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Abstract: Choi Seok-Jeong studied Latin squares at least 60 years earlier than Euler although this was less
known. He introduced a pair of orthogonal Latin squares of order 9 in his book. Interestingly, his two
orthogonal non-double-diagonal Latin squares produce a magic square of order 9, whose theoretical
reason was not studied. There have been a few studies on Choi’s Latin squares of order 9. The most
recent one is Ko-Wei Lih’s construction of Choi’s Latin squares of order 9 based on the two 3 x 3
orthogonal Latin squares. In this paper, we give a new generalization of Choi’s orthogonal Latin
squares of order 9 to orthogonal Latin squares of size n? using the Kronecker product including Lih’s
construction. We find a geometric description of Choi’s orthogonal Latin squares of order 9 using
the dihedral group Ds. We also give a new way to construct magic squares from two orthogonal
non-double-diagonal Latin squares, which explains why Choi’s Latin squares produce a magic square
of order 9.
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1. Introduction

A Latin square of order n is an n X n array in which n distinct symbols are arranged so that each
symbol occurs once in each row and column. This Latin square is one of the most interesting mathematical
objects. It can be applied to a lot of branches of discrete mathematics including finite geometry, coding
theory and cryptography [8], [9]. In particular, orthogonal Latin squares have been one of the main topics
in Latin squares. The superimposed pair of two orthogonal Latin squares is also called a Graeco-Latin
sqaure by Leonhard Euler (1707-1783) in 1776 [4]. It is known that the study of Latin squares was
researched by Euler in the 18th century. However the Korean mathematician, Choi Seok-Jeong [Choi is
a family name] (1646-1715) already studied Latin squares at least 60 years before Euler’s work [11]. A
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pair of two orthogonal Latin squares of order 9 was introduced in Koo-Soo-Ryak (or Gusuryak) written
by Choi Seok-Jeong [2]. The Koo-Soo-Ryak was listed as the first literature on Latin squares in the
Handbook of Combinatorial Designs [3].

Let K be the matrix form of the superimposed Latin square of order 9 from Koo-Soo-Ryak:

(5,1) (6,3) (4,2) (8,7) (9,9) (7,8) (2,4) (3,6) (1,5)
(4,3) (5,2) (6,1) (7,9) (8,8) (9,7) (1,6) (2,5) (3,4)
(6,2) (4,1) (5,3) (9,8) (7,7) (8,9) (3,5) (1,4) (2,6)
(2,7) (3,9) (1,8) (5.4) (6,6) (4,5) (8,1) (9,3) (7,2)
K = (1,9) (2,8) (3,7) (4,6) (55) (6,4) (7,3) (8,2) (9,1)
(3,8) (1,7) (2,9) (6,5) (4,4) (5,6) (9,2) (7,1) (8,3)
(8,4) (9,6) (7,5) (2.1) (3,3) (1,2) (5.7) (6,9) (4,8)
(7,6) (8,5) (9,4) (1,3) (2,2) (3,1) (4,9) (5,8) (6,7)
(9,5) (7,4) (8,6) (3,2) (1,1) (2,3) (6,8) (4,7) (5,9)

Then we can separate K into two Latin squares L and N. To get a visible effect, let us color in each
square.

Figure 1. A colored two Latin squares L and N, respectively

We paint colors for each numbers, 1,2,---,9. In details, 1,2, 3 are colored in red, 4, 5,6 are colored
in green, and 7,8,9 are colored in blue. Then we observe that the Latin squares have self-repeating
patterns. This simple structure of Choi’s Latin squares motivates some generalization of his idea. We
generalize Choi’s Latin squares in three directions: the Kronecker product approach, the Dihedral group
approach, and magic squares from Choi’s Latin squares.

In this paper, we give a new generalization of Choi’s orthogonal Latin squares of order 9 to orthogonal
Latin squares of size n? using the Kronecker product including Lih’s construction [9]. There has been
some attempt that the dihedral group Dg acts on the Latin squares [5]. We find a geometric description of
Choi’s orthogonal Latin squares of order 9 using Dg. We also give a new way to construct magic squares
from two orthogonal non-double-diagonal Latin squares, which explains why Choi’s Latin squares produce
a magic square of order 9.

2. A generalization of Choi’s orthogonal Latin squares

Definition 2.1. ([9]) Let A = (a;;) be a Latin square of order n(i,j € {1,2,--- ,n}) and B = (bs) be
a Latin square of order m(s,t € {1,2,--- ,m}). Then the Kronecker product of A and B, which is an
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mn X mn square A ® B given by

(a11,B) (a12,B) --- (ain,B)

(CL21,B) (112273) (a2n,B)
A®B = : : . :
(anl.; B) (an27 B) e (a’rWH B)

where (a;;, B) is the m x m square

(aij, b11) (aij,b12) - (@ij, bim)

(aij7 b21) (aij7 b22) e (aij7 bgm)
(aij, B) = . , )

(aij’ bml) (aija bm2) T (Clij, bmm)

Lemma 2.2. ([9]) A® B is a Latin square if A and B are both Latin squares.

Theorem 2.3. (|9]) If two Latin squares A; and Ay of order n are orthogonal and two Latin squares By
and B of order m are orthogonal, then A; ® By and As ® By of order mn are orthogonal.

Now it is natural to substitute m(a;; — 1) + by for the entry (a;;,br) in A® B. Thus we define the
substituted Kronecker product ®g of two Latin squares A and B by the following block matrix
(m(a;1 —1) X Npy + B) -+ (m(a1, — 1) X N, + B)
A®sB = : : :
(m(any —1) X Npy+ B) -+ (m(apn — 1) X Ny + B)
where A = (a;;) is a matrix of order n, B is a matrix of order m, and N,, is the m x m all-ones matrix.

Let us return to Latin squares. Judging from Figure 1, we can expect that L is closely related to a
Latin square of order 3. Let

Az = (aij) =

W =N
— N W
DN O =

Then the following block matrix
(3(0,11 — ].) X N3 + Ag) (3(0,12 — ].) X N3 + Ag) (3(0,13 — 1) X N3 + Ag)
(3(&21 — 1) X N3 + A3) (3(@22 — 1) X N3 + Ag) (3((123 — 1) X N3 + Ag)
(3(@31 — 1) X N3 + Ag) (3(@32 — 1) X N3 + Ag) (3(0,33 — 1) X N3 + Ag)

produces L. In other words, L = A3 ®g As. Similarly, let

By =

DN Lo
— N W
W =N

then N = B3 ®g Bs. These two Latin squares A3 and Bjg are elements of MOLS(3) which is the mutually
orthogonal Latin squares of order 3. We recall that Lih [10] also found this relation. However he did not
explain why L = A3 ®g A3 and N = B3 ®g B3 are orthogonal from the Kronecker product point of view.

Corollary 2.4. Choi’s two Latin squares of order 9 are orthogonal.

Proof. By the above notation, we can put Choi’s two Latin squares of order 9 by L = A3 ®g A3
and N = B3 ®g Bs. Note that A3 and Bj are orthogonal. Therefore, by taking A; = B; = Az and
As = By = B3 in Theorem 2.3 we see that L = A3 ®g A3 and N = B3 ®g Bs are also orthogonal. O
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Hence it appears that Choi might know how to get the orthogonal Latin squares of order 9 by
expanding orthogonal Latin squares of order 3.

It is natural to generalize Choi’s approach to obtain orthogonal Latin squares by copying a smaller
Latin square several times.

If A is a Latin square of order n, we call A ®g A Choi type Latin square of order n?.

Since there exists a pair of orthogonal Latin squares of order n > 3 and n # 6, the following is
immediate.

Corollary 2.5. There exists a pair of Choi’s type Latin squares of order n? which are orthogonal whenever

n >3 and n # 6.

We remark that Lih’s construction [10] gives only the case when n = 3. Corollary 2.5 extends this
result to any n > 3 and n # 6.

3. Latin squares acted by the dihedral group Dy

We have noticed that L is symmetric to N with respect to the 5th column of L. In other word, if
we let L = (I;;), then N = (l;(,41—j)). So we define some operation.

Definition 3.1. Let A = (a;;) be an n x n matrix (or square or array). Define the n x n matrix s4(A)
by $2(4) = (@i(nt1-5)-

We can consider more symmetries. The dihedral group of degree n denoted by Do, is a well-known
group of order 2n consisting of symmetries on a regular n-polygon consisting rotations and reflections.
In this case, we concentrate on a square, so the dihedral group of order 8, denoted by Ds, is needed. In
Dg, there are eight elements, sq, s1, S2, S3,71,72,73,74. Note that s; for ¢ = 0,1, 2,3 denotes a reflection.
More precisely, sg is a horizontal reflection, s; is a main diagonal reflection, sy is a vertical reflection,
and sz is an antidiagonal reflection. Note that ry denotes the rigid motion and r;’s (i = 1,2, 3) denote
counterclockwise rotations by 90, 180, 270 degrees respectively so that ro = rf and r3 = r73.

We can define a set Dg(A) = {A,71(A4),r2(A),r3(A), s0(A4), s1(A), s2(A),s3(A)} for a given Latin
square A.

Definition 3.2. Let L, be the set of all Latin squares of order n. Then o € Dg is a function with
o : L, — L, defined by

0 ( ) (aij), T1(A) = (ajnt1-i)), 72(A) = (@(ntr1-i)(n+1—7))s
A) = (a (nt1-p)i)s  50(A) = (anr1-a);)s s1(A4) = (az) ,
(A) = (@itnr1-5))s 53(A) = (@i 1-j)(nt1-4))

where A € L,, and A = (a;;).

Then we can regard an element in Dg as a function acting on L,. In fact, the dihedral group Dg
acts on L, (or L, is a Dg-set) as follows.

Lemma 3.3. L,, is a Dg-set.
Proof. Let o € Dg and A € L,,. Since A = (a;;) is a Latin square of order n, {a1;,a2;, - ,an;} =
{ai1,ai2, - ,ain} ={1,2,--- ,n} forall i,5 =1,2,--- ;n. Thus by definition, o(A) is a Latin square.

If 0 = rg, then ro(A) = A for any A € L,,. Suppose that 01,09 € Dg. Let 05 = 01 009 € Dg. It is
straightforward to check that o3(A) = 01(02(A4)) by Definition 3.2. O
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In the Choi’s Latin squares, N = s2(L) (or L = s3(N)). Since L and N are orthogonal, we can say
that L and s3(L) are orthogonal. Then we can have some questions. Is L orthogonal to o(L) for another
o in Dg? And how many mutually orthogonal Latin squares are in the set Dg(L)? Moreover, for any
Latin square A, what is the maximum number of mutually orthogonal Latin squares in the set Dg(A)?

Lemma 3.4. Suppose A and B are Latin squares of order n and take an arbitrary o € Dg. Then A is

orthogonal to B if and only if o(A) is orthogonal to o(B).

By Lemma 3.4, we have a criteria when two Latin squares in the set Dg(A) are orthogonal. If two
Latin squares A and B are orthogonal, we denote it by AL B:

TQ(A)LSO(A) < (A)le(A) <~ T‘Q(A)LSQ(A) < T3(A)L53(A)
To(A)J_Sl(A) < (A)J_S2(A) <~ T‘Q(A)J_Sg(A) < Tg(A)J_S()(A)
To(A)J_SQ(A) — Tl(A)J_Sg(A) e TQ(A)LSO(A) — Tg(A)J_Sl(A)
ro(A)Ls3(A) <= r1(A)Lsg(A) < ra(A)Ls1(A) < r3(A)Lsa(A)
ro(A)Lri(A) <= r1(A)Lry(A) < rqo(A)Lrs(A)
<— r3(A)Lrg(4) <= s0(A)Ls1(A) —
Sl(A)J_SQ(A) — SQ(A)J_Sg( ) <~ Sg(A)J_So(A)
To(A)J_’I"Q(A) — Tl(A)J_’I“:;(A) — SQ(A)J_SQ(A) = Sl(A)J_S3(A)

Thus for finding mutually orthogonal Latin squares in Dg(A), we should look at the orthogonality
of A=ry(A) and o(A) for o € Ds.

Lemma 3.5. For any A € L,, A is not orthogonal to r5(A).

Proof. Let A= (a;;) and r2(A) = (b;;). Suppose that A and ry(A) are orthogonal. Then we have

{(aijvbij) |Z’.] =12, ,Tl} = {(T”y) |a:,y =12 7n}'

Therefore there exist some integers sy, tj such that (as,+,,bs,t,.) = (k, k) for each nonnegative integer
k=12 ...n. Let n+1— s s, and n + 1 —t, = t},. Since bsq, = ag . and by = sy,
SO (Aspty, bspty) = (bsyty Aspty) = (a7 ,bsr 7). It means that the two ordered pairs (s, bs,t,,) and
(as; 1, bs; ¢ ) are the same in the set {(a;;,b;;)}. Since A and r3(A) are orthogonal, we have (sg,t)) =
(s}, t).). That is, s = s}, and ¢, = ¢}.. This implies that n = 2s; — 1 = 2t;, — 1, that is, s, = ¢} for any
k. It contradicts. O

Lemma 3.6. Let A € L,, and n be even. Then A is not orthogonal to either so(A) or sa(A).

Proof. Suppose that A is orthogonal to so(A). Let so(A) = (a(n+1—4);) = bij. By the similar argument
of proof of Lemma 3.5, there exist integer u and v such that a,, = by, = k for some k. So ayy = byy =
A(n+1—u)v- Since A is a Latin square, the entries in the v-th column are all distinct. Thus ., = @(n41—u)w
implies w = n+1—w and so u = (n+1)/2. However, n is even so that u is not an integer. It contradicts.
Hence A is not orthogonal to sg(A). We can show that A is not orthogonal to s3(A) in a similar
manner. O

Theorem 3.7. Let A € L, and n be odd. Then the maximum number of mutually orthogonal Latin
squares of order n in the set Dg(A) is less than or equal to 4.

And if we assume that n is even, then the maximum number of mutually orthogonal Latin squares

in the set Dg(A) is 2.

Proof. Let M be the set of mutually orthogonal Latin squares, which has the maximum number
of mutually orthogonal Latin squares in the set Dg(A). By Lemma 3.5, we can get ro(A) L ra(A),
r1(A) £ r3(A), so(A) L s2(A) and s1(A) L s3(A). If we take three or more elements of M from the set
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{ro(A),r1(A),r2(A),r3(A)}, then there should appear a pair of non-orthogonal Latin squares. Similarly,
we cannot take three or more elements from the set {sg(4), s1(4), s2(A), s3(A)}. It means that the set M
can be M = {r;, (A),r:,(A4), s;,(A), s;,(A)}. Therefore we have that the maximum number of mutually
orthogonal Latin squares in the set Dg(A) is less than or equal to four.

Suppose n is even and M = {r;, (4),7i,(A), sj, (4), sj,(A)}. It is possible that M does not contain
ro(A), however, we can get the set of 4 mutually orthogonal Latin squares containing r¢(A) by the group
action. So without loss of generality, assume that r;, = rg. By Lemma 3.6, s;,,s;, should be 1 and 3.
However s1(A) L s3(A) by Lemma 3.5, so | M| # 4. Now suppose that M = {ro(A),r;,(4),s;, (4)}.
Note that is = 1,3 and j; = 1,3. However, Lemma 3.6 also implies that 1 (A) £ s1(A), r1(A) L s3(A),
r3(A) £ s1(A4) and r3(A) L s3(A). Thus | M | # 3. Therefore | M | = 2 if n is even. O

Corollary 3.8. Let L be one of Choi’s Latin squares of order 9. Then the mazimum number of mutually
orthogonal Latin squares in Ds(L) is two.

Proof. By Theorem 3.5 there are at most 4 mutually orthogonal Latin squares in Dg(L). Without
loss of generality, we may assume that L is one of them. We first show that there are only two mutually
orthogonal Latin squares among L, (L), ro(L), r3(L). By Lemma 3.3, L is not orthogonal to r3(L). This
also implies that r1 (L) is not orthogonal to r3(L). On the other hand, we have checked by enumerating all
ordered pairs that L is orthogonal to both 71 (L) and r3(L). Therefore we have only two cases {L,r1(L)}
and {L,r3(L)} among rotations.

We can easily check that L is orthogonal to both so(L) and s2(L) while L is neither orthogonal
to s1(L) nor to s3(L) because the two diagonal reflections do not change the value of 5 in the main
diagonal. However sqg(L) cannot be orthogonal to sa(L) because they reduce to L and ro(L) which are
not orthogonal by Lemma 3.3.

Therefore we have the following four possibilities.

132798465 978312645 132798465 978312645
321987654 789123456 321987654 789123456
213879546 897231564 213879546 897231564
798465132 312645978 798465132 312645978

ri(L) = 987654321 so(L) = 123456789 s,(L) = 987654321 r3(L) = 123456789
879546213 231564897 879546213 231564897
465132798 645978312 465132798 645978312
654321987 456789123 654321987 456789123
546213879 564897231 546213879 564897231

We have checked that r1(L) is not orthogonal to so(L) because (4,6) is repeated and r;(L) is not
orthogonal to so(L) because (4, 4) is repeated. Similarly, r5(L) is not orthogonal to so(L) because (6, 6) is
repeated and r3(L) is not orthogonal to ss(L) because (6,4) is repeated. These are visualized by pairing
the bold face numbers in r1(L), so(L), s2(L), r3(L).

Therefore, we have {L,r1 (L)}, {L,s0(L)}, {L,s2(L)}, or {L,r5(L)} as a maximal mutually orthog-
onal Latin square subset of Dg(L). Hence the maximum number of mutually orthogonal Latin squares
in Dg(L) is two. O
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If a Latin square A of order n is orthogonal to o(A) for some o € Dg(A), we call such A a dihedral
Latin square. We recall that a Latin square A is self-orthogonal if it is orthogonal to its transpose [12].
Since the transpose of A can be represented as s;(A) (s1 is a main diagonal reflection), the concept of
a dihedral Latin square includes the concept of a self-orthogonal Latin square. For example, Choi’s two
Latin squares L, N of order 9 are dihedral since N = s5(L).

Let us take another example as follows.

Tl(A) = Sl(A) =

N o~ W
oW N
=N = W
W = N
— N W
Wk =N
=W =
DO o WO
=~ W N =
N — W
=N W o
Wk =N

Then A and r1(A) are a pair of orthogonal Latin squares. So A is a dihedral Latin square. Similarly,
A and s1(A) are orthogonal. So A is self-orthogonal too. However r1(A) is not orthogonal to s1(A) since
(1,4) is repeated. By the previous theorem, the maximum number of mutually orthogonal Latin squares
in the set Dg(A) is 2.

Consider Choi’s type Latin squares A @g A, r1(A) &g r1(A), and s1(A) &g s1(A). Then A dg A is
orthogonal to both r1(A4) @gr1(A4) and s1(A4) Bg s1(A).

4. Magic squares from Latin squares

Definition 4.1. A magic square of order n is an n x n array (or matrix) of the n? consecutive integers
with the sums of each row, each column, each main diagonal, and each antidiagonal are the same.

For example,

O W W~
— ol ©
S NN

is a magic square of order 3 since the sums of each row, column, main diagonal and antidiagonal are the
same. Similarly, for order n Latin square, we assume the symbols are {1,2,--- ,n?}.

Then the question is what the relation between Latin squares and magic squares is. We need the
following definition.

Definition 4.2. Let A be a Latin square of order n. Then, A is called a double-diagonal Latin
square [6], [7] if the n entries in main diagonal are all distinct and the n entries in antidiagonal are
also all distinct.

A construction of orthogonal double-diagonal Latin squares has been actively studied [8], [1], [12].

Theorem 4.3. ([9]) Suppose a pair of orthogonal double-diagonal Latin squares of order n exist. Then
a magic square of order n can be constructed from them.

Definition 4.4. Suppose A = (a;;) and B = (b;;) are orthogonal Latin squares of order n. Then define
an n X n square A +g B by

A+gB= (n(aij — 1) + b”)

This A +g B is not necessarily a magic square since its sums of two main diagonals is not the same
as its sums of columns or rows. Theorem 4.3 states that if the two Latin squares A and B are orthogonal
and double-diagonal, then A +g B is a magic square.
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And the another noticeable point is that the pair of Choi’s orthogonal Latin squares is not double-
diagonal. However, Choi’s squares also can produce a magic square even though they are not double-
diagonal.

Theorem 4.5. If there is a pair of orthogonal Latin squares A and B of order n such that the sum of
main diagonal of each of A and B is n(n + 1)/2 and the sum of antidiagonal of each of A and B is
n(n+1)/2, then A+g B is a magic square of order n.

Proof. Suppose A = (a;;) and B = (b;;), (1,5 € {1,2,--- ,n}) are orthogonal Latin squares such that

Zazz —szz = Ll)

and

Zaz(n+l i) — sz(n+l i) = w

Now define M = (m;;) by M = (m;;) = (n(a;; — 1) + byj). We want to show that M is a magic square.
Since 1 < ajj, bi; < n for all (i,5), 1 < n(a;; — 1) + by; < n? We ﬁrst show that each m;; is distinct.
Suppose n(ayy — 1) + byy = n(asy — 1) + bge. Then n(ay, — ast) = bgt — byy. Son | (bst — byy). However,
1 <bj; <nforall (4,5),s0 1 = n < b — byy < n—1. Thus n | (bst — byy) implies bst — by =0 and
SO Qyy = G- Since A and B are orthogonal Latin squares, (u,v) = (s,t). Hence if (u,v) # (s,t) then
N(ayy — ast) 7# bst — byy so all m;; are distinct.

Now calculate the sums.

Z{n aij — +b”}fn2a”fn +wa:@,

Z{n (a;; — —|—b”}—n2a”—n —|—Zb”:@,

n

Z{n(aii_ +bu}—nzau_n +szz—n7+1)7

i=1

and similarly,

n n(n®+1)
Z{n(ai(n—‘,—l—i) -1+ bi(n+1_i)} ==

Thus the sums are the same. Hence M is a magic square. 0

We have an existence theorem satisfying Theorem 4.5.

Theorem 4.6. For any odd number n > 3, there exists a pair of orthogonal Latin squares each of whose
sum of main diagonal (and antidiagonal respectively) is n(n +1)/2.
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Proof. Suppose n =2k — 1 where k > 2. Let A, = (a;;) be a matrix where each descending diagonal
from left to right is constant like following matrix:

k n k—1n-1".k+2 2 k+1 1

1 k oo Tl E4+2 0 020 k+1
E+1 . k. Toa—1 . k42 2
2 “.oon k—-1n-1 . k+2
A, = . 1 E n
k-2 . 2 k+1 1 . “.on—1
n—1k—2 . 2 e T k k=1
Ek—-1n—-1%k—-2 " . - k n
n k-1n-1%k-2". 2 k+1 1

In particular, if n = 3 and k = 2, we get Latin square A3 in Section 2. Since Latin square Bj3 in
Section 2 is obtained by reflecting Az along the 2nd column of As, it is natural to reflect A,, along the
kth column of A,, as follows.

The sum of main diagonal and the sum of antidiagonal of A,, are n(n+1)/2 since > ; a;; =nxk =
n(n+1)/2 and 37" | ainp1-5) = Do1q @ = n(n +1)/2. Recall that s3(A) is the Latin square obtained
by reflecting along the middle vertical line of A,. Then s2(A,,) has the same sum of the main diagonal
(and antidiagonal respectively) of A,, since the trace of A4,, tr(A,) is the sum of antidiagonal (and main
diagonal respectively) of s3(A4,,).

Now it remains to show that A and s3(A4,,) are orthogonal. There is a one-to-one correspondence
between pandiagonals of A,, and line equations; let y = x + a be a line with o € Z,,. Then each constant
pandiagonal corresponds to each equation of line. For example, y = x corresponds to the diagonal
constant k in A,, since k = a;; & 1= j in Z,. (i,e. (¢,7) is aroot of y = x in Z,). Similarly, z =y — 2
corresponds to the constant k—1, - -+, = y— (n— 1) corresponds to the constant 1. And z =y+(n—1)
corresponds to the constant n, z = y+(n—3) corresponds to the constant n—1, - - -, £ = y+2 corresponds
to the constant k& + 1. Then we can do this to s1(A); similarly, = —y corresponds to the constant k,
«+-,x=—y — (n—1) corresponds to the constant 1. And x = —y + (n — 1) corresponds to the constant
n, -+ , x = —y + 2 corresponds to the constant k + 1. Any two lines x = y + o and x = —y + 8 have
exactly one unique root. It means that an entry (a;;, a;n+1—j;)) appears only once. O

By the above theorem, we get a magic square constructed from a pair of orthogonal Latin squares
which are not double-diagonal. Although there are many other ways to construct magic squares, our
method is the way Choi obtained magic squares from two orthogonal non-double-diagonal Latin squares.

However, we can ask a question "What does happen if n is even?” It is well known that a pair of
orthogonal Latin square does not exist when n = 2 and n = 6, and so it is more difficult to get an even
order magic square consisting of a pair of Latin squares. So we construct magic squares of some even
order cases in a different way.

Lemma 4.7. Suppose that a Latin square Ay of order n has main diagonal and antidiagonal sums
n(n 4+ 1)/2 respectively and that a Latin square By of order m has main diagonal and antidiagonal sums
m(m+1)/2 respectively. Then A1 ® By is a Latin square of order mn with main diagonal and antidiagonal
sums nm(nm + 1)/2 respectively.

Proof. The fact that A; ®g B; is a Latin square of order mn follows from Theorem 2.2. It remains to
show that the two sums give nm(nm + 1)/2.
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First we consider the sum of main diagonal of A; ® g B;. By definition of A; ®g B, its main diagonal
sum is equal to

m

m{mZau‘ —mn} + (Zb”)n — 2 {”(”2+1) B n} N mn(ﬂ;—i— N _ mn(mzn+ o)

Similarly its antidiagonal sum is equal to

" “ n(n+1) mn(m+1)  mn(mn+1)
m{mz ai(n+1_i) — mn} + (Z bi(n-‘rl—i))n = m2 {2 — ’/l} + 2 = 2 .
i=1 i=1

This completes the proof. O

Theorem 4.8. For every n with n = 2 (mod 4), there exists a pair of orthogonal Latin squares each of
whose sum of main diagonal (and antidiagonal, respectively) is n(n + 1)/2.

Proof. Define four Latin squares by

1432 3124
4123 4213
A1*2341 A2*2431
3214 1342
15842673 14582637
38524761 41856273
83257416 38165724
p 62375148 , 83617542
17926731584 27 75428361
47613852 57243816
74168325 62734185
51486237 26371458

Then A; and A, are orthogonal. By and Bs are also orthogonal. So we can construct two orthogonal
Latin squares of order 4k (where k is an integer) using the following way.

If we want to construct of orthogonal Latin squares of order 4t with ¢ odd, then we can make two
Latin squares A; ®g C7 and As; ®g Co where C and Cy are orthogonal Latin squares of order ¢ and
the sums of diagonal and antidiagonal are #(t + 1)/2 (By Theorem 4.6, we can get such pair of Latin
squares). Then A; ®g Cy and As ®@g Cs are orthogonal by Theorem 2.2 and each sum of their diagonal
and antidiagonal is 4¢(4¢ + 1)/2 by Lemma 4.4.

Or if we want to construct orthogonal Latin squares of order 2P with p > 3, we recursively use the
substituted Kronecker products of A1, By, As, and Bo.

So we can construct orthogonal Latin Squares of an even order n which is not of the form of 2r (r
is odd) each of whose sum of diagonal (and antidiagonal, respectively) is n(n + 1) /2. O

Corollary 4.9. For any integer n with n # 2r where r is odd, there exists a pair of non-double-diagonal
orthogonal Latin Squares of order n such that the pair of Latin squares can produce a magic square of
order n.

Proof. By Theorems 4.2, 4.3, and 4.5, we can construct a magic square of order n where n # 2r (r is
odd). O

Therefore, Choi’s orthogonal Latin squares of various orders give a new way to construct magic
squares based on non-double-diagonal orthogonal Latin squares.
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