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Abstract: This is a continuation of our project which focuses on E-polynomials and the related combinatorics. A
pair of groups appearing in the definition of E-polynomials yields the permutation group. In this pa-
per, we determine the multi-matrix structures of the centralizer algebras of the tensor representations
of this permutation group.
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1. Introduction

The purpose of this note is to investigate the centralizer algebras of the tensor representation of the
finite group G that arises from E-polynomials in genus 1. We also discuss the association scheme which
appears as the first case. Our results can be regarded as combinatorial properties of E-polynomials.

The study of Eisenstein series is of interest because of its importance in number theory. We defined
and studied finite analogue of Eisenstein series from combinatorial point of view. We call it an E-
polynomial in some of our previous papers [8, 10, 11].

Let g be a positive integer. Then, an action of I'y = Sp(2g, Z) on the theta series induces a finite
subgroup Hy of GL(29,C). It is known that the invariant ring of Hy is closely related to the ring of
modular forms for I'y. As to this direction in higher genus, see [9, 14]. There exist some results based
on the fact that the weight enumerator of a self-dual and doubly even binary code is invariant under the
action of Hy (3, 4, 13, 15]. The correspondence existing among the invariant theory of the finite groups,
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the theory of modular forms, and combinatorics such as coding theory motivates the notion and study of
E-polynomials.

Let K, be a subgroup of H, fixing x9. An E-polynomial of degree ¢ in degree g is defined by

1
oo(zq: a €FY) = A Z (ox0)".
IV K \Hy30

The rings generated by E-polynomials have been studied in [10, 11] (¢f. [8]). Moreover, the representation
theory of H; is investigated and the centralizer rings of the tensor representation of H; are determined
in [6]. Since the character table of Hj is used in this study, it is reproduced at the end of this paper from
[6].

As usual, let C denote the complex number field. We denote by M, the matrix algebra of degree d
over C. For simpliticy, let nMy denote My & --- & M.
N ———

n

2. Preliminaries
We follow the notations in [6].

1 1 0 4 01
subgroup of orer 4. A set of representatives of K7\ H; is given by

Let H; be the group of order 96 generated by LIt <1 _1> , (1 0) and K; = <<1 0>> be its

1,7, 72,1317, 17°, 7%, 77, TD, TD?* TD?,T°D, T°D* T3D3,
T°D,T°D?,T°D®, T"D, T"D?, T" D3 TD?*T, T D*T, T°D*T, T D*T
and we name each of the classes 1,2, ..., 24, for example, 24 = K177 D?*T. Now, we set Q = {1,2,...,24},

then the action of H; on €2 gives a transitive permutation representation of H;. We observe that T and
D correspond to

t=(1,2,3,4,5,6,7,8)(9,14,12,17,15,20,18,11)(10, 21, 13,22, 16, 23, 19, 24),
and

d=(2,9,10,11)(4, 12,13, 14)(6, 15,16, 17)(8, 18, 19, 20)(21, 22, 23, 24),

respectively. Consequently, we obtain a faithful permutation representation G' = (t,d) of H;. The group
G is an imprimitive permutation group of order 96 on the 24 points. Under the correspondence

g ((;agaﬁ)a,ﬁGQ’

we may regard G as a matrix group.

3. Results

We follow the argument presented in the papers [6, 7]. Let us denote by y the permutation character
of G. Tt is known that x(g) is the number of o €  which is fixed by g.

Proposition 3.1. x = x1 + X5 + X9 + X10 + X12 + X13 + X14 + X15 + X16-
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Proof. Let
X =mix1+mexz + -+ mMieXie-

Here we remind that y; is the identity character of G. Since the characters depend on the conjugacy
classes, x(€) denotes the value of x at a conjugacy class €. Then, we have that

(X(Qtl) X(Q:Q) Ce X(Q:lﬁ)) = (m1 mo ... m16) X,

where X denotes the character table of G presented at the end of this paper. If we know the explicit
values x(€;)’s on the left-hand side, we multiply X! on both sides from the right to get the result.

Suppose g € € for a conjugacy class €, then x(€) is the number of a« € Q which is fixed by g.
Therefore the values of x(€;)’s can be given by

(x(€1) x(€2) ... x(€i)) = (24,0,0,0,0,0,4,0,0,0,0,0,4,0,4,0).
This completes the proof of Proposition 3.1. O

Before proceeding further, we shall interpret this proposition from the perspective of Wielandt [17].
Let 2 be the centralizer ring of the matrix group G. Then Proposition 3.1 shows that 2 is commutative
and of dimension 9 and a basis can be obtained as follows. Let GG; be the stabilizer of a point 1 € 2 in
G. Then G; has 9 orbits

(1}, {3}, {5}, {7}, {2,9,10, 11}, {4, 12,13, 14}, {6, 15, 16, 17}, {8, 18, 19, 20}, {21, 22, 23, 24}.
With each orbit A we associate a matrix B(A) = (vﬁﬁ) by

Vo, =

A 1 FgeGsuchthat 19=pand a9 €A,
0 otherwise.

In particular, for A = {1}, we have that
T({1}) =1
where I is the 24 x 24 identity matrix. Then the matrices B(A)’s form a basis for 2.

Next we shall connect 2 with the theory of association schemes ([1]. ¢f. [16]). Under the ordering
of the orbits given above, we denote the matrices B(A) by Ay = I, Aq,..., As. We observe that the
matrices Ag, As, Ag are symmetric and

PA; = A3, ' Ay = A7, T A5 = Ag.
Then the set of matrices X = {4y, A1, ..., Ag} forms a non-symmetric commutative association scheme
of class 8. The algebra 2l is also called the Bose-Mesner algebra of the association scheme X. With
regards to the commutativity and the normality of A;’s, X has another basis Ey = ﬁ,], FEy, ..., Eg of the

primitive idempotents, where J is a 24 x 24 matrix with every entry 1. The transformation matrix P is
defined by

(Ao A1 Ag):(EO E1 Es)P

which can also be called the first eigenmatrix of X. In our case, the first eigenmatrix is

11 1 1 4 4 4 4 4
11 1 1 —2 -2 -2 -2 4
11 1 1 0 0 0 0 —4
1 ¢ -1 =4 2+2¢ 2420 —2—-2¢ 2—-2¢ 0
1 ¢ -1 = -1—-7 1—1 1+4¢ —-1+:¢ 0
1 = -1 ¢ 2—-2¢0 =2—-2t —=2+2¢ 2427 0
1 = -1 ¢ =144 141 1-7 —-1-4 0
1 -1 1 -1 2 —24 2 -2 0
1 -1 1 -1 —% 27 —2i 2 0
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It turns out that X is isomorphic to No.349 in the list [5].
Summing up, we have obtained the following theorem.

Theorem 3.2. The centralizer ring of the transitive permutation group G1 on the 24 points is a com-
mutative association scheme of degree 8 which is isomorphic to No.349 in [5].

We proceed to the centralizer algebra of the tensor representation of G. Let 2*) be the centralizer
algebra of the k-th tensor representation of G. Notice 2A = A1), We set

16
X =3
i=1
and
k) Sk k
We are going to determine the coefficients dgk) explicitly. By Proposition 3.1, we already knew

d(_lg = (1,0,0,0,1,0,0,0,1,1,0,1,1,1,1,1).
We shall consider the matrix A such that

XX1 X1
XX2 B X2
XX16 X16

The matrix A can be calculated explicitly as

A = X.diagonal([x(€1), x(€2), ..., x(€16)]).X*
= X.diagonal([24,0,0,0,0,0,4,0,0,0,0,0,4,0,4,0]).X*

100010001101 1111
0100101100101 111
0010011001111011
0001010110110111
1100201111112222
0011021111221122
0110112101212122
~10101111210211222
“]1001110121121222
1010111012122122
0111122211322233
1011121122232233
1110212112223233
1101211221222333
1111222222333344
1111222222333344

We have thus gotten
AW Z gt (1> 9).
Then we have only to apply linear algebra. The matrix A is diagonalizable and we get!

P~1AP = diagonal([4, 4,4, 24,0,0,0,0,0,0,0,0,0,0,0,0))

' The matrices X, A, and P can be found at [12].
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for some non-singular matrix P. We apply this calculation to

a® = g p k=1 p1
= (a, br, br, bi, ci, di, di, dics €k, €y [res G Gies Gk ey P s
where
ap = 62482 4 3.4%2
b = 6-24F=2 _ gk=2
cp=12-24F"2 4 2. 4k=2
dp =12-24%72 — 2. 4F=2,
e =12-24F2 4 9. 4F2
fr=18-24F2 _3.4F2
gy = 18- 24F=2 4 4k=2,
hy, = 24%~ 1,

We have thus obtained the following multi-matrix structures of %),

Theorem 3.3. We have that

Ak = ) M k=
May, @ 3Mu, & Mo, & 3Ma, B 2Me, & My, ©3My, ©2My, k=2,

)

where ag, by, ..., hi are given above.
Corollary 3.4. (1) A% is commutative if and only if k = 1.
(2) dim2A*) = 3456 - 242(k=2) 148 . 42(k=2) (| > 1),
The second assertion of Corollary 3.4 is obtained by taking the sum of the dimensions of the simple

components. It would be interesting if we interpret this number from combinatorial point of view, see
[6]. This paper is concluded with a small table of dim 2®*).

k1 2 3 4 5 6
dim2A™®) |9 3504 1991424 1146630144 660452081664 380420288037984

Acknowledgment: This work was supported by JSPS KAKENHI Grant Numbers 17K05164,
19K03398. The computations were done with Magma [2] and Maple.
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