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Abstract: A complete secure dominating set of a graph G is a dominating set D C V(G) with the property
that for each v € D, there exists F' = {v;|v; € N(v) N (V(G) — D)}, such that for each v; € F,
(D — {v}) U {v;} is a dominating set. The minimum cardinality of any complete secure dominating
set is called the complete secure domination number of G and is denoted by vesqa(G). In this paper,
the bounds for complete secure domination number for some standard graphs like grid graphs and
stacked prism graphs in terms of number of vertices of G are found and also the bounds for the
complete secure domination number of a tree are obtained in terms of different parameters of G.
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1. Introduction

The graphs considered here are undirected, finite, connected, without multiple edges or loops and
without isolated vertices. As usual n and ¢ denote the number of vertices and edges of a graph G. For
basic graph theoretic notation and terminology we refer to [4].

A set of vertices D is said to dominate the graph G if for each vertex v € V/(G) — D , there is a vertex
u € D with v is adjacent to w. The minimum cardinality of any dominating set is called the domination
number of G and it is denoted by v(G).

A secure dominating set X of a graph G is a dominating set with the property that each vertex
u € V(G) — X is adjacent to a vertex v € X such that(X — {v}) U {u} is dominating set. The minimum
cardinality of such a set is called the secure domination number, denoted by ~4(G).

The Cartesian graph product G1x G2 called graph product of graphs G; = (V1, E1) and G = (Va, E2)
with disjoint vertex sets is the graph with the vertex set V4 x V5 and u = (u1, u2) adjacent with v = (vq, v2)
whenever [u; = v and ug adj ve] or [uz = vo and uy adj vq].
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A friendship graph Fj, is the graph obtained by joining n copies of C3 with a common vertex. A
vertex of degree one is called an end vertex and a vertex adjacent to an end vertex is called non-end
vertex.

A two-dimensional grid graph G, ,, is the Cartesian product P,, x P, of path graphs on m and n
vertices. A stacked prism graph is the Cartesian product of C,, X P,.

The protection of a (simple) graph G = (V, E) involves placing a set (possibly empty) of guards at
each vertex, and it is assumed that a guard can deal with a problem (called an attack) at any vertex in its
closed neighborhood. Various strategies(i.e., rules for guard placements) have been devised, under each
of which the entire graph G may be considered protected. The minimum number of guards required for
protection under each strategy is clearly of interest. The concept of secure domination was introduced
by Cockayne et.al. [3]. Later this concept was studied extensively in [1, 2].

In social network theory, we can assume the graph nodes as message centers and its edges as trans-
mission lines. The message is transferred through the transmission line from one message center to
another. The intent of this process is to transfer the messages to all message centers with minimum num-
ber of message centers. To find all the minimum message centers, we can make use of domination and
these minimum message centers are called as domination message centers. And if any of the domination
message centers has an issue in sending the message, then it’s neighbor message center should act as a
domination message center to complete the process. This solution is illustrated in secure domination con-
cept, the drawback in this secure domination concept is that, it is just mentioned to select their neighbors
as domination message centers, but not mentioned about which particular neighbor has to be chosen as
a domination message center to achieve the objective or to complete the process. So, to overcome these
problems we introduce a new concept called as complete secure domination with which one can select a
neighbor as domination message centers. So that, we would be able to provide an analogy to retrieve a
more efficient and robust domination message centers to solve the above mentioned issue and to transfer
messages in a more faster and constructive manner.

Figure 1. Example for complete secure domination

Minimum dominating set D = {vs, v4, v11, V13, V18, V17, U21 }-
Minimum secure dominating set C = {vg, v2, V3, Vg, V13, V18, V17, V21 }-
Minimum complete secure dominating set F' = {vg, va, v3, Vg, V13, V18, V17, V21, U15 }-
D=7, [C| =8, |F| =9
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A complete secure dominating set of a graph G is a dominating set D C V(G) with the property that for
each v € D, there exists F' = {v;|v; € N(v)N(V(G)— D)}, such that for each v; € F, (D —{v})U{v,} is
a dominating set. The minimum cardinality of any complete secure dominating set is called the complete
secure domination number of G and is denoted by 7.sq4(G).

2. Complete secure domination for standard graphs

Theorem 2.1. For any path Py, Vesa(Pn) = [5].

Theorem 2.2. For any wheel graph Wy, Vesa(Wn) = [5].

Theorem 2.3. For any cycle Cp, Vesa(Cn) = [5].

Theorem 2.4. For any friendship graph F,, with n vertices, yesa(Fn) = [5].

3. Main results

Theorem 3.1. For any graph G = Py X Py, Yesa(G) =n,n > 2.

Proof. Let V(Pyx P,) = {(ui,vs),s =1,2,3,...,n}=2 be the vertices of first and second row, respec-
tively. We consider the following cases.

Case 1. Suppose n is even.
Let A = {(u1,vs),s =2p,1 <p < 5} and B = {(ug,vs),5s =2p—1,1 < p < ¢} with [A] = §
and |B| = §. Let D = AU B, every neighborhood vertex of V(G) — D is in D, D is the complete
secure dominating set of G. Hence 7.s4(G) < |D|. If vc5a(G) < |D|, then there exits at least
one vertex say v; € V(G), (D —{v;}) U{v;},v; € D is not a dominating set. Therefore D is the
Yesa-set of G. Hence v.54(G) = |D| = |A| + |B| = § + § =n.

Case 2. Suppose n is odd.
Let A = {(u1,vs),s = 2p,1 < p < 21} and B = {(ug,vs),s = 2p— 1,1 < p < 2} with
|A| = 251 and |B| = L. Let D = AU B, every neighborhood vertex of V(G) — D is in D, D is
the complete secure dominating set of G. Hence v.54(G) < |D|. If v.5a(G) < | D], then there exits
at least one vertex say v; € V(G), (D — {v;}) U{v;},v; € D is not a dominating set. Therefore

D is the yesq-set of G. Hence v.sq(G) = [D| = |A| + |B] = 251 + 2L = n.

The proof is complete. O
Theorem 3.2. For any graph G = P3 X P,,n > 2,

n s even

Yesd (G) =

n is odd.

Proof. Let V(P; x P,) = {(ui,vs),s =1,2,3,...,n}=% be the vertices of first, second and thrid row,
respectively. We consider the following cases.

Case 1. Suppose n is even.
Let A = {(u,vs),s =2p,1 <p < 5,7 =13} and B = {(u,vs),s =2p—-1,1 <p < 5, r =2}
with [A] = 2% § and |B| = §. Let D = AU B, every neighborhood vertex of V(G) — D is in
D, D is the complete secure dominating set of G. Hence 7.54(G) < |D|. If 7esa(G) < | D], then
there exits at least one vertex say v; € V(G), (D — {v;}) U{v;},v; € D is not a dominating set.

Therefore D is the yesq-set of G. Hence v.5q(G) = |D| = |A| + |B| =n + 2 = 32
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Case 2. Suppose n is odd.
Let A = {(ur,v5),s =2p,1 <p < 251 r=1,3} and B = {(uy,v5),s =2p— 1,1 < p < 2L r =
2} with |A| = 2(251) and |B| = 2. Let D = AU B, every neighborhood vertex of V(G) D
is in D, D is the complete secure dominating set of G. Hence 7.54(G) < |D|. If v.54(G) < |D|,
then there exits at least one vertex say v; € V(G), (D —{v;}) U{v;},v; € D is not a dominating

set. Therefore D is the 7sq-set of G. Hence vesa(G) = |D| = |A| + |B| =n — 14 2 = 3n=1,

The proof is complete. O
Theorem 3.3. For any graph G = Py X Py, Yesa(G) = 2n,n > 2.

Proof. LetV(PyxP,) = {(ui,vs),s =1,2,3,...,n}=1 be the vertices of first, second, thrid and fourth
row, respectively. We consider the following cases.

Case 1. Suppose n is even.
Let A= {( ur,vs) s=2p,1<p< g, r=1,3}and B = {(ur,vs),s =2p—1,1<p< §,r =24}
with |A| =2 § and [B| =2 §. Let D = AU B, every neighborhood vertex of V(G) — D is in
D, D is the complete secure dominating set of G. Hence 7.s4(G) < |D|. If vesa(G) < |D|, then
there exits at least one vertex say v; € V(G), (D — {v;}) U {v;},v; € D is not a dominating set.

Therefore D is the v.sq-set of G. Hence v.54(G) = |D| = |A| + |B| = n +n = 2n.

Case 2. Suppose n is odd.
LetA:{(ur,vs),5:2p,1§p§" ,r=1,3} and B = {(u,v )S—2p—11<p<L+1’l“—
2,4} with |[A] = 2(%1) and | B| = 2(";‘1). Let D = AUB, every neighborhood vertex of V/(G)—D
is in D, D is the complete secure dominating set of G. Hence 7.s4(G) < |D|. If v.54(G) < |D|,
then there exits at least one vertex say v; € V(G), (D —{v;}) U{v;},v; € D is not a dominating
set. Therefore D is the 7csq-set of G. Hence ves4(G) = |D| = |A|+ |Bl|=n—1+n+1=2n.

The proof is complete. O

Theorem 3.4. For any graph G = Ps X P,,n > 2,

2 n s even

’chd(G) =
n is odd.

Proof. Let V(Ps x P,) = {(us,vs),s = 1,2,3,...,n}=9 be the vertices of first, second, third, fourth
and fifth row, respectively. We consider the following cases.

Case 1. Suppose n is even.
Let A = {(ur,vs),s =2p,1 <p< F,r=1,3,5} and B = {(u,vs),s =2p—1,1 <p < 2,r—
2,4} with |[A] = 3+ %5 and |B| = 2x 5. Let D = AUB every neighborhood vertex of V(G) Disin
D, D is the complete secure dommatlng set of G. Hence 7.54(G) < |D|. Hence v.54(G) < |D|. If
%Sd(G) < | D], then there exits at least one vertex say v; € V(G), (D—{v;})U{v;},v; € Disnot a

dominating set. Therefore D is the 7sq-set of G. Hence yesa(G) = |D| = [A|+|B| = 32 +n = 22

Case 2. Suppose n is odd.
Let A = {(ur,vs),s = 2p,1 < p < 2L p =
ol p = 2,4} with |[A] = 3(%5?%) and |B
Hence 7esa(G) = | D] = |A| + |B| = 3(252

,0} and B = {(up,vs),s =2p—1,1 < p <
L)

The set D = AU B is the v.44-set of G.
5n—1
o=

(

Hm

| =
L+n

The proof is complete. O
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Theorem 3.5. For any graph G = P, X P,,m,n > 2,

Proof.
th

= m is even
Yesd(G) = ¢ F* m is odd, n is even
mn—1

m is odd, n is odd.

Let V(P x Pp) = {(ur,vs),8 = 1,2,3,...,n}'=" be the vertices of first, second, third, ...,

m'"™ row, respectively. We consider the following cases.

Case 1.

Case 2.

Case 3.

Case 4.

Suppose m is even and n is even.

Let A= {(uy,vs),r=2p—-1,1<p< % 5=2¢1<q< 5} and B = {(u,vs),r =2p,1 <p <

T,s=2¢—1,1<q< %} with [A] = 5 and |B| = %2, Let D = AU B, every neighborhood
vertex of V(G) — D is in D, D is the complete secure dominating set of G. Hence 7.54(G) < |D|.
If ves4(G) < |DJ, then there exits at least one vertex say v; € V(G), (D — {v;}) U{v;},v; € D
is not a dominating set. Therefore D is the ~y.sq4-set of G. Hence 7.s4(G) = |D| = |A| + |B| =
mn 4 mn _ mn.
1 1 2
Suppose m is even and n is odd.
Let A = {(UT,US),T =2p—-1,1<p< %78 =2¢,1<¢q< anl} and B = {(’U,T,Us)ﬂ” =2p,1 <
p<Zs=20—11<q< 2} with |A] = m(z_l) and |B| = %. Let D = AU B,
every neighborhood vertex of V(G) — D is in D, D is the complete secure dominating set of G.
Hence 7vesqa(G) < |D|. If vesa(G) < |D|, then there exits at least one vertex say v; € V(G),
(D — {v;}) U{v;},v; € D is not a dominating set. Therefore D is the ~y.sq-set of G. Hence

Yesa(G) = |D| = |A] 4 |B| = ™=l mndl) _ mn

Suppose m is odd and n is even.
Let A = {(up,vs),r =2p—1,1<

p< il s =2¢,1<¢q< 2} and B = {(up,vs),r =2p,1 <
p<m=lis=2¢— 1,1 <q< 2} with [A] = @FU" anq B = (2n 0 Lot D = AU B,
every neighborhood vertex of V(G) — D is in D, D is the complete secure dominating set of G.
Hence 7.54(G) < |D|. If 4esa(G) < |D|, then there exits at least one vertex say v; € V(G),

(D — {vi}) U{v;},v; € D is not a dominating set. Therefore D is the v.sq-set of G. Hence

’chd(G) = |D| = |A|—|—|B| = W.FW — %

Suppose m is odd and n is odd.

Let A = {(up,vs),r=2p—1,1<p< %,s =2¢,1<¢< ”T_l} and B = {(u,,vs),7 =2p,1 <
p < mTfl,{S:Qq—l,l <qg< "7“} with |A] = W and |B| = W. Let D = AU B,
every neighborhood vertex of V(G) — D is in D, D is the complete secure dominating set of G.
Hence 7.5q4(G) < |D|. If 4esa(G) < |D|, then there exits at least one vertex say v; € V(G),

(D — {v;}) U{v;},v; € D is not a dominating set. Therefore D is the ~y.sq-set of G. Hence

Yesa(G) = |D| = |A] + |B| = tnt)e=D) | (m=Dntd) _ mn—1

The proof is complete. O

Theorem 3.6. For any graph, G = C3 X P, Ycsa(G) =n,n > 3.

Proof.

Let V(C3 x Cy,) = {(us,vs),8 =1,2,3,...,n}:=3 be the vertices of first, second and third row,

respectively. The set A = {(u1,vs),s = 1,2,3,...,n} with |A] = n. Since A is the y-set of G and
therefore A is the v s4-set of G. Hence v.54(G) = n. O

Theorem 3.7. For any graph, G = C4 X Cy,, Yesa(G) = 2n,n > 3.
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Proof. Let V(C3 x Cy) = {(us,vs),s = 1,2,3,...,n}=7 be the vertices of first, second, third and
fourth row, respectively. The set D = {(u1,vs), (U3,vé) s =1,2,3,...,n} with |D| = 2n. Slnce every
neighborhood vertex of V/(G)—D isin D, D is the complete secure dominating set of G. Hence v.54(G) <
|D|. If 4esa(G) < |D|, then there exits at least one vertex say v; € V(G), (D —{v;})U{v;},v; € D is not
a dominating set. Therefore D is the v.5q-set of G. Hence v.54(G) = |D| = 2n. O

Theorem 3.8. For any graph G = Cp, X P,,m # 3,n > 3,

o m is even or odd and n is even
Yesa(G) = ¢ ¢ m is even, n is odd.
mn—1

5 m s odd, n is odd.
Proof. Let V(Cy, x Cy) = {(ur,us),s = 1,2,3,...,n}I=1" be the vertices of first, second, third,
m*" row, respectively. We consider the following cases.

Case 1. Suppose m is even and n is even.
Let A={(ur,vs),r =2p—-1,1<p<F,5=2¢,1<q< 5} and B = {(u,vs), 7 =2p,1 <p<
s =2¢—1,1<q< 3} with [A] = M and |B| = B2, Let D = AU B, every neighborhood
vertex of V(G) D isin D D is the complete secure dominating set of G. Hence 7.54(G) < |D|.
If vesa(G) < |DJ, then there exits at least one vertex say v; € V(G), (D —{v;}) U{vj},v; € D
is not a dominating set. Therefore D is the ~y.sq4-set of G. Hence 7.54¢(G) = |D| = |A| + |B| =
meymn_mn

Case 2. Suppose m is even and n is odd.
Let A = {(uy,vs),r =2p—1,1 <p <2 s=2¢1<qg< 21} and B = {(u,,v5),7 = 2p,1 <
p<Zs=2¢—1,1<q< 2} with |A\ = m(z Y and |B| = W. Let D = AU B, every
neighborhood vertex of V(G) — D is in D, D is the complete secure dominating set of P, x P,.
Hence 7esd(G) < |D|. If v0s4(G) < |D|, then there exits at least one vertex say v; € V(G),
(D — {vl}) U {vj},vi € D is not a dominating set. Therefore D is the ~,5q-set of G. Hence

mnl m(n+1 n

Case 3. Suppose m is odd and n is even.

Let A = {(up,vs),r =2p—1,1<p g mil s =2¢,1 < q < %} and B = {(up,vs),r = 2p,1 <
p<lis =2¢-1,1 < g <2} with |A | = (mzl) and |B| = (m41) . Let D = AU B,
every neighborhood vertex of V(G) — D isin D, D is the complete secure dominating set of G.
Hence vesda(G) < |D|. If vesa(G) < |D|, then there exits at least one vertex say v; € V(G),
(D — {v;}) U{v;},v; € D is not a dominating set. Therefore D is the ~y.s4-set of G. Hence

'chd(G) = |D| |A| —+ |B| m+1) + (m=1)n 1)” _ %

Case 4. Suppose m is odd and n is odd.
Let A= {(u,vs),r =2p—1,1<p< 2t s=2¢,1<¢q< 22} and B = {(u,,vs5),7 =2p,1 <
p<m=ls=2¢—1,1 << 2} with |A] = 0 pq | B| = =) et p = AUB,
every neighborhood vertex of V(G) — D is in D, D is the complete secure dominating set of G.
Hence v¢sq(G) < |D|. If 7esa(G) < |D|, then there exits at least one vertex say v; € V (P, X Py,),
(D — {vi}) U{v;},v; € D is not a dominating set. Therefore D is the v.sq-set of G. Hence

Yesa(G) = |D| = |A] + |B| = tnt)n=D) | (m=D(nt]) _ mn_1

The proof is complete. O

Theorem 3.9. For any graph G, if every non-end vertex is adjacent with an end-vertex then, v.sq4(G) = p,
where p is the number of end-vertices of G.
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Proof. Let A = {v; € V(G)|d(v;) = 1}, B = {v; € V(G) — A|v; € N(v;)} and C = (A — {v,}) U
{v;},v, € A,u; € BN N(v;). Let D = A or C. Now for each v € D, there exists F' = {v;|v; €
N(v) N V(G) — D}, such that for each v; € F, (D — {v}) U {v;} is a dominating set. Hence D is a
complete secure dominating set of G. Now we show that there exists no other minimum complete secure
dominating set other than D. If suppose F' # D is a minimum complete secure domination set of G with
|F'| < |D|, then either F' is not a dominating set or for atleast one vertex v € F there exists v; € N(v)
such that (F — {v}) U {v;} is not a dominating set of G. Hence 7..q(G) = |D| = p. O

Corollary 3.10. For any graph G, if every non-end vertez is adjacent with an end-vertex then, v.sq4(G) =
Yns(G), where v,5(G) is the nonsplit domination number of G.

Proof. 1If every non-end vertex is adjacent with an end-vertex then, v,s(G) = p, p is the number of

end vertices of G, then by Theorem 3.9, the result follows. O
Theorem 3.11. For any tree T with n vertices, Yesa(T) < p+ f”jp] ,p is the number of end vertices of
T.

Proof. Let A = {v; € V(T)|d(v;) = 1} and B = {v; € V(T) — Alv; € N(v;)}. We consider the
following cases.

Case 1. If every non-end vertex of T is adjacent to an end-vertex then by Theorem 3.9, v..q(T) = p.
Case 2. If atleast one vertex say v; € V(G), v; is not adjacent to an end-vertex say v; € A, then the
graph T — (AU B) will be a tree with n — 2p vertices and partition the vertex set of T — (A U B) into
two disjoint sets say R and S such that v; € R and v; € S,v; € N(v;) and |R| > |S|. Now consider the
set D = AU R, then for each v € D, there exists F' = {v;|v; € N(v) N V(T') — D}, such that for each
vj € F, (D —{v})U{v,} is a dominating set. Therefore F is the complete secure dominating set of G.

Hence vesa(T) < F = p + [2522]. O
Theorem 3.12. For any graph G = K3 X K1 1, Yesa(G) =n,n > 3.

Proof. Let V(K3) = {u1,u2} and V(K7 ,—1) = {v1,v2,03,...,0,} with d(v1) = n — 1. Let V(G) =
V(Ke x K1) = AUB, A = {(u,v;) € V(G)/d((u;,v;)) = n}, B = {(ur,vs) € V(G) — A} with
|A| = 2,|B| = 2(n—1). Partition the vertex of B into disjoint vertex sets, B = H U R such that (u;,v;) €
N((ur,vs)), (us,v5) € H, (ur,vs) € Rwith |[H| = |R| = n—1. Any minimum dominating set D of G has to
contain two vertices say F = {(u1,v1), (ug,v1)} where {(u1,v1), (ug,v2)} € A. Suppose D is a complete
secure dominating set, then the induced graph M = (V(G) — ({(u1,v1)} or {(uz,v1)})) will contains n—1
support vertices and by Theorem 3.9, v.sq4(M) = n—1 and if 7.54(G) = n—1, then there exists at least one
vertex say (u;,v;) € V(G) which is not dominated by (D —{(wm, vr) }U(us, v5), (Um, vr) € DUN ((us, v5)).
Therefore .54 > n — 1. Since each vertex in B is of degree 2 and belongs to neighborhood of D,
therefore the dominating set has to contain the vertices of H or R together with any vertex of A. Now
consider the set K = H U {(uq,v1)}, for each vertex (u;,v;) € K, there exists F' = {(u,, vs)/(ur,vs) €
N((us,vj)) N (V(G) — D)}, such that for each (u,,vs) € F, (D — {(u;,v;)}) U{(ur,vs)} is a dominating
set. Hence K is a complete secure dominating set, y.sq = |K| = n. O

Definition 3.13. Planar honeycomb graphs are the graphs obtained by connecting some equal reqular
hexagons such that any two adjacent hexagons have one edge in common. The planar honeycomb lattice
1s also called benzoid and it is denoted by B,,.

Theorem 3.14. For any planar honeycomb graph B, with n vertices, n > 6,
Yesd(Bn) = ’—%1

Proof. Let V(B,) = {u1u2i,usi,..-,Up;, ¢ = 1,2,3,...,q} denotes the first, second, third,
fourth,. .., pt"row, respectively. We consider the following cases.

Case 1. When n = 6.
In this case the graph Bg = Cs. The result follows from Theorem 2(iii).
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Figure 2. Example for Honeycomb graph

Case 2. When n = 10.
Then the graph By contains two cycles with one edge in common, which is isomorphic to the
graph H, where V(H) =V (Cs) UV (P,) and E(H) = E(Cg) U E(P4) U e1 U eg, where e; and es
joins (v1,u1) and (ve,us), where v1,ve € V(Cg),v1 € N(v2) and uy and ug are the end vetices of
Py. Hence VYesd = ’chd(CG) + Vcsd(Pél) =3+2= [%—I

Case 3. When n > 10.
In this case. the planar honey comb graph can be obtained by adding an edge that connects the
end vertices of m copies of either P; or P> or P; or P, with an adjacent vertices of Byy. By using
case 2 and Theorem 3.9,

Yesd = Vesd(B10) + MYesa(Pror Peor Psor Py)
=5+ [2510].
=5+ [5]—5.
=31

4. Application

Whenever we transfer a message from one mobile device which is in different signal range, to another
mobile device which is in some other different signal range, then sometimes can be a loss of data or the
message may be delivered after a long time. These are mainly due to the unstructured or unorganized
way of locating message service systems and unsecured network. These problems can be solved using
our complete secure domination. Through secure domination, we are providing the least or minimum
number of message centers with which the entire block or chain of message centers can be covered and
also secured. In this way, we propose the complete secure domination with minimum number of message
centers to overcome the above mentioned issues.
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