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Decomposition of cartesian product of complete graphs
into sunlet graphs of order eight*
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Abstract: For any integer k > 3, we define the sunlet graph of order 2k, denoted by Loy, as the graph consisting
of a cycle of length k together with k pendant vertices such that, each pendant vertex adjacent to
exactly one vertex of the cycle so that the degree of each vertex in the cycle is 3. In this paper,
we establish necessary and sufficient conditions for the existence of decomposition of the Cartesian
product of complete graphs into sunlet graphs of order eight.
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1. Introduction

All graphs considered here are finite, simple and undirected. A cycle of length k is called k-cycle and
it is denoted by C},. K, denotes the complete graph on m vertices and K, ,, denotes the complete bipartite
graph with m and n vertices in the parts. We denote the complete m-partite graph with ny,no, ..., n,
vertices in the parts by Ky, n,...n,. For any integer A > 0, AG denotes the graph consisting of A
edge-disjoint copies of G.

Let G and H be two graphs of orders m and n, respectively. The corona prod-
wct G ® H is the graph obtained by taking one copy of G and m copies of H such
that the ith vertex of G is connected to every vertex in the ith copy of H. We de-
fine the sunlet graph Loy with V(Lax) = {x1,22,...,%%, Tht1, Tht2,- .., T2y and E(Lgg) =
{zizip1 Uzizpy; | 1 =1,2,..., k and subscripts of the first term is taken addition modulo k}. We denote

it by Lox = [ “* . Clearly, Lo, = Cr ® K.
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The Cartesian product of two graphs, G and H, denoted by GLIH, has the vertex set V(G) x V(H)
and two vertices (g, h) and (¢’, h') are adjacent if and only if either g = ¢’ and h is adjacent to h’ in H or
h = k' and g is adjacent to ¢’ in G. It is well known that Cartesian product is commutative, associative
and distributive over edge-disjoint union of graphs.

We shall use the following notation throughout the paper. Let G and H be simple graphs with
vertex sets V(G) = {z1,z9,...,z,} and V(H) = {y1,y2,...,Ym}. Then for our convenience, we write
V(G) x V(H) = U, Xi, where X; stands for z; x V(H). Further, in the sequel, we shall denote the

vertices of X; as {xﬂl <j< m}, where 2 stands for the vertex (z;,y;) € V(G) x V(H).

By a decomposition of a graph G, we mean a list of edge-disjoint subgraphs whose union is G. For a
graph G, if E(G) can be partitioned into Ey, Es, ..., Fy such that the subgraph induced by F; is H;, for
all i, 1 < i <k, then we say that Hy, Hs, ..., H; decompose G and we write G = H; & Hy & ... & Hp,
since Hy, Hs, ..., Hy are edge-disjoint subgraphs of G. For 1 <i <k, if H; = H, we say that G has a H-
decomposition.

Study of H-decomposition of graphs is not new. Many authors around the world are working
in the field of cycle decomposition [4, 7, 8, 18, 19|, path decomposition [22, 23], star decompositon
[17, 21, 24, 25] and Hamilton cycle decomposition [2, 3, 13, 14] problems in graphs. Here we consider
the sunlet decomposition of product graphs. Anitha and Lekshmi [5, 6] proved that n-sun decomposition
of complete graph, complete bipartite graph and the Harary graphs. Liang and Guo [15, 16] gave the
existence spectrum of a k-sun system of order v as k = 2,4,5,6,8. Fu et. al. [10, 11] obtained that 3-sun
decompositions of K, ,, ,, K,,and embed a cyclic steiner triple system of order n into a 3-sun system of
order 2n — 1, for n = 1 (mod 6). Further they obtained k-sun system when k = 6,10, 14,2¢, for ¢ > 1.
Fu et. al. [9] obtained the existence of a 5-sun system of order v. Gionfriddo et.al. [12] obtained the
spectrum for uniformly resolvable decompositions of K, into 1-factor and h-suns. Akwu and Ajayi [1]
obtained the necessary and sufficient conditions for the existence of decomposition of K, ® K, and
(K,, — I) ® K,,, where I denote the 1-factor of a complete graph into sunlet graph of order 2p, p is a
prime. Sowndhariya and Muthusamy [20] obtained necessary and sufficient conditions for the existence
of decomposition of K,,, x K,, and K,, ® K,, into sunlet graph of order eight.

In this paper, we prove the existence of an Lg-decomposition of K,,[1K,. In fact, we establish
necessary and sufficient conditions for the existence of an Lg-decomposition of K,,,[1K,. To prove our
results, we state the following:

Theorem 1.1. [11] Let t > 2 be an integer. An Lo ot-decomposition of K,, exists if and only if n =
0 (or) 1 (mod 2!72).

Theorem 1.2. [20] For any m,n > 4, K,, , has an Lg- decomposition if and only if mn = 0 (mod 8)
except (m,n) = (4,2 (mod 4)) & (8,5).

2. Decomposition of K,,[ 1K, into sunlet graph of order 8

Necessary conditions:

Lemma 2.1. If K,,,00K,, has an Lg-decomposition, then either

1. myn= 0 (mod 4)

2.m= 0 (mod8), n= 0 (mod 2)

3. m= 4 (mod8), n= 2 (mod 4)

4. m= 0 (mod 16)

5 m= 1 (mod 16), n= 1 (mod 16)
6. m= 15 (mod 16), n = 3 (mod 16)
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7. m = 13 (mod 16), n

5 (mod 16)
8. m= 11 (mod 16), n= 7 (mod 16)
9. m= 9 (mod 16), n= 9 (mod 16)

mn(m+n—2)
2

Proof. The graph K,,[1K,, has mn vertices, each having degree m + n — 2 and hence has
edges. Assume that K,,,[1K,, admits an Lg- decomposition. Then the number of edges in the graph must
be divisible by 8. i.e., 16|/mn(m + n — 2). Hence these conditions are met in each of the above nine cases
and only in these cases. O

Figure 1. Ls-decomposition of K;(IK>.

Sufficient conditions:

We now prove the above necessary conditions are also sufficient by proving the following Lemmas:

Lemma 2.2. If m =0 (mod 4) and n =0 (mod 4), then the graph K,,0OK,, has an Lg-decomposition.

Proof. Let m = 4s and n = 4t for some s,t > 0. We can divide the graph K,,00K, into st (K4OK,),
the Lg-decomposition of K4[1K, is shown in Fig. 2 and the remaining edges are viewed in the following
manner; for each row we have a 't” set of four vertices and each set is adjacent to other. Therefore we
get t(t — 1)/2 complete bipartite graph K4 4. Then by Theorem 1.2, K, 4 has an Lg-decomposititon.
Similarly we can use the same procedure to column vertices. Hence the graph K,,[JK, has the desired
decomposition. O

Lemma 2.3. If m =0 (mod 8) and n =0 (mod 2), then the graph K,,0K,, has an Lg-decomposition.

Proof. For m =8 and n = 2, the graph KglOK5 has an Lg- decomposition by Fig. 1 and by Theorem
1.2. Let m =0 (mod 8) and n =0 (or) 4 (mod 8), then the proof follows from Lemma 2.2. Set m =0
(mod 8) and consider two cases for n.

Case (1) n= 2 (mod 8).

Let m = 8s and n = 8¢ + 2 for some s,t > 0. The graph K,,,0K,, can be viewed as s(t — 1) (KsOKs) @
s (KgOK1p) and the remaining edges viewed as follows; in each row, we have (¢t — 1) set of eight vertices
and one set of ten vertices which are form the complete bipartite graph Kgg and Kg 0. Similarly each
column can be viewed as ’s’ set of eight vertices and each set is adjacent with each other (i.e. Kgg).
The Lg-decomposition of Kgl1Kig is given in Appendix 3.1.1 and the Lg-decomposition of the graphs
KKy, Kgg and Kg 1 follows from Lemma 2.2 and Theorem 1.2.

Case (2) n= 6 (mod 8).

Let m = 8s and n = 8t+6 for some s,t > 0. Then we can view K,,00K,, as st (KsOKg) & s (Kg{Kg) and
the remaining edges form the complete bipartite graph Kgg and Ky ¢ which are obtained by using the
above procedure. The Lg-decomposition of Kg[1Kjg is given in Appendix 3.1.2 and the Lg-decomposition
of the remaining graphs follows from Lemma 2.2 and Theorem 1.2. Hence the graph K,,[JK, has the
desired decomposition. O

Lemma 2.4. If m =4 (mod 8) and n =2 (mod 4), then the graph K,,0K,, has an Lg-decomposition.
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Figure 2. Ls-decomposition of K4;[1Kj.

Proof. Let m =8s+4 and n = 4t + 2 for some s,t > 0. Now, we divide the proof into three cases.
Case (1) m =4 and n = 4t + 2 for some t > 0.

If t = 1, then the graph K4OKjg has an Lg-decomposition, see Appendix 3.2.1. If ¢ = 2, then the graph
K4OK;( has an Lg-decomposition, see Appendix 3.2.2. Further, for ¢ > 2, the graph K4[0Ky4,9 can be
viewed as K4OKg © K4OKy—1) © 4Kg 4(,—1)- Then by Appendix 3.2.1, Lemma 2.2 and Theorem 1.2,
we get the desired decomposition.

Case (2) m =12 and n = 4t + 2 for some ¢t > 0.

If t =1, then the graph K1500Ks has an Lg-decomposition see Appendix 3.2.3. If t = 2, then the graph
K;150K7¢ has an Lg-decomposition see Appendix 3.2.4. Further, for ¢ > 2, the graph K;20K4;15 can be
viewed as K120Kg © K1200Ky;—1) © 12Kg 4;—1)- Then by Appendix 3.2.3, Lemma 2.2 and Theorem
1.2, we get the desired decomposition.

Case (3) m > 12 and n = 4t + 2 for some t > 0.

The graph K,,00K, can be viewed as Kg(,—1)0Kyi12 @ Ki2OKgy0 © (4 + 2)K1285—1)- Then by
Lemma 2.3, Theorem 1.2 and the above Case (2), we get the desired decomposition. O

Lemma 2.5. If m =0 (mod 16), then the graph K,,0K,, has an Lg-decomposition.

Proof. 1If n =1, the graph K, has an Lg-decomposition by Theorem 1.1. Let m = 0 (mod 16) and
n =0,2,4,6 (mod 8), then the proof follows from Lemma 2.3. Set m = 0 (mod 16) and consider four
cases for odd n.

Case (1) n= 1 (mod 8).

Let m = 16s and n = 8t 4+ 1 for some s,t > 0. The graph K,,0K,, can be viewed as s(t — 1) (K140K3)
@ s(K160Ky). Then the remaining edges are viewed as follows; each row contains (¢ — 1) set of eight
vertices and one set of nine vertices. Then each set is adjacent to each other and these forms the complete
bipartite graphs Kgg, Ks 9. Similarly each column can be viewed as ’s’ set of sixteen vertices and each
set is adjacent with each other (i.e. we have K¢ 16). Finally theLg-decomposition of K1600Ky is shown in
Appendix 3.3.1 and the Lg-decomposition of the remaining graphs follows from Lemma 2.2 and Theorem
1.2.

Case (2) n= 3 (mod 8).

If n = 3, then the graph K,,l1K3 can be viewed as copies of K1s[0K3 and Kig 16 which has an Lg-
decomposition, see Appendix 3.3.2 and Theorem 1.2. Let m = 16s and n = 8t + 3 for some s,¢t > 0.
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Apply the same procedure as in Case (1) and we write K,,[0K,, as s(t — 1) (K160Ks) @ s (K1s0K11) @
8s(t—1)(t—2)Kgs ® wlﬁ(ﬁ,w @ 16s(t—1)Kg 11. An Lg-decomposition of K1600K1; is shown in
Appendix 3.3.3 and the Lg-decomposition of the remaining graphs follows from Lemma 2.2 and Theorem
1.2.

Case (3) n= 5 (mod 8).

If n =5, then the graph K,,,[0K5 can be viewed as K;600K5 @ Ki6,16 which has an Lg-decomposition,
see Appendix 3.3.4 and Theorem 1.2. Let m = 16s and n = 8t + 5 for some s,¢ > 0. Then we can write
KmDKn as S(t - ].) (K16DK8) ($) S(K16DK13) (&) 85(t - 1)(t - 2)K8,8 D w]{lﬁ’l(; D 16S(t -
1)Kg13. An Lg-decomposition of K1400K73 is presented in Appendix 3.3.5 and the Lg-decomposition of
the remaining graphs follows from Lemma 2.2 and Theorem 1.2.

Case (4) n= 7 (mod 8).

Let m = 16s and n = 8¢+ 7 for some s,t > 0. Then we can write K,,0K,, as st (K1s0Kg) @ s (K160K7)
@ 8st(t — 1)Kgs & leﬁ,lﬁ @ 16stKs7. An Lg-decomposition of Ki60JK7 is presented in
Appendix 3.3.6 and the Lg-decomposition of the remaining graphs follows from Lemma 2.2 and Theorem
1.2.

Hence the graph K,,,[1K,, has the desired decomposition. O

Lemma 2.6. Ifm =1 (mod 16) andn =1 (mod 16), then the graph K,,0K,, has an Lg-decomposition.

Proof. Let m = 16s+ 1 and n = 16t + 1 for some s,t > 0. Then we can write K,,00K,, = nK,, ®
mK,. ie, (16t + 1)Ki6s41 ® (16s + 1)Ki6¢4+1. By Theorem 1.1, the graph K,,,0K,, has the desired
decomposition. O

Lemma 2.7. If m = 15 (mod 16) and n = 3 (mod 16), then the graph K,,0K, has an Lg-
decomposition.

Proof. Let m =16s+15 and n = 16t + 3 for some s,t > 0. We can write K,,0K,, as (16t + 3)Ki6s+15
@ (16s + 15)Ki6t+3. Now the first 16¢ columns can be viewed as K165 @ K15 @ sKi6,15 and the first
16s rows can be viewed as K16(t—1) SY Klg @b (t - 1)K16719. Then Klﬁs(: SK16 D @Klﬁ’lﬁ),
Kigi—1)(= (t = 1) K16 © WI(MJG), Ki6,15 and K619 have Lg-decompositions by Theorems 1.1,
1.2. The graph K9 can be viewed as Kj9\K3 @& Kj. The Lg-decomposition of K19\K3 follows from
Appendix 3.4.1. Then 16s (K19\K3) has an Lg-decomposition. The remaining graph can be viewed as
s(K160K3) @ t(K150K16) @ K150K3. Hence the desired decomposition follows from Appendixes 3.3.2,
3.4.2 and Lemma 2.5 O

Lemma 2.8. If m = 13 (mod 16) and n = 5 (mod 16), then the graph K,,0K, has an Lg-
decomposition.

Proof Let m = 16s+13 and n = 16t+5 for some s,¢ > 0. Then we can write K,,,[ 1K, as st (K1600K1¢)

t(K10K13) @ s (Ki0K;5) & Ki30Ks @ L= 1"168“3)*5(8 DASHHD) 1o 16 @ s(16t + 5) K613 @
(163 +13)K16,5. An Lg-decomposition of K130Kj5 is given in Appendlx 3.5.1. and the Lg-decomposition
of the remaining graphs follows from Lemma 2.5 and Theorem 1.2. Hence the graph K,,0K,, has the
desired decomposition. O

Lemma 2.9. If m = 11 (mod 16) and n = 7 (mod 16), then the graph K,,0K, has an Lg-
decomposition.

P'roof Let m = 16s+11 and n = 16¢+7 for some s,t > 0. Then we can write K,,,(0K,, as st (K140K16)

t(K1g0OKy1) @ s (Kig0OK7) & KyOKy @ S8 ”“6””““ DASHID K616 @ (168 + T)sKi611 @
(168 +11)tKy6,7. An Lg-decomposition of K110K7 is given 1n Appendix 3.6.1 and the Lg-decomposition
of the remaining graphs follows from Lemma 2.5 and Theorem 1.2. Hence the graph K,,l0K,, has the
desired decomposition. 0

Lemma 2.10. If m = 9 (mod 16) and n = 9 (mod 16), then the graph K,,00K, has an Ls-
decomposition.
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Proof. Let m =16s+9 and n = 16t+9 for some s,t > 0. Then we can write K,,[JK,, as st (K150K16)
@ (5 —+ t) (KlGDKg) @ KgDKg @ S(S_l)(16t+9);t(t_1)(165+9) K16,16 EB [8(16t + 9) + t(168 —+ 9)] K1679. An
Lg-decomposition of K7;0K7 is given in Appendix 3.7.1 and the Lg-decomposition of the remaining

graphs follows from Lemma 2.5 and Theorem 1.2. Hence the graph K,,[JK, has the desired decomposi-
tion. O

2.1. Main theorem

Combining the results from Lemma 2.1 to Lemma 2.10, we get the following main result.

Theorem 2.11. The graph K,,[0K, admits an Lg- decomposition if and only if one of the following
holds:

~

R T S T TS NS VU
3 3 3 3 3 3 3 3 3
Il 3
1l

0 (mod 4)
(mod 8), n= 0 (mod 2)
(mod 8), n= 2 (mod 4)
(mod 16)

= 1 (mod 16), n = 1 (mod 16)
15 (mod 16), n= 3

13 (mod 16), n= 5 (mod 16)
11 (mod 16), n= 7

9 (mod 16), n = 9 (mod 16)

m
m

il
o &~ o
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3. Appendix

3.1. Lg-decomposition required for Lemma 2.3
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3.3. Lg-decomposition required for Lemma 2.5

3.3.1. An Lg- decomposition of Ki5[1Ky

j i g

] -'EQ x15 x16 T3 Ty T3 :E14 for 1,4,5,7,8;
2, 22 2 2 ) \ad, 2, 2l 7=

12 4 6 5 12 F11 5 715

I i a0 a0

xl 2l o2, x x x Ty T3 ;

5 T In 12)’ ( T B T j> for j =1,4,5,7,8;
i :v7 T3 g Ty T15 T11 11

J i i qd

) 2. T, w T3 T T

1 P13 T 1j4)7(j3 15 j4 )forj—1345678
xy, xy il Ty ¥ T 3

VI A B VR A B
) T T T 2. T, T

]1 7 2 j8>7<§? ;5 1j0 16>f01r]—13456789
Ty 7516 xg T13 T Ty Ty T

J j B B~
) 2l 2 oz z) 2, x

P s ) () e — s
Ty Ty a:lg 9616 T3 Tig Tip % )

5% i
P T 1‘ X XTia X X

[ )for]—1345678(11 18 T2 1J>f01'.]—134578
Ty 951_5 xlo g m16 Tis T Ty
P . R
ozl xl ox Ts T

5 To e 10)for]-12345678< F f)fora—69
7 9U12 x3 Iu T3 T Ty Tia

3
J 3 .7 .4 .9

7 4 for j=1,2,..,8,9; ("4 "L "5 L) fori=1,2,..,15,16;
m15 Ty le Ty Ty Ty T

1 .8 .2 .9
) 2 x x? T; T; T; T
9 Ch L S ) for 4 =5,7; (TF TE UL L) fori=1,2,...,7,8;
Tit2 Tita Tits $1+5 Ii Ty Ty T

8
‘.

J
Ty

Sow

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

J

Tl T "”13“) for j =2,9 & i=1,3;

L1 $12+z 5510 313+z

x;* 75 "”4 xﬁ) for j =1,3,4,5,7,8, k=14 & j = 2,6,9, k = 16;

ig fﬂ ii z> fori=1,2,..,7,8, k=2, &i=09,..,16, k= 0;

J

5 xe 1‘11 T2 T11 9513 4’312 14\ for (5. k) = (6.3).(9.6):

35]15 357 xllcl 51516)7 <1’16 3315 75’1€2 “78) (k) = (6.3), (9,6);

3’7]7 xs mg xlO) (x3 374 Ty $14> .

L 4 ) for (j,k) = (2,7),(6,3),(9,6);
les 35]15 1”{1 f]fo xju 93J11 xlfs 1”{5 (k) = (2,7, (6,3), (9,6)
33{ Ty s c”16) :
for (j,k) = (2,7),(3,5), (6,3), (9,6);

mh%x;&xm (J,k) =(2,7),(3,5),(6,3),(9,6)

“;f 13“ o xf? ) for (i, k1, ko) = (3,12,11)(5,15,7), (7, 13, 15);
xkl mkz m?e i .’E17 i ) ) ) ] 9 ) ) 9 )
2 i, 2l x )

o T for () = (2.7),(6.9).0.6)

16 12

1 4

o ii o ;)for (i,k) = (1,10), (2,11), (3,9), (4,12), (5,13), (6, 15), (7, 14), (8, 5);
.’1}1 .’132 .’L’d 1'4

P ) for (1K) = (9,11),10, 1), (1.2), (12,16),13,5),(14,13),
Ty Ty Ty Iy
(15,6), (16, 5

]

8

St
8 8
Soso L

¢

il

z> for (i, k) = (9,12), (10,11), (11,15), (12,6), (13,6), (14, 5),
Ty

ot
—_
~—
Y
[
@)
N}

2 6
T; ac xz

2 for (i, k1, k2) = (1,15,10),(2,16,11), (3,10,9), (4,1, 12), (5,14,13),
xkl xkz xkz
(6,13,1 ) (7,6,14), (8, 14 5);

2 2 2 2 2 2 2 2 2 2 2 2 2 2 2

x; x%l f1728 T12 73% 5527 3622 $28 Tg 96%5 T10 $;6 T11 xés 9@2 3654

5 ) ) 5 5 ) 5 )

Tg Tis -7610 3612 Tg Tie Ti2 13 Tg Ti2 Tio T11 T11 Ti5 Ti2 Tie

2 2 2 2 .2 2

T 955 352 %‘ Ts Tg x%l T12

22 2 2 2

x3 9516 359 9512 Ti5 Tia T11 Tie



K. Sowndhariya, A. Muthusamy / J. Algebra Comb. Discrete Appl. 9(1) (2022) 29-46

3.3.2.
o
Ty, T
g
Ti5 w7
w3
Ty T,
w
Tiy s
Ty Tig
2 al
xh @,
i

8
w

8
=
=

8 8 8 8

8 8 8 8 8 8 8

8
Gl T R W R W H = R W .00, B,
M)

/‘\/‘\/‘\/‘\/\/\/\p/‘\/‘\/‘\/\/‘\/‘\
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Ts Tg9 Tg Tio Ts5 T9 Te T1o Ts Tg Te Tig T7 Tg Tio T11
1 .1 1 .4 s 2 .2 2 3 | 7 .6 .3 .3 77T 7 |
Ty Ti1 T4 Tio T3 Ti1 Ta Tio Ts Tg Ty Tq Tg T1 Ty T3
1.1 .1 .1 4 4 .4 4 5 .5 .5 .5 6 .6 .6 .6
Ty Ty Ts Ty Ty Ty Ty T1y T1 Ty T5 Ty Ty Ty T5 Ty
1.1 .1 1) 4 4 4 4| 5 .5 .2 .5 | 1.6 .2 .2 |
T3 Tg T7 Iy T3 Tip Tg L9 T3 Tg Ts Tg T3 Tg Ts Ti1
7T T T 1 1,1 1 2 .2 .2 2 3 .3 .3 .3
m% L% l'? mél 1'12 CL‘? 1‘(13 1'17 :I:% Zﬂg mg I27 "Lg "L'g fL'g 1‘37
b b 7 b
T3 Tz Ty Ti11 T11 Tg Ts Tio Ty T3 Ts Tio 1 Tg Ts Tio
m% x§ a:é xf :pg :v% :v% x} x% x% x% x} :vfl), xg x% :B7§
b b b b
1 T11 Tg9 Tio Ty Tg Tz Tio Ty Ty T T11 Tio T4 T3 Tio
1 3 5 7 1 3 5 7 1 2 .4 .6 1 2 4" 6
Ti0 Tio Tio 10 Ti1 Ti1 11 T11 Ty 1 X1 X1 Ty Ty Ty T3
1 3 5 27 4 3 6 7] 1.2 3 .6 5 .2 4 6
Tg T3 T7 T 11 T9 T11 Ty Ty Tip T1 Tg Ty T11 T9 Ty
x§, x§ x% a:g xé :1:?7, a:§ xg :ré x% xé 1:8 x% Jzi x‘% x?
5 .2 5 3 .6 1 2 3 .6 5 3 .61
T3 Tip Tg T3 Ts Ty Ts Tt T11 T11 Te Tg T7 X7 T7 T
1 2 4 6 1 6 2 5 4 7 2 5 4 7
Ti0 Tio Tio T10 Ti1 T11 904111 T11 1 Ty ifi T Ty Ty Ty T3
5 2 .3 6 | 5 6 | 6 .1 3] 5 4 70
Ti0 T9 Tio L7 Ti1 Tg Tio Te Ty T1 Tg Ty T2 T11 T11 T1
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o

T3 Ty Ty Ty Ty T3 Tio Tg Tz Tg Ti11

5 4 7 2 5 4 7 3 .3 .3 .3 6 .6 6 6

0o Z10 x140 $§0 $121 T11 -’5341 x%l xg fE39 fl?g 33131 95% 1769 fﬂg xél
5 3 ) 5 ) )

0o T9 T1 Zig T3 Ty Ty T11 Ty Tio Te T3 T2 Tip Ty Ti1

4 4 4 4 4 4 4 7 7 7 7 4 4 7 7
Ty Tg lei .’1347 g T1o l’Z Zlf74 Tg Tg 1’170 Ty T7 Tp 1375

1 4 ) 4 ’ 3 6 ) 5 5 3 .
Ty Tio 9 T11 T1 Ty T4 T11 Tg9g Tg 1 T5 Tz X7 1o

3.7. Lg-decomposition required for Lemma 2.10

5 4 7 6 .6 .6 .6 2 5 4 7 2 5 4 7
Ty Ty Ty Ty Ty T3 Tio Tg Te Te Lo Tg XTg Tg X9
5 1 .3/ 3 .3 .5 |» 6 1 4 3]s 6 .5 .1 .7 |

8

WL B O N B O N
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]

&
N
=

An Lg- decomposition of Kg[1Kj

Jood 0 a0 J o0 0 .0
Ty Ty X% T . Tl xh X, T .
(wﬂl xi x;’ x;‘) for j =4,6,7,8; (a:? x? x; x”s) for j =1,2,4,5,6,7,8;
7 Ty Te Ty 1 T1 Xy Ty
1,2 .3 4 JooJ d 0
UL s T ) for i =2,4,6; L8 2 9 for j=1,2,3,4,7,8,9;
1'7 1'5 1'6 1,8 ) Fy Yy ZEJ x] 1:] 17] 3 4y Dy TEy 15 Oy Jy
1 1 1 1 5 6 4 7
1 .2 .3 .4 1 .2 .3 .4
xT; T X; IT; . . N i Ti . _ .
(337 336 333 SE’S fOI‘ (Zv k) - (177)7 (77 2)5 7 .TQ 336 338 fOI‘ (ka) - (37 5)5 (854)7
[ k3 k [ k3 k k3 [
1 3 .4 5 6 7 .8
Ty Ty T; Ty f T; T; IT; i .
15 6 a4 for (i,k) = (5,3),(9,6); a1 5 ) fori=1,3,4,6,7,8;
Ty Ty Ty Ty i Ly Tp T4
1 2 .9 3 .7 .4 .9
(m% m% m}l x%) fori=1,3,...,9; (xll x% x% xé) fori=1,3,4,5,7,8,9;
1 1 1 7 1 1 1 1
J J J J
B v v .
(mg’ a:; a,j a:?) for j =1,2,3,4,6,7,8,9;
1 L5 Tg Tg
z xi xb ozl 3 x3 x3 x3 [ A 3 x5 2§ 2}
z xb xt xb ) \a? 22 22 25) \ab 2§ 2d 23 ) \ad 2l 2f 23 )
zd 25 z) 29 i xd a3 b z2 x2 2% 3 x) x5 )
28 xp 22 28) \&? 22 25 23) \ad 2d 2f 23/ \al af a3 23 )
z$ x8 2§ 2§ x5 x% 2§ } x5 z§ 27 b 2 xf 2l af
of of of af) \of of af a3) \ob of of i) \af of af oi)
mg Tg Tg l'g m% Ty To l'g l'g To m% xg l'g T Tg 37(93
2 xd 22 23 ) \at x5 2% 25 ) \ad 2zl 25 25)7 \ab af 2% 28 )
wp xg w§ x3\ (xf g @3 w3\ (w3 25 x§ x5\ (x3 xl 2§ xp
22 2§ 28 22) \&d 25 2 22 ) \ad 2§ 28 25)7 \al 2l 2l 2§)’
af af @3 af\ (23 23 a3 ad\ (2§ af xg 28\ (27 @) 27 af
2 2 2 2 4 2
a3 a3 @y a3)’ \@d 2f a3 23) \a3 a3 28 x5) \ai x§ 2% a3)’
xi x§ 13 ag
2 .
x3 x5 xf ad
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