u(x,t) 9 ou(z,t)  0%u(zx,t)
gt t) = 52 : (4)

where 0 < a < 1, u(x, t) represents the velocity for spatial dimension z and time ¢.

As a consequence of this importance, scientists paid great attention to obtain the exact or numerical solutions
of Burger’s type equations.
2. Preliminaries

Here we present basic known material needed in this paper.

Definition 2.1. /2] Given a function f :[0,00) — R, t > 0 and « € (0, 1), the conformable derivative of f
with respect to t of order o is defined by :

e l—a) _
D3 (f)(1) = tim I IO, (5)

e—0 €




[.Kadri, M.Al-Horani, R.Khalil, Results in Nonlinear Anal. 5 (2022), 131150 133

If f is a-differentiable in some (0,a), a > 0, and lim D{(f)(t) exists, then DY(f)(0) = lim Dg(f)(¢).

t—0t+ t—0t+

Definition 2.2. [18/ Let 0 < o < 1 and f : [0,00) — R be a real valued function. Then the conformable
Laplace transform of order o is defined by :

e}
107

Lo {70} (5) = [ exp(—sT) (0% = Fus), (©

0

Definition 2.3. [18] The function f(t), t > 0 is said to be of conformable exponential order m if there exists
K >0 and T > 0 such that :

If(t)] < Ke™s forallt>T.

Theorem 2.4. [1] Let f : [0,00) — R be a continuous function, f®) is piecewise continuous real valued
function and 0 < o < 1. If f is of conformable exponential order m, then

LoD f(t)} (s) = sFu(s) = f(0), s>m. (7)
For more on conformable Laplace transform (CLT), we refer to [1, 18, 21].

Definition 2.5. [3]/ The Caputo fractional derivative of order o, 0 < av < 1, is defined by :

1

DES0) = =y L (= ©

where T'(.) is the gamma function with the following integral representation :

I'(x) :/ e 't at.
0

Definition 2.6. [3]/ The Laplace transform for the Caputo’s fractional derivative is given by the following

form :
n—1

Lo {Dff(t)} = s"Fu(s) = Y _s*F1f50), n—1<a<n (9)
k=0

Definition 2.7. [3] The Mittag-Leffler function that arises in fractional calculus is defined for complex t and
a>0as:
E,(t) = E _— . 10
a(t) — I(ak+1) (10)
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3. Laplace Transform Decomposition Method (LTDM)

To show the basic idea of LTDM, we consider the following fractional PDE’s in its general operator form

Dfu(x,t) + Diu(z,t) + R(u(x,t)) + N(u(x,t)) = f(x,t), (11)

with the initial condition

u(x,0) = g(x), z>0,t>0, 0<a<l, (12)

where, Df* is the linear derivative operator in conformable sense of order « in ¢, D¢ is the highest order
linear differential operator in x, R is a linear term with lower derivative, N is a nonlinear term and f(x,t)
is the nonhomogeneous part.

In order to solve equation (11), we follow the following steps :

Step 1 : Applying the conformable Laplace transform on both sides of equation (11) with respect to t, it
becomes :

Lo {Dj'u(z,t)} + La {Dyu(z,t)} + Lo {R(u(z,t)) + N(u(z,1))} = Lo {f(z,1)} . (13)

Using Theorem (2.1) and equation (12), in equation (13), we obtain :

sLo{u(z,t)} —u(z,0) + Lo {Dou(z,t)} + Lo {R(u(z,t)) + N(u(z,t)} = Lo {f(z,t)}. (14)

Step 2 : Devide by s, and apply the conformable inverse Laplace transform to equation (14). This gives

w(z,t) = L7 {i[u(x, 0) + Lo {f(z, t)}]} e {iLa {Dgu}} e {iLa[R(u) + N(u)}} . 5)

Step 3 : Considering the conformable Laplace transform decomposition method, let the solution of
equation (11) be an infinite series :

u(@,t) =Y un(x,t), (16)
n=0

and the nonlinear term can be decomposed as follows :

N(u(z,t)) = Ay, (17)
n=0

where A, is called Adomian polynomials of ug, w1, uo, ..., uy, and it can be calculated by the following formula
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Tl

1] 0" i
A, {W(N(Z)\ UZ))}/\_O’ where n=0,1,2,3,4, ... (18)

Substituting equations (16) and (17) in equation (15), we obtain :

Zun(x7t) = L;1 {i[U(ﬁ,O) + Lo {f(xat)}}} - L;I {iLa {Dg(z un(x,t))}}
n=0 n=0

~L;! {iLa[R(Z un (2, 1)) + ZAn}} : (19)
n=0

n=0

Step 4 : Now, by comparing both sides of equation (19), we get the following iterative algorithm :

wole ) = L3 {1[u<x, 0) + La {f(a, tm} | (20)

unia(a,t) =~ {iLa {D%iw}} - {iLa[miun) 5 An]} e
n=0 n=0 n=0

Hence by calculating as many u,, components as needed, the solution u(x,t) can be obtained from equation
(16).
When « is in Caputo’s derivative sense with the same process, we get :

up = u(z,0) + L {SlaLa {f(;v,t)}} . (22)

s = — L {1L {D;;(i u>}} s {;La[mi Y An]} | 23)
n=0 n=0 n=0

Thus, the approximate analytical solution of equations (11)-(12) is determined by the series given in (16).

4. Main Results

In this section, we discuss three types of Burger’s equations involving nonlinear partial differential equa-
tions using the LTDM described above with the fractional derivatives under consideration.

4.1. A Numerical Solution of the Fractional Burger’s equation

Consider the following homogenous fractional Burger’s equation :

Ou(z,t) 0u(x,t) ~ou(a t)ﬁu(:):,t) n ou?(z,t)

ot A2 o or (24)

with initial condition :

u(z,0) = sin(z), (25)
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where 0 <a<1,t>0, 2z € R, and 8agt(f’t)

with respect to t.

means the conformable derivative of the function u(z,t)

By applying the above steps, we obtain :

up(x,t) = sin(z), (26)

a1 Pun,  9A, )2
un+1(x7t) - La {SLOé { Or2 ox + La SLOé {Bn} : (27)

where A,, and B,, are the so-called Adomian polynomials, given by

oo

2

A, = g Uy,
n=0

oo (28)
B, = Z Uy Upgs -
n=0
The nonlinear terms wu, and u? are represented as :
AO :u%,
Ay =2upuy,
As =2ugug + u%, and so on... (29)
By =upuoz,
By =uguiz + ujuoy,
By =uguo, + Uity + usug,, and so on...
Based on the LTDM, we obtain :
1 0? 0A
wi(z,t) =L d “La { S0 — 720 Lop L L
s Ox2 Ox
(30)
te .
== sin(z).
In a similar manner, we obtain that :
1 0 0A
up(w,t) =Ly y ~La{ g — - +2Bi g ¢,
s Ox2 Ox
(31)
t2a )
=212 sin(z).
Also,
1 0? 0A
ug(w,t) =Lg" { ~La 2t T2 9p, ;
s Ox2 Ox
. (32)
tdoz ]
=~ 38 sin(z).

By adding all the terms, the series solution of equation (24) can be found as :
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u(z,t) =uo(z,t) +ui(z,t) + ua(z, t) + us(z,t) + ...
. e t20¢ t3a
—e e sin(z).
By taking o = 1, the exact solution of the classical form of equation (24) is given by:
u(z,t) = e 'sin(x). (34)
— a=0.25
— @=0.50
— a=0.75
a=0.90
— a=1
Figure 1: Temperature plots for equation (24) at various o with x =3.1, M =5
When « is in Caputo sense, using equation (22)-(23) with the same process, we get :
up(x,t) = sin(z), (35)
1 0%u 0A
_7-1 n n
Unt1(x,t) = L, {SaLa{ 52 On + 2Bn}} . (36)
Thus, we get :
1 82u0 8140
=L '{ =L - ——4+2B
ul(l'at) « {Sa a{81‘2 O + 0}}7
(37)
t* .
= — m Sln(l’).
1 82u1 8141
=L '{ =L — 2B
ST E T TR
2 (38)
= )
—m Sln(fﬂ).
1 82UQ 8A2
=L '{ —Ly{ == —-—=+2B
ug(z,t) =L, {Sa a{8x2 ar T 2}},
3 (39)
t 63
=— ———sin(x).

CT(Ba+1)
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Thus, we get the numerical solution of equation (24) in a series form :

u(az,t) ZUO(x7t) + ’Uq(l',t) + ’LLQ(I‘,t) + U3(:L‘,t) + o
to t2a t3a

=@ = T Y Ta )  T@ax

N e S
—sm(m);m,

=sin(z)Eq(—t).

ufxd]

— a=0.25
— a=0.5
— a=0.75
— a=0.90

— a=1

3 8 ] 12 15 18

[l Approximate solution for a=1 in Conformable sense [l Approximate solution for a=1in Caputo sense

Figure 3: The fractional solutions u(x,t) for equation (24) at « = 1for —4 <x <14 and 0 <t < 2.5



[.Kadri, M.Al-Horani, R.Khalil, Results in Nonlinear Anal. 5 (2022), 131150 139

B Exact solution

Figure 4: The exact solution for equation (24) for —4 <x <14 and 0 <t < 2.5

Remark 4.1. Caputo fractional differential problem (24)-(25) has similar shaped solutions to the classical
one compared to those obtained for the conformable differential problem.

Let us now consider the following non-homogenous fractional Burger’s equation:

aagi.z,t) B 82155:2, t) = ou(a.t) 8ué:;, t) N 8u28(j,t) 2 257 (41)
with initial condition :
u(z,0) =0, (42)
0%u(z,t)

where 0 < a <1,t>0, z € R, and =55 means the conformable derivative of the function u(z,?)
with respect to t.

By applying the above steps, we obtain :

uo(x,t) = w2f = 152_(1 (43)
b a a2 b
1 0. 0A
=1 n n
wntet) =15 {0 {5 - S v am, L. (1)
Based on the LTDM, we obtain :
1 2 A
w(z,t) =L ~Lq 0wy _ 940  yp L
s Ox? 0 (45)
t2a
==

I S T R L
ug(x,t) =L, {SLQ{ 92 o + B =0. (46)
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Thus,

u(z,t) =uo(x,t) + ui(z,t) + uo(z, t) + ug(x,t) + ...,

By taking a = 1, the exact solution of the classical form of equation (41) is given by:

u(z,t) = 2%t (48)

— a=0.25
— a=0.50
— a=0.75

a=0.90

—_— a=1

Figure 5: Temperature plots for equation (41) at various o with z = 2.

When « is in Caputo sense, using equation (41)-(42) with the same process, we get :

ud%ﬂ=dwl{;JW{x2_2z}}’ (49)

9 to 2F( ) t2a
= —2I'(0) =~
MNa+1) I'2a+1)

1 0%u 0A
o) =13 { oo { 8 = 5 280 |

50
g (50)
CT(2a+1)
1 82u1 8A1
=L '{ —Ly{—=———-=—=4+B;;,=0.
ug(@,t) =L, {Sa {83:2 5 T 1}} 0 (51)

ug(z,t) =0, ....

By adding all the terms, the series solution of equation (41) can be found as :
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u(z,t) =ug(x,t) +ur(z,t) + uo(x, t) + us(x,t) + ...,

5 e t2o¢ 2t2a
—2?—~ __9r
TorD X7z T TRazy T0F0F (52)
5 to t2a
sy T M@ gy

ulxd]

(a) Approximate solution wu(z,t) in (b) Approximate solution wu(z,t) in
Conformable sense for o = 0.85. Conformable sense for oo = 1.

(c) Exact solution u(z,t). (d) Approximate solution u(z,t) in
Caputo sense for a = 1.

Figure 7: The classical (o« = 1) and fractional solutions u(z,t) of equation (41) for —2 < z < 5 and
0<t<1.5.

Remark 4.2. The nonhomogeneous conformable differential problem (41)-(42) has similar shaped solutions
to the classical one compared to those obtained for the Caputo differential problem.
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Another equation of interest is the following fractional Burger’s equation :
0%u(x,t) ou(x,t)  0%u(x,t)
_— t - =0 53
gpa T U t)—o 502 , (53)
with initial condition :
u(z,0) =z, (54)

0“u(x,t)

where, 0 <a <1,1>0,0 <z <1, and =5,z means the conformable derivative of the function u(z, ).

By applying the above steps, we obtain :

uo(z,t) = x.

1 0*u
1 n
Un+1(x,t):La {SLQ{M_An}}

Based on the LTDM, we obtain :
_ 1 82u0
ui(z,t) =L, {SLa {axz - Ao}} ,

In a similar manner, we obtain that :

1 0%u
-1 1
ug(x,t) =L, {SLa{axQ—Al}}a

t20¢
a?’

and,

Thus, we have :

(55)

(56)

(57)



[.Kadri, M.Al-Horani, R.Khalil, Results in Nonlinear Anal. 5 (2022), 131150 143

U(Jf,t) :u()(w:t) + ul(xat) + U,Q(.’E,t) + U,3(.’L'7t> +.
e t2a t3o¢

te te te (60)
A SR
- Cy )
[eS) _4a
=Ly
a
n=0
oz
= -
1+
For a = 1, the exact solution of the classical form of equation (53) is given by :
x
1) = . 61
(e, t) = 1 (61)
ufx.t]
g=10" | — a=0.35
1aT — a=0.5
— a=0.75
e @=0.9
2x107 | — a=1

T L . Lot
2 4 8 8 10 12

Figure 8: Temperature plots for equation (53) at various « in conformable sense for x = 0.5, M = 10

When « is in Caputo sense, using equation (53)-(54) with the same process, we get :

uo(z,t) = x. (62)
(1 0%uy,
Unt1(z,t) = L, —Lq 52 A, (63)
Thus,
1 2
ui(z,t) =L, {SaLa {%;’20 Ao}}
o (64)
T T(a+1)
1 2
up(w,t) =Ly' { —Lq O _ 1
@] se Ox?
t2a (65)
=2x
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_ 1 82’&2
U3(l‘,t) :Lal {SaLa {8{1)2 - AZ}} .

t3oz (66)
=—6
xF(Sa +1)
Summing the above terms yields :
U(Cﬂ,t) :u()(xvt) + Ul(flf,t) + U,Q(Z,t) + U3(.Z',t) +..
e tZOc t3o¢
= —r—+2 —6
T et D) T TRa+ ) P TBat T
o t2a t3a (67)
= — 2 —6
x( r(a+1) P ae ) TEary T
ntna
==(1+ Z M'(na+1)
1T — a=0.35
108k — a=0.5
- — a=0.15
a=0.9
2x10% | —_ =1
4 g 8 10

Figure 9: Temperature plots for equation (53) at various « in Caputo sense for z = 0.5, M = 10

Remark 4.3. The solutions of the Caputo differential problem (53)-(54) converge (as o — 1) to the classical
one better than those obtained from the conformable differential problem.

4.2. A Numerical Solution of the time-fractional Burger’s Kdv Equation

Consider the time-fractional Burger’s Kdv equation :

0%u(z,t)  Ou(z,t) Ou(z,t)
5o + 93 + 6u(x,t) e 0, (68)
with initial condition :
1,1
u(z,0) = —sech”(-x), (69)

2 2
where, 0 < a<1,t>0,x € R, and 857(2”) means the conformable derivative of the function u(x,t)
with respect to t.

By applying the above steps, we obtain :

1 1
uo(z,t) = =sech?(=

5 2:6), (70)
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1 Puy,
unH:L;l{sLa{O;‘3+6An}}. (71)

Based on the LTDM, we obtain :

1 o?
up(z,t) = — L;" {SLa {8;? +6A0}} 5

(72)
1 1 1 1 1 1 a
:(5866h4(§$) tanh(§m) + isechQ(izv) tanhg(ix))%.
In a similar manner, we obtain that :
1 3
uz(x,t) =— L;l —-L, 0w +6A4; ,
s ox3 (73)
L2+ cosh(@))sectt (o) =
=3 cosh(z))sech™(52)—.
Therefore,
U(QZ, t) :u()(ma t) + Ul(x, t) + UZ(xv t) +
1 1 1 1 Lot 1 1 I 74
:§sech2(§x) + isechQ(ix) tanh3(§x)g + §sech4(§x) tanh(ﬁx))g + ... )
By taking a = 1, the exact solution of equation (68) is given by :
1,1
u(x,t) = §sech (5(1' —t)). (75)
//|

)
Y Y

\g&,%
\Q: 5

I Exact solution L Approximate solution for @=1 in conformable sense

AN

L
A
- 4'

P

. 7
E ]

(a) Exact solution u(x,t). (b) Approximate solution u(x,t) in conformable sense for o = 1.

Figure 10: The exact and approximate solution u(x,t) of equation (68) fora =1, -4 <z < 8and 0 <t < 4.

When « is in Caputo sense, using equation (68)-(69) with the same process, we get :

up(x,t) = 1sechQ(}m), (76)
2 2
41 Ouy
Un+1(£17, t) = _La SfaLa ﬁ + 6An . (77)

Thus, we obtain :
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1 ok
ui(z,t) = — L' {SaLa {5,;0 +6A0}},

(78)
1 1 1 1 1 1 @
:(gsechll(gq:) tanh(Qx) + §sech2(§x) tanh3(2x))r(of_|_1).
In a similar manner, we obtain that :
1 o°
ug(z,t) = — Lt { —Lq Yy 6A1 ¢ ¢,
s ox3
1 1 2 (79)
=—(-2 h I ) EE—
4( + cosh(z))sec <2x)F(2a )
Therefore,
u(z,t) =uo(x,t) + uy(z,t) + uo(z, t) + ...,
1 1.1 1 1 to 1 1 1 1o (80)
=_sech?(= —sech?(=x) tanh®(Zx) ———— + —sech®(Zz) tanh(=2)) =——— + ...
5 5€c (256) + 5 ec (2m) an (Qx)F(oz+1) + 5 5€C (2x) an (Qx))F(oz—i— 0 +

[ Approximate solution for @=1 in Caputo sense

Figure 11: The approximate solution u(z,t) fora =1, —4 <z <8and 0 <t < 4.

Remark 4.4. Both conformable and Caputo fractional differential problem (68)-(69) generate similar ap-
prozimate solutions to the classical one when o — 1.

4.8. A Numerical Solution of the Fractional Modified Burger’s Equation

Consider the following fractional modified Burger’s equation :

0%u(x,t)

du(z,t) 0?u(x,t)
ot

Oz 0x2

+ u?(z,t) =0, (81)

with initial condition :

V3
/1 — cosh(2z) — sinh(2z)’

u(z,0) = (82)

where, 0 < a<1,¢t>0, 2z €R, and %&f’ﬂ means the conformable derivative of the function u(z,t).

By applying the above steps, we obtain :
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up(z,t) = —V3 . (83)
/1 — cosh(2x) — sinh(2z)
1 0w ou
—_7-1)= no_ zn
un—i—l(xat) =L, {SLQ { 022 Ap Oz }} . (84)
Based on the LTDM, we obtain :
1 82u0 8’&0
t) =L ' <=L, — Ag——
WY AN CTIY 1) )
_ e )
(1- 6233)% @
and,
1 82u1 8u1
) =L 1 “La{ St — 4,22
ua(w,t) =Lq {s { Ox? Yo }} "
_18V3e* 8 9v/3e% — 3v/3e™ — 6v/3e* 12 (86)
_(1 — e2r)3 3a? (1—e2r)3 202’
Therefore,
u(o,t) =uo(o,t) + s (2,8) + un(2,8) + .
_ V3 L oVE o 18VEeR g
V1 —cosh(2z) —sinh(2z) (1 —e20)3 @ (1 — ¢2r)3 303
9+/3 6x_3 3 490_6 3 2x t20¢
| 9V3e™ —3VBR — 63 2 | (87)
(1— e2r)3 202
For a = 1, the exact solution of equation (81) is given by :
—V3
u(z,t) = V3 (88)

/1 = cosh(2(z —t)) — sinh(2(z — )
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Figure 12: The classical solution u(x,t) for -6 <z <land 1<t <2,

When « is in Caputo sense with the same process, we get :

V3

uo(z,t) = . 89
ol 1) \/1 — cosh(2x) — sinh(2x) (89)
[ 1 0. ou
o) = 15 S G2 - R )
Thus, we obtain :
1 0%u ou
1)L 0 _ gg0
ul(:c,t) —La {SQLQ{ 81‘2 AO o }}
(11— e20)s D(a+1)
and,
1 82u1 8u1
=L Y — Ly — —A—
-t {25222 92
_9\/§66x _ 3\/36432 _ 6\/§€2$ t2a 18\/5621: t30¢ ( )
N (1 — e27)3 F2a+1) (1 —e20)3 (B +1)
Therefore,
u(z,t) =ug(x,t) + vy (z, t) + ua(x,t) + ...,
_ —\/§ N —\/§ to N 9\/§€6$ _ 3\/56496 _ 6\/5621 t2a
1 — cosh(2z) — sinh(2z 1— e20)5 T(a+1) 1 — e20)3 I'2a+1)
( ) ( )

18\/§€2x t3a
(1—e2)323a® 7
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— a=0.25
— a=0.5
— a=0.75
— a=0.90
Approximate solution for a=1 in Caputo sense
— Approximate solution for a=1 in conformable sense

Exact solution

Figure 13: The Exact and approximate solution u(x,t) of equation (81) for x = —4 and 0 < ¢ < 4.

Remark 4.5. Both conformable and Caputo fractional differential problem (81)-(82) generate the same
approximate solution to the classical one when a — 1.

5. Conclusion

In this work, we apply the LTDM method to solve fractional Burger’s equation, fractional Burger’'s Kdv
equation, and fractional modified Burger’s equation. Some applications are given to show that LTDM is
an effective and easy method for obtaining exact and approximated solutions to such previous equations.
We observe, from the graphs studied, that the different values of the fractional-order of the derivative allow
very different behaviors of the solution. In addition, if we let @ = 1 in the given examples, we obtain
the exact solutions that are studied in [26, 27]. There are a few important points to make here. Firstly,
LT and ADM provide the solution in terms of easily computable components. They provide more realistic
solutions that have very rapid convergence on real physical problems. The analytic solutions of these three
applications, found by these two methods, are compared with exact solutions for both conformable fractional
derivative and Caputo fractional derivative. The numerical results show that the solutions are in good
agreement with their respective exact solutions. Secondly, the methods were used in a direct way without
using linearization, perturbation, or restrictive assumptions. The results show that this technique can be
extended to solve various linear and nonlinear fractional problems in applied science. Mathematica has been
used, in this paper, for presenting graphs of solutions.
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