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Binormal Surfaces of Adjoint Curves in 3D Euclidean Space
Highlights

Frenet-Serret frame formulas were given in 3D Euclidean space.

Definitions of adjoint curve and binormal surface concepts were given.

Some definitions and theorems about curves and surfaces were presented.
Binormal surfaces of adjoint curves were characterized.

With the help of obtained characterizations, new results and theorems were given.
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Graphical Abstract

The first and the second fundamental forms, the mean and the Gaussian curvatures and the principal curvatures of
the binormal surface of adjoint curve obtained, respectively, are as follows:
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Figure. Characterization equations of the binormal surface
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Aim

It is aimed to characterize binormal surfaces associated with adjoint curves in 3D Euclidean space.

Design & Methodology

In addition to the basic definitions and theorems about curves and surfaces, the Frenet-Serret frame formulas are
used.

Originality

In this study, new characterizations and results were obtained by associating the previously unrelated adjoint curve
and binormal surface concepts.

Findings

Let 8 be adjoint curve of arc length parametrised curve y. Then, the binormal surface of B is a flat surface if and
only if curvature of y is vanished.

Conclusion
We think that the results we obtained have content that will enrich the studies on differential geometry of curves and
surfaces will be valuable for next studies on the subject.
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3-Boyutlu Oklid Uzayinda Adjoint Egrilerin Binormal
Yiizeyleri
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(074
Bu caligmada, baglantili egriler yardimiyla tanimlanmis genis uygulama alanlarma sahip yiizeyler konusuna kendine has bir katki
sunuyoruz. Ozelde, baglantili egrilerin 6nemli 6rneklerinden biri olan adjoint egriler ile olusturulan binormal yiizeyleri inceliyoruz.

3-boyutlu Oklid uzayinda Frenet-Serret (FS) gatis1 altinda adjoint egrilerin binormal yiizeylerini tanimlayarak, boyle yiizeyleri
karakterize ediyoruz. Bu karakterizasyonlar yardimiyla bazi sonuglar veriyoruz.

Anahtar Kelimeler: Binormal yiizey, adjoint egri, frenet-serret cati.

Binormal Surfaces of Adjoint Curves in 3D Euclidean
Space

ABSTRACT

In this study, we make a specific contribution to the subject of surfaces with wide application areas defined with the help of
associated curves. In particular, we examine the binormal surfaces generated via adjoint curves which are one of the important
examples of associated curves. By defining the binormal surfaces of adjoint curves under the Frenet-Serret (FS) frame in 3D

Euclidean space, we characterize such surfaces and give some results with the aid of these characterizations.
Keywords: Binormal surface, Adjoint curve, frenet-serret frame

1. INTRODUCTION

Surfaces are one of the meaningful subjects of geometry
in terms of having many applications in the fields of
engineering and physics, especially petroleum
engineering and geophysics. Various surfaces (for
example, ruled surfaces) formed as a result of motion of
a curve or line in relation to another curve have made
significant contributions to bringing geometric solutions
to these application areas [1-14].

Associated curves are a subject that has significant
contributions in determining the characterization of
surfaces to be established with the help of curves and in
terms of geometric explanations that can be brought to
the subject of a motion in space. Integral curves are one
of the common examples of associated curves. The
adjoint curves we consider in this study are integral
curves determined by integral of binormal vector of a
curve [15-22].

In the light of these constructions, the aim of our study is
to describe the binormal surfaces of adjoint curves in 3D
Euclidean space and to determine their characterizations.
First, after some basic reminders, we define the binormal
surface of an adjoint curve in the space. Then we get first
and second fundamental forms of this surface, its mean
and Gaussian curvatures and its principle curvatures.

*Sorumlu Yazar (Corresponding Author)
e-posta : a.sazak@alparslan.edu.tr

Finally, we present the results obtained from these
characterizations.

2. PRELIMINARIES

In this part, we give certain basic formulas and
definitions about the space we are working on and the
adjoint curves we will be discussing. Later, we present
some fundamentals about the characterizations of
surfaces.

The Frenet Serret (FS) formulas in 3D Euclidean space
are given as

V:T1 [0 x O][T
ViN|=|-x 0 7]||[N]|
v.Bl lo -t ollB

where x, t are curvature and torsion functions of y,
respectively [2]. Let s be arc-length parameter. Then,
these formulas are written as
— _7'®

T=v N=pmer
Definition 1. Let {T,,N,,B,} be the FS frame of arc
length parametrised curve y. Then, the adjoint curve of y
according to the FS frame is given as [2]

B(s) = [ B,(s)ds.

B=TXxN
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Theorem 2. Let {T,,N,,B,} be the FS frame of arc
length parametrised curve y, and 8 be adjoint curve of y
according to the FS frame, also «,, and ,, be curvature
and torsion of y. Denote by {Tg, Ng, Bg} the FS frame of
B and by kg and 7z be curvature and torsion of 8. Then,
following equations hold [2]:

Ty = Bﬁ'
K[)’ = Ty,

Ny = _NB'
T[)’ = Kf.y.

B-y = Tﬁv

The normal vector (unit) field n for a surface ¢ is defined
as
bsAde
n=—-——
“¢s/\¢t”
where t time parameter and g = dd/ ds, b, = dd/ ot.
Then, the first and the second fundamental forms of the
surface are defined as

I = Eds?+2Fdsdt + Gdt?, 1)
I = eds?+2fdsdt+ gdt?,
where
E = (¢S' ¢S>! F = (¢S' ¢t‘>: G = (q)t! ¢t’>: (2)

e = (¢SS' n)' f = <¢St' n)v g = <¢ttvn>'

Also, the mean and Gaussian curvatures are computed by
equations

__ Eg—2Ff+Ge
T 2(EG-F?)
and the principal curvatures k,, k, are defined as [3-7]
ky,=H++VH?—-K, k,=H—-VH? —K.

Theorem 3. A surface is a flat (developable) surface if
and only if the Gaussian curvature of the surface vanish

[1].

Theorem 4. A surface is a minimal surface if and only if
the mean curvature of the surface vanish [1].

Definition 5. The binormal surface of a regular space
curve yis given as ¢(s,t) =y + tB [5].

Definition 6. A surface is called a Weingarten surface, if
this surface satisfies equation H K, — H. K = 0, [11].

k=9 3)

" EG-F?

3. BINORMAL SURFACES OF ADJOINT
CURVES WITH THE FS FRAME IN E3

In this section, we get results and characterizations about
binormal surfaces of adjoint curves.
Theorem 7. Let B be adjoint curve of arc length
parametrised curve y. Denote by Ig and Ilg be the first
and the second fundamental form of the binormal
surfaces of 8. Then the following states hold:

Ig = (1+t%*k))ds* +dt?,
Ky t—1y, (1+K5t%) ds? + 2% dsdt.

2,2 2,2
1+t Ky 1+t Ky

Proof. From Definition 5, the binormal surface of 8 is
written as

P (s, t) = B + tBs.

Therefore, the following equalities are obtained:

f = tx,N,+B,

o5 = —tklT, + (tx, — 1,)N, + K, 7, tB,,
B B _ B

¢ = T b =0 by =1Ny,

and, from the equalities, the unit standard normal vector
field ny of surface ¢# is found as

oExof Ny -tx,B,

" PP T e

These equalities are obtained similarly for the binormal
surface of y curve. Then, from Theorem 2 and (2), we
obtain

EB =1+ tZK}%, FB = 0, Gﬁ = 1,
_ rc]',t—ry(1+x]2,tz) _ Ky _ (4)
%= J1+t2x2 k- J1+t2x2 $ 98 = 0
14 14

Hence, the first and the second fundamental forms of the
binormal surfaces of g are obtained as
I = (1+t%k))ds? +dt?,

K{,f—‘[y(1+lc}2,f2) d52 + 2Ky dsdt

2,2 2.2
1+t Ky /1+t Ky

Corollary 8. Let B be adjoint curve of arc length
parametrised curve y. Denote by Hg, Kj be the mean and

the Gaussian curvature of binormal surface of g,
respectively. Then the following states hold:
__
Kg = (1+t2x2)2’
Ky t—1y (1+K3t2) (%)

/(1+t2x}2,)3

Proof. From equalities (4), we get

HB =

HB=

P R

BT EpGg-FE T (1+t2kd)?’

I _ Epgp-2Fpfp+Gpep  Kyt—T,(1+Kjt?)

B Z(EBGﬂ_FﬁZ) 2 (1+t2K]2/)3 )
Theorem 9. Let B be adjoint curve of arc length

parametrised curve y. Then, the binormal surface of g is
minimal if and only if

1 _ Ty 2
Ky =~ tIGTt (6)

Proof. The proof is straightforwardly done with the help
of Theorem 4 and Corollary 8.

Theorem 10. Let B be adjoint curve of arc length
parametrised curve y. Then, the binormal surface of g is
a flat surface if and only if it has vanishing curvature of
Y.

Proof. From Theorem 3 and Corollary 8, the proof is
plainly obtained.

Corollary 11. Let f be adjoint curve of arc length
parametrised curve y. In this case, the following
conditions are provided:
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i. The binormal surface of 8 is minimal if and only

if
1
K, = ?tan (J- ‘L'de + tc),

ii. Let the torsion of y be constant. Then, the
binormal surface of £ is minimal if and only if

1
K, = ?tan(rys + tc),

iii. Let the curvature of y be constant. Then, the
binormal surface of g is minimal if and only if
it has vanishing the torsion of curve y,

iv. Let the binormal surface of 8 be flat. Then, the
binormal surface of 8 is minimal if and only if
this surface is a plane.

Here, c is an integration constant.

Proof. i. By solving the differential equation (6), we

obtain
1
K, = ?tan (J. T,ds + tc).

ii. Let the torsion of y be constant. Similarly, we get
1
K, = Etan (tys + to).

iii. Let the curvature of y be constant and be the binormal
surface of B is minimal. From the equation (6), we get

1 2
Ty (; + Kyt> =0,

and, therefore it’s obtained 7,, = 0. Conversely, let be
7, = 0. Then, it is plainly seen that the binormal surface
of B is minimal.

iv. Since the binormal surface of g is flat, k, = 0. Let the
binormal surface of § be minimal. Then, from the
equation (6), 7, = 0. From Theorem 2, 75 = kg = 0.
Therefore the binormal surface of g is a plane.
Conversely, let the binormal surface of g be a plane.
Then it’s straightforwardly obtained H; = 0. Hence the
binormal surface of § is minimal.

Theorem 12. Let f be adjoint curve of arc length
parametrised curve y. Then, the binormal surface of S is
a Weingarten surface if and only if

210t [(1 + kjt?) (tre,) — 2t%K, Ty Kk, — TyKjt?

—1,) — 3t%Ky Ky (tk, — T, — T, Kk;t%)] = (K,

2K, t%K) + T, Ky t? + T, k) (e kSt — k).
Proof. From Definition 5, if the binormal surface of 8 is
a Weingarten surface, then

(Hp)s(Kp): — (Hp):(Kp)s = 0.
The result can be readily found by obtaining partial

derivatives depending on the t and s parameters in the
equation (6).

Corollary 13. Let g be adjoint curve of arc length
parametrised curve y and k,, # 0 be a constant. Then, the
binormal surface of § is a Weingarten surface if and only
if the torsion of y is constant.

Proof. Let 8 be adjoint curve of arc length parametrised
curve y and k, # 0 be a constant. Let the binormal
surface of B be a Weingarten surface. Taking x, = 0 in
Theorem 12, it is obtained

, 2
23ty (1 + K2t%)" =0,
and, hence 7, = 0.

Corollary 14. Let B be adjoint curve of arc length
parametrised curve y. Let kg, kg, be principal
curvatures of binormal surfaces of £, respectively. Then
the following expressions hold:

(it — 7, (1 + k2t2))2 + 4KZ(1 + k2t?)
4(1 +t2k3)3 ’

Kyt — 7, (14 K5t?)
5 =
LT 2 /At ey

kg, = Kyt — 7, (14 K5t?) _ \j(x{,t =7, (1 + Kk2t2))? + 4K2(1 + K2t?)
, .

2/ + t22)? 4(1 + t217)?

Proof. The proof is easily done with the aid of Corollary
8.

4. CONCLUSION

In this study, after defining the geometric expression of a
binormal surface generated by means of the adjoint of a
curve, we gave certain characterizations for this surface.
We determined the first and the second fundamental
forms, the mean and the Gaussian curvatures, and
principal curvatures for this binormal surface. In
addition, we obtained some results by examining the
cases of such a surface as a minimal, flat and Weingarten
surface in a related way.

Considering the place of associated curves and ruled
surfaces in geometry and their contributions to physics
and engineering, we predict that consequences of our
investigation will contribute to future studies on this
topic. In our next study, we intend to examine the
relationship of a different associated curve sample with
normal surfaces determined by the normal vector field.
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