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Binormal Surfaces of Adjoint Curves in 3D Euclidean Space 

Highlights 

❖ Frenet-Serret frame formulas were given in 3D Euclidean space.  

❖ Definitions of adjoint curve and binormal surface concepts were given.  

❖ Some definitions and theorems about curves and surfaces were presented. 

❖ Binormal surfaces of adjoint curves were characterized. 

❖ With the help of obtained characterizations, new results and theorems were given. 

 

Graphical Abstract 

The first and the second fundamental forms, the mean and the Gaussian curvatures and the principal curvatures of 

the binormal surface of adjoint curve obtained, respectively, are as follows: 

𝐈𝛽     =     (1 + 𝑡2𝜅𝛾
2)𝑑𝑠2 + 𝑑𝑡2,       𝐈𝐈𝛽     =     

𝜅𝛾
′ 𝑡 − 𝜏𝛾(1 + 𝜅𝛾

2𝑡2)
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2
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2𝜅𝛾

 

√1 + 𝑡2𝜅𝛾
2
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2
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2)2

,         𝐻𝛽 =
𝜅𝛾

′ 𝑡 − 𝜏𝛾(1 + 𝜅𝛾
2𝑡2)

√(1 + 𝑡2𝜅𝛾
2)3
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𝑘𝛽1
=

𝜅𝛾
′ 𝑡 − 𝜏𝛾(1 + 𝜅𝛾

2𝑡2)

2√(1 + 𝑡2𝜅𝛾
2)3

+ √
(𝜅𝛾

′ 𝑡 − 𝜏𝛾(1 + 𝜅𝛾
2𝑡2))2 + 4𝜅𝛾

2(1 + 𝜅𝛾
2𝑡2)

4(1 + 𝑡2𝜅𝛾
2)3

,

𝑘𝛽2
=

𝜅𝛾
′ 𝑡 − 𝜏𝛾(1 + 𝜅𝛾

2𝑡2)

2√(1 + 𝑡2𝜅𝛾
2)3

− √
(𝜅𝛾
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2𝑡2))2 + 4𝜅𝛾

2(1 + 𝜅𝛾
2𝑡2)

4(1 + 𝑡2𝜅𝛾
2)3

.

 

Figure. Characterization equations of the binormal surface 

 

Aim 

It is aimed to characterize binormal surfaces associated with adjoint curves in 3D Euclidean space.  

Design & Methodology 

In addition to the basic definitions and theorems about curves and surfaces, the Frenet-Serret frame formulas are 

used. 

Originality 

In this study, new characterizations and results were obtained by associating the previously unrelated adjoint curve 

and binormal surface concepts. 

Findings 

Let β be adjoint curve of arc length parametrised curve γ. Then, the binormal surface of β is a flat surface if and 

only if curvature of γ is vanished. 

Conclusion 

We think that the results we obtained have content that will enrich the studies on differential geometry of curves and 

surfaces will be valuable for next studies on the subject. 

Declaration of Ethical Standards 

The author(s) of this article declare that the materials and methods used in this study do not require ethical committee 

permission and/or legal-special permission. 
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 ÖZ 

Bu çalışmada, bağlantılı eğriler yardımıyla tanımlanmış geniş uygulama alanlarına sahip yüzeyler konusuna kendine has bir katkı 

sunuyoruz. Özelde, bağlantılı eğrilerin önemli örneklerinden biri olan adjoint eğriler ile oluşturulan binormal yüzeyleri inceliyoruz. 

3-boyutlu Öklid uzayında Frenet-Serret (FS) çatısı altında adjoint eğrilerin binormal yüzeylerini tanımlayarak, böyle yüzeyleri 

karakterize ediyoruz. Bu karakterizasyonlar yardımıyla bazı sonuçlar veriyoruz.   

Anahtar Kelimeler: Binormal yüzey, adjoint eğri, frenet-serret çatı. 

Binormal Surfaces of Adjoint Curves in 3D Euclidean 

Space 

ABSTRACT 

In this study, we make a specific contribution to the subject of surfaces with wide application areas defined with the help of 

associated curves. In particular, we examine the binormal surfaces generated via adjoint curves which are one of the important 

examples of associated curves. By defining the binormal surfaces of adjoint curves under the Frenet-Serret (FS) frame in 3D 

Euclidean space, we characterize such surfaces and give some results with the aid of these characterizations. 

Keywords: Binormal surface, Adjoint curve, frenet-serret frame

1. INTRODUCTION 

Surfaces are one of the meaningful subjects of geometry 

in terms of having many applications in the fields of 

engineering and physics, especially petroleum 

engineering and geophysics. Various surfaces (for 

example, ruled surfaces) formed as a result of motion of 

a curve or line in relation to another curve have made 

significant contributions to bringing geometric solutions 

to these application areas [1-14]. 

Associated curves are a subject that has significant 

contributions in determining the characterization of 

surfaces to be established with the help of curves and in 

terms of geometric explanations that can be brought to 

the subject of a motion in space. Integral curves are one 

of the common examples of associated curves. The 

adjoint curves we consider in this study are integral 

curves determined by integral of binormal vector of a 

curve [15-22]. 

In the light of these constructions, the aim of our study is 

to describe the binormal surfaces of adjoint curves in 3D 

Euclidean space and to determine their characterizations. 

First, after some basic reminders, we define the binormal 

surface of an adjoint curve in the space. Then we get first 

and second fundamental forms of this surface, its mean 

and Gaussian curvatures and its principle curvatures. 

Finally, we present the results obtained from these 

characterizations. 

 

2. PRELIMINARIES 

In this part, we give certain basic formulas and 

definitions about the space we are working on and the 

adjoint curves we will be discussing. Later, we present 

some fundamentals about the characterizations of 

surfaces. 

The Frenet Serret (FS) formulas in 3D Euclidean space 

are given as 

 [

∇𝐓𝐓
∇𝐓𝐍
∇𝐓𝐁

] = [
0 𝜅 0
−𝜅 0 𝜏
0 −𝜏 0

] [
𝐓
𝐍
𝐁

]. 

where 𝜅, 𝜏 are curvature and torsion functions of 𝛾, 

respectively [2]. Let 𝑠 be arc-length parameter. Then, 

these formulas are written as  

 𝐓 = 𝛾′(𝑠), 𝐍 =
𝛾′′(𝑠)

‖𝛾′′(𝑠)‖
, 𝐁 = 𝐓 × 𝐍 

Definition 1. Let {𝐓γ, 𝐍γ, 𝐁γ} be the FS frame of arc 

length parametrised curve 𝛾. Then, the adjoint curve of 𝛾 

according to the FS frame is given as [2] 

 𝛽(s) = ∫
s0

s

𝐁γ(s)ds. 
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Theorem 2. Let {𝐓γ, 𝐍γ, 𝐁γ} be the FS frame of arc 

length parametrised curve 𝛾, and 𝛽 be adjoint curve of 𝛾 

according to the FS frame, also 𝜅𝛾 and 𝜏𝛾 be curvature 

and torsion of 𝛾. Denote by {𝐓β, 𝐍β, 𝐁β} the FS frame of 

𝛽 and by 𝜅𝛽 and 𝜏𝛽 be curvature and torsion of 𝛽. Then, 

following equations hold [2]: 

 

 𝐓𝛾 = 𝐁𝛽 , 𝐍𝛾 = −𝐍𝛽 , 𝐁𝛾 = 𝐓𝛽 , 

 𝜅𝛽 = 𝜏𝛾 , 𝜏𝛽 = 𝜅𝛾 . 

The normal vector (unit) field 𝑛 for a surface ϕ is defined 

as 

 𝑛 =
ϕ𝑠∧ϕ𝑡

‖ϕ𝑠∧ϕ𝑡‖
, 

where 𝑡 time parameter and ϕ𝑠 = ∂ϕ/ ∂𝑠, ϕ𝑡 = ∂ϕ/ ∂𝑡. 

Then, the first and the second fundamental forms of the 

surface are defined as 

𝐈    =     𝐸𝑑𝑠2 + 2𝐹𝑑𝑠𝑑𝑡 + 𝐺𝑑𝑡2,

𝐈𝐈    =     𝑒𝑑𝑠2 + 2𝑓𝑑𝑠𝑑𝑡 + 𝑔𝑑𝑡2,
          (1) 

where 

𝐸    =     ⟨ϕ𝑠, ϕ𝑠⟩, 𝐹 = ⟨ϕ𝑠, ϕ𝑡⟩, 𝐺 = ⟨ϕ𝑡 , ϕ𝑡⟩,

𝑒    =     ⟨ϕ𝑠𝑠, 𝑛⟩, 𝑓 = ⟨ϕ𝑠𝑡 , 𝑛⟩, 𝑔 = ⟨ϕ𝑡𝑡 , 𝑛⟩.
     (2) 

Also, the mean and Gaussian curvatures are computed by 

equations 

 𝐻 =
𝐸𝑔−2𝐹𝑓+𝐺𝑒

2(𝐸𝐺−𝐹2)
, 𝐾 =

𝑒𝑔−𝑓2

𝐸𝐺−𝐹2               (3) 

and the principal curvatures 𝑘1, 𝑘2 are defined as [3-7] 

 𝑘1 = 𝐻 + √𝐻2 − 𝐾, 𝑘2 = 𝐻 − √𝐻2 − 𝐾. 

Theorem 3. A surface is a flat (developable) surface if 

and only if the Gaussian curvature of the surface vanish 

[1]. 

Theorem 4. A surface is a minimal surface if and only if 

the mean curvature of the surface vanish [1].   

Definition 5. The binormal surface of a regular space 

curve γ is given as ϕ(𝑠, 𝑡) = 𝛾 + 𝑡𝐁 [5]. 

Definition 6. A surface is called a Weingarten surface, if 

this surface satisfies equation 𝐻𝑠𝐾𝑡 − 𝐻𝑡𝐾𝑠 = 0, [11]. 

 

3.  BINORMAL SURFACES OF ADJOINT 

CURVES WITH THE FS FRAME IN 𝔼𝟑  

In this section, we get results and characterizations about 

binormal surfaces of adjoint curves. 

Theorem 7. Let 𝛽 be adjoint curve of arc length 

parametrised curve 𝛾. Denote by 𝐈β and 𝐈𝐈β be the first 

and the second fundamental form of the binormal 

surfaces of 𝛽. Then the following states hold:  

 

𝐈𝛽     =     (1 + 𝑡2𝜅𝛾
2)𝑑𝑠2 + 𝑑𝑡2,

𝐈𝐈𝛽     =     
𝜅𝛾

′ 𝑡−𝜏𝛾(1+𝜅𝛾
2𝑡2)

√1+𝑡2𝜅𝛾
2

𝑑𝑠2 +
2𝜅𝛾

2

√1+𝑡2𝜅𝛾
2

𝑑𝑠𝑑𝑡. 

Proof. From Definition 5, the binormal surface of 𝛽 is 

written as 

 ϕ𝛽(𝑠, 𝑡) = 𝛽 + 𝑡𝐁𝛽 . 

Therefore, the following equalities are obtained: 

ϕ𝑠
𝛽

    =     𝑡𝜅𝛾𝐍𝛾 + 𝐁𝛾 ,

ϕ𝑠𝑠
𝛽

    =     −𝑡𝜅𝛾
2𝐓𝛾 + (𝑡𝜅𝛾

′ − 𝜏𝛾)𝐍𝛾 + 𝜅𝛾𝜏𝛾𝑡𝐁𝛾 ,

ϕ𝑡
𝛽

    =     𝐓𝛾 ,      ϕ𝑡𝑡
𝛽

= 0,      ϕ𝑠𝑡
𝛽

= 𝜅𝛾𝐍𝛾,

 

and, from the equalities, the unit standard normal vector 

field 𝑛𝛽 of surface ϕ𝛽 is found as  

 𝑛𝛽 =
ϕ𝑠

𝛽
×ϕ𝑡

𝛽

‖ϕ𝑠
𝛽

×ϕ𝑡
𝛽

‖
=

𝐍𝛾−𝑡𝜅𝛾𝐁𝛾

√1+𝑡2𝜅𝛾
2

. 

These equalities are obtained similarly for the binormal 

surface of 𝛾 curve. Then, from Theorem 2 and (2), we 

obtain  

 

𝐸𝛽 = 1 + 𝑡2𝜅𝛾
2,             𝐹𝛽 = 0,        𝐺𝛽 = 1,

𝑒𝛽 =
𝜅𝛾

′ 𝑡−𝜏𝛾(1+𝜅𝛾
2𝑡2)

√1+𝑡2𝜅𝛾
2

, 𝑓𝛽 =
𝜅𝛾

 

√1+𝑡2𝜅𝛾
2

, 𝑔𝛽 = 0.      (4) 

Hence, the first and the second fundamental forms of the 

binormal surfaces of 𝛽 are obtained as 

 

𝐈𝛽     =     (1 + 𝑡2𝜅𝛾
2)𝑑𝑠2 + 𝑑𝑡2,

𝐈𝐈𝛽     =     
𝜅𝛾

′ 𝑡−𝜏𝛾(1+𝜅𝛾
2𝑡2)

√1+𝑡2𝜅𝛾
2

𝑑𝑠2 +
2𝜅𝛾

 

√1+𝑡2𝜅𝛾
2

𝑑𝑠𝑑𝑡. 

Corollary 8. Let 𝛽 be adjoint curve of arc length 

parametrised curve 𝛾. Denote by 𝐻𝛽, 𝐾𝛽 be the mean and 

the Gaussian curvature of binormal surface of 𝛽, 

respectively. Then the following states hold: 

 

𝐾𝛽 =
−𝜅𝛾

2

(1+𝑡2𝜅𝛾
2)2 ,

𝐻𝛽 =
𝜅𝛾

′ 𝑡−𝜏𝛾(1+𝜅𝛾
2𝑡2)

√(1+𝑡2𝜅𝛾
2)3

.
                             (5) 

Proof. From equalities (4), we get 

 

𝐾𝛽     =     
𝑒𝛽𝑔𝛽−𝑓𝛽

2

𝐸𝛽𝐺𝛽−𝐹𝛽
2 =

−𝜅𝛾
2

(1+𝑡2𝜅𝛾
2)2 ,

𝐻𝛽     =     
𝐸𝛽𝑔𝛽−2𝐹𝛽𝑓𝛽+𝐺𝛽𝑒𝛽

2(𝐸𝛽𝐺𝛽−𝐹𝛽
2)

=
𝜅𝛾

′ 𝑡−𝜏𝛾(1+𝜅𝛾
2𝑡2)

2√(1+𝑡2𝜅𝛾
2)3

.
 

Theorem 9. Let 𝛽 be adjoint curve of arc length 

parametrised curve 𝛾. Then, the binormal surface of 𝛽 is 

minimal if and only if 

 𝜅𝛾
′ =

𝜏𝛾

𝑡
+ 𝜅𝛾

2𝜏𝛾𝑡.                                           (6) 

Proof. The proof is straightforwardly done with the help 

of Theorem 4 and Corollary 8. 

 

Theorem 10. Let 𝛽 be adjoint curve of arc length 

parametrised curve 𝛾. Then, the binormal surface of 𝛽 is 

a flat surface if and only if it has vanishing curvature of 

𝛾. 

Proof. From Theorem 3 and Corollary 8, the proof is 

plainly obtained. 

 

Corollary 11. Let 𝛽 be adjoint curve of arc length 

parametrised curve 𝛾. In this case, the following 

conditions are provided: 
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i. The binormal surface of 𝛽 is minimal if and only 

if  

𝜅𝛾 =
1

𝑡
tan (∫ 𝜏𝛾𝑑s + 𝑡𝑐), 

ii. Let the torsion of 𝛾 be constant. Then, the 

binormal surface of 𝛽 is minimal if and only if 

𝜅𝛾 =
1

𝑡
tan(𝜏𝛾s + 𝑡𝑐), 

iii. Let the curvature of 𝛾 be constant. Then, the 

binormal surface of 𝛽 is minimal if and only if 

it has vanishing the torsion of curve 𝛾, 

iv. Let the binormal surface of 𝛽 be flat. Then, the 

binormal surface of 𝛽 is minimal if and only if 

this surface is a plane. 

Here, 𝑐 is an integration constant. 

 

Proof. i. By solving the differential equation (6), we 

obtain  

𝜅𝛾 =
1

𝑡
tan (∫ 𝜏𝛾𝑑s + 𝑡𝑐). 

ii. Let the torsion of 𝛾 be constant. Similarly, we get 

𝜅𝛾 =
1

𝑡
tan (𝜏𝛾s + 𝑡𝑐). 

iii. Let the curvature of 𝛾 be constant and be the binormal 

surface of 𝛽 is minimal. From the equation (6), we get 

𝜏𝛾 (
1

𝑡
+ 𝜅𝛾

2𝑡) = 0, 

and, therefore it’s obtained 𝜏𝛾 = 0. Conversely, let be 

𝜏𝛾 = 0. Then, it is plainly seen that the binormal surface 

of 𝛽 is minimal. 

iv. Since the binormal surface of 𝛽 is flat, 𝜅𝛾 = 0. Let the 

binormal surface of 𝛽 be minimal. Then, from the 

equation (6), 𝜏𝛾 = 0. From Theorem 2, 𝜏𝛽 = 𝜅𝛽 = 0. 

Therefore the binormal surface of 𝛽 is a plane. 

Conversely, let the binormal surface of 𝛽 be a plane. 

Then it’s straightforwardly obtained 𝐻𝛽 = 0. Hence the 

binormal surface of 𝛽 is minimal. 

 

Theorem 12. Let 𝛽 be adjoint curve of arc length 

parametrised curve 𝛾. Then, the binormal surface of 𝛽 is 

a Weingarten surface if and only if 

2𝜅𝛾
3𝑡[(1 + 𝜅𝛾

2𝑡2)(𝑡𝜅𝛾
′′ − 2𝑡2𝜅𝛾𝜏𝛾𝜅𝛾

′ − 𝜏𝛾
′ 𝜅𝛾

2𝑡2 

−𝜏𝛾
′ ) − 3𝑡2𝜅𝛾𝜅𝛾

′ (𝑡𝜅𝛾
′ − 𝜏𝛾 − 𝜏𝛾𝜅𝛾

2𝑡2)] = (𝜅𝛾
′  

−2𝜅𝛾
′ 𝑡2𝜅𝛾

2 + 𝜏𝛾𝜅𝛾
4𝑡3 + 𝜏𝛾𝜅𝛾

4𝑡)(𝜅𝛾
′ 𝜅𝛾

2𝑡2 − 𝜅𝛾
′ ). 

Proof. From Definition 5, if the binormal surface of 𝛽 is 

a Weingarten surface, then 

(𝐻𝛽)𝑠(𝐾𝛽)𝑡 − (𝐻𝛽)𝑡(𝐾𝛽)𝑠 = 0. 

The result can be readily found by obtaining partial 

derivatives depending on the t and s parameters in the 

equation (6). 

 

Corollary 13. Let 𝛽 be adjoint curve of arc length 

parametrised curve 𝛾 and 𝜅𝛾 ≠ 0 be a constant. Then, the 

binormal surface of 𝛽 is a Weingarten surface if and only 

if the torsion of 𝛾 is constant. 

Proof. Let 𝛽 be adjoint curve of arc length parametrised 

curve 𝛾 and 𝜅𝛾 ≠ 0 be a constant. Let the binormal 

surface of 𝛽 be a Weingarten surface. Taking 𝜅𝛾
′ = 0 in 

Theorem 12, it is obtained 

2𝜅𝛾
3𝑡𝜏𝛾

′ (1 + 𝜅𝛾
2𝑡2)

2
= 0, 

and, hence 𝜏𝛾
′ = 0.  

 

Corollary 14. Let 𝛽 be adjoint curve of arc length 

parametrised curve 𝛾. Let 𝑘𝛽1
, 𝑘𝛽2

 be principal 

curvatures of binormal surfaces of 𝛽, respectively. Then 

the following expressions hold: 

𝑘𝛽1
=

𝜅𝛾
′ 𝑡 − 𝜏𝛾(1 + 𝜅𝛾

2𝑡2)

2√(1 + 𝑡2𝜅𝛾
2)3

+ √
(𝜅𝛾

′ 𝑡 − 𝜏𝛾(1 + 𝜅𝛾
2𝑡2))2 + 4𝜅𝛾

2(1 + 𝜅𝛾
2𝑡2)

4(1 + 𝑡2𝜅𝛾
2)3

,

𝑘𝛽2
=

𝜅𝛾
′ 𝑡 − 𝜏𝛾(1 + 𝜅𝛾

2𝑡2)

2√(1 + 𝑡2𝜅𝛾
2)3

− √
(𝜅𝛾

′ 𝑡 − 𝜏𝛾(1 + 𝜅𝛾
2𝑡2))2 + 4𝜅𝛾

2(1 + 𝜅𝛾
2𝑡2)

4(1 + 𝑡2𝜅𝛾
2)3

.

 

Proof. The proof is easily done with the aid of Corollary 

8. 

 

4. CONCLUSION 

In this study, after defining the geometric expression of a 

binormal surface generated by means of the adjoint of a 

curve, we gave certain characterizations for this surface. 

We determined the first and the second fundamental 

forms, the mean and the Gaussian curvatures, and 

principal curvatures for this binormal surface. In 

addition, we obtained some results by examining the 

cases of such a surface as a minimal, flat and Weingarten 

surface in a related way. 

Considering the place of associated curves and ruled 

surfaces in geometry and their contributions to physics 

and engineering, we predict that consequences of our 

investigation will contribute to future studies on this 

topic. In our next study, we intend to examine the 

relationship of a different associated curve sample with 

normal surfaces determined by the normal vector field.  
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