
 

38 (2022) 25-33 

Journal of New Theory 

https://dergipark.org.tr/en/pub/jnt 

Open Access 

 

Solutions of Fractional Kinetic Equations using the (𝒑, 𝒒; 𝓵)-Extended 𝝉-

Gauss Hypergeometric Function 

Umar Muhammad Abubakar1   

Article History 

Received: 19 Jan 2022 

Accepted: 28 Mar 2022 

Published: 31 Mar 2022 

10.53570/jnt.1060267 

Research Article 

Abstract − The main objective of this paper is to use the newly proposed (𝑝, 𝑞; ℓ)-extended beta 

function to introduce the (𝑝, 𝑞; ℓ)-extended 𝜏-Gauss hypergeometric and the (𝑝, 𝑞; ℓ)-extended 𝜏-

confluent hypergeometric functions with some of their properties, such as the Laplace-type and the 

Euler-type integral formulas. Another is to apply them to fractional kinetic equations that appear in 

astrophysics and physics using the Laplace transform method. 
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1. Introduction 

Recently, the applications of the special functions of mathematics have developed significantly in such fields 

as fractional calculus, approximation theory, mathematical physics, engineering, science and technology [1-

3]. One very interesting application area of special functions of mathematics is the extension of the standard 

kinetic equations by its integration [4] 

Λ(𝑡) − Λ0 = −𝑐𝜕 𝐷0 𝑡
−𝜕{Λ(𝑡)} (1) 

for any positive constant 𝑐, Λ(𝑡) represents the reaction rate, Λ0 represents Λ(𝑡) at 𝑡 = 0, and 𝐷0 𝑡
−𝜕 is the 

Riemann-Liouville fractional integral operator defined by 

𝐷0 𝑡
−𝜕{Λ(𝑡)} =

1

Γ(𝜕)
∫ (𝑡 − 𝑢)𝜕−1Λ(𝑢)𝑑𝑢,

𝑡

0

 (𝑅𝑒(𝜕) > 0, 𝑡 > 0) 

They [4] also give the following solution to equation (1): 

Λ(𝑡) = Λ0𝐸𝜕(−𝑐𝜕𝑡𝜕), (𝜕 ∈ ℝ+) 

Extensions, generalizations and different forms of equation (1) have been studied by Saxena et al., [5, 6] using 

functions of Wiman and Prabhakar [7-9], Khan et al., [10] studied the following fractional kinetic equations: 
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Λ(𝑡) − Λ0𝑡ℵ𝑅𝑝,𝑞
𝜏 (𝑎, 𝑏; 𝑐; 𝜓𝑡𝜕) = −𝜎𝜕 𝐷0 𝑡

−𝜕{Λ(𝑡)} (2) 

and  

Λ(𝑡) − Λ0𝑡ℵ𝑅𝑝,𝑞
𝜏 (𝑎, 𝑏; 𝑐; 𝜓𝑡𝜕) = − {∑ (

𝜅

𝜔
)

𝜔≥1

𝜎𝜕𝜔 𝐷0 𝑡
−𝜕𝜔} Λ(𝑡) (3) 

where 𝑅𝑝,𝑞
𝜏 (; ) is the (𝑝, 𝑞)-extended 𝜏-Gauss hypergeometric function [11]  

𝑅𝑝,𝑞
𝜏 (𝑎, 𝑏; 𝑐; 𝜓𝑡𝜕) = ∑(𝑎)𝕜

𝐵𝑝,𝑞(𝑏 + 𝕜𝜏, 𝑐 − 𝑏)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

𝑧𝕜

𝕜!
 

for all min{𝑅𝑒(𝑝), 𝑅𝑒(𝑞)} > 0, 𝜏 ≥ 0, ℓ ∈ ℝ+\{1}, 𝑅𝑒(𝑎) > 𝑅𝑒(𝑏) > 0, and  𝐵𝑝,𝑞(℘, ℑ) is the extended beta 

function defined by [12] 

𝐵𝑝,𝑞(℘, ℑ) = ∫ 𝑡℘−1(1 − 𝑡)ℑ−1 exp (−
𝑝

𝑡
−

𝑞

1 − 𝑡
) 𝑑𝑡

1

0

 

for all min{𝑅𝑒(𝑝), 𝑅𝑒(𝑞)} > 0,  min{𝑅𝑒(℘), 𝑅𝑒(ℑ)} > 0. 

Readers can refer to [13-20] for more generalizations and extensions of extended fractional kinetic equations. 

The main objective of this paper is to introduce the new the (𝑝, 𝑞; ℓ)-extended 𝜏-Gauss hypergeometric 

and 𝜏-confluent hypergeometric functions with some properties and their applications to fractional kinetic 

equations via the Laplace transforms methods. Furthermore, the resulting functions and equations can be 

reduced to well-known and perhaps new results. This paper is presented as follows: Section one is compressed 

with some preliminaries. In section 3, the (𝑝, 𝑞; ℓ)-extended 𝜏-hypergeometric functions and some of their 

properties have been discussed. In section 4, the solution of the fractional kinetic equations contains the 

(𝑝, 𝑞; ℓ)-extended 𝜏-Gauss hypergeometric and 𝜏-confluent hypergeometric functions. In section 5, include a 

conclusion.  

2. Preliminaries 

In this paper, the extended fractional kinetic equations will be studied by using the following (𝑝, 𝑞; ℓ)-extended 

𝜏-Gauss hypergeometric and 𝜏-confluent hypergeometric functions:  

Definition 2.1. The new (𝑝, 𝑞; ℓ)-extended 𝜏-Gauss hypergeometric function is  

𝑅𝑝,𝑞
𝜏;𝜙,𝜑(𝑎, 𝑏; 𝑐; 𝑧; ℓ) = ∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

𝑧𝕜

𝕜!
 (4) 

for all min{𝑅𝑒(𝑝), 𝑅𝑒(𝑞)} > 0,  min{𝑅𝑒(𝜙), 𝑅𝑒(𝜑)} > 0, 𝜏 ≥ 0, ℓ ∈ ℝ+\{1}, 𝑅𝑒(𝑎) > 𝑅𝑒(𝑏) > 0. 

Definition 2.2. The new (𝑝, 𝑞; ℓ)-extended (𝑝, 𝑞; ℓ)-confluent hypergeometric function is 

Φ𝑝,𝑞
𝜏;𝜙,𝜑(𝑏; 𝑐; 𝑧; ℓ) = ∑

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

𝑧𝕜

𝕜!
 (5) 

for all min{𝑅𝑒(𝑝), 𝑅𝑒(𝑞)} > 0,  min{𝑅𝑒(𝜙), 𝑅𝑒(𝜑)} > 0, 𝜏 ≥ 0, ℓ ∈ ℝ+\{1}, 𝑅𝑒(𝑎) > 𝑅𝑒(𝑏) > 0, and 

𝐵𝑝,𝑞
𝜙,𝜑(℘, ℑ; ℓ) is the extended beta function proposed in [21]  

𝐵𝑝,𝑞
𝜙,𝜑(℘, ℑ; ℓ) = ∫ 𝑡℘−1(1 − 𝑡)ℑ−1ℓ

(−
𝑝

𝑡𝜙−
𝑞

(1−𝑡)𝜑)
𝑑𝑡

1

0

 (6) 

for all min{𝑅𝑒(𝑝), 𝑅𝑒(𝑞)} > 0,  min{𝑅𝑒(℘), 𝑅𝑒(ℑ)} > 0, 𝜏 ≥ 0, ℓ ∈ ℝ+\{1},  min{𝑅𝑒(℘), 𝑅𝑒(ℑ)} > 0. 
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3. The (𝒑, 𝒒; 𝓵)-Extended 𝝉- Hypergeometric Functions 

In this section, the integral representation of the (𝑝, 𝑞; ℓ)-extended 𝜏-Gauss hypergeometric and 𝜏-confluent 

hypergeometric functions are established in the following theorem:   

Theorem 3.1. The following Laplace-type integral formula holds: 

𝑅𝑝,𝑞
𝜏;𝜙,𝜑(𝑎, 𝑏; 𝑐; 𝑧; ℓ) =

1

Γ(𝑎)
∫ 𝑡𝑎−1 exp(−𝑡) Φ𝑝,𝑞

𝜏;𝜙,𝜑(𝑏; 𝑐; 𝑧; ℓ)𝑑𝑡
∞

0

 

 for all min{𝑅𝑒(𝑝), 𝑅𝑒(𝑞)} > 0,  min{𝑅𝑒(𝜙), 𝑅𝑒(𝜑)} > 0, 𝜏 ≥ 0, ℓ ∈ ℝ+\{1}, 𝑅𝑒(𝑎) > 0, 𝑅𝑒(𝑧) < 1. 

PROOF. Consider equation (4) and expansion of the pochhammer notation in [22] 

(𝑎)𝕜 =
1

Γ(𝑎)
∫ 𝑡𝑎+𝕜−1 exp(−𝑡) 𝑑𝑡

∞

0

 

gives 

𝑅𝑝,𝑞
𝜏;𝜙,𝜑(𝑎, 𝑏; 𝑐; 𝑧; ℓ) = ∑ {

1

Γ(𝑎)
∫ 𝑡𝑎+𝕜−1 exp(−𝑡) 𝑑𝑡

∞

0

}
𝐵𝑝,𝑞

𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

𝑧𝕜

𝕜! 
 

As a result of changing the order of integration and summation, 

𝑅𝑝,𝑞
𝜏;𝜙,𝜑(𝑎, 𝑏; 𝑐; 𝑧; ℓ) = 

1

Γ(𝑎)
∫ 𝑡𝑎−1 exp(−𝑡) {∑

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)

(𝑡𝑧)𝕜

𝕜! 
𝕜≥0

} 𝑑𝑡
∞

0

 

 = 
1

Γ(𝑎)
∫ 𝑡𝑎−1 exp(−𝑡) Φ𝑝,𝑞

𝜏;𝜙,𝜑(𝑏; 𝑐; 𝑧; ℓ)𝑑𝑡
∞

0

 

Theorem 3.2. The following Euler-type equality holds: 

𝑅𝑝,𝑞
𝜏;𝜙,𝜑(𝑎, 𝑏; 𝑐; 𝑧; ℓ) =

1

𝐵(𝑏, 𝑐 − 𝑏)
∫ 𝑡𝑎−1(1 − 𝑡)𝑐−𝑏−1(1 − 𝑡𝜏𝑧)−𝑎ℓ

(−
𝑝

𝑡𝜙−
𝑞

(1−𝑡)𝜑)
𝑑𝑡

1

0

 

for all min{𝑅𝑒(𝑝), 𝑅𝑒(𝑞)} > 0,  min{𝑅𝑒(𝜙), 𝑅𝑒(𝜑)} > 0, 𝜏 ≥ 0, ℓ ∈ ℝ+\{1}, 𝑅𝑒(𝑏) > 𝑅𝑒(𝑏) >

0, and |arg(1 − 𝑧)| < 𝜋. 

PROOF. Rewritten equation (4) in term of (𝑝, 𝑞; ℓ)-extended beta function in (6), yields 

𝑅𝑝,𝑞
𝜏;𝜙,𝜑(𝑎, 𝑏; 𝑐; 𝑧; ℓ) = ∑

(𝑎)𝕜

𝐵(𝑏, 𝑐 − 𝑏)
{∫ 𝑡𝑏+𝕜𝜏−1(1 − 𝑡)𝑐−𝑏−1(1 − 𝑡𝜏𝑧)−𝑎ℓ

(−
𝑝

𝑡𝜙−
𝑞

(1−𝑡)𝜑)
𝑑𝑡

1

0

}

𝕜≥0

𝑧𝕜

𝕜!
  

Changing the order of integration and summation will result in 

𝑅𝑝,𝑞
𝜏;𝜙,𝜑(𝑎, 𝑏; 𝑐; 𝑧; ℓ) = 

1

𝐵(𝑏, 𝑐 − 𝑏)
∫ 𝑡𝑏−1(1 − 𝑡)𝑐−𝑏−1ℓ

(−
𝑝

𝑡𝜙−
𝑞

(1−𝑡)𝜑)
{∑(𝑎)𝕜

(𝑡𝑧)𝕜

𝕜! 
𝕜≥0

} 𝑑𝑡
1

0

 

 = 
1

𝐵(𝑏, 𝑐 − 𝑏)
∫ 𝑡𝑎−1(1 − 𝑡)𝑐−𝑏−1(1 − 𝑡𝜏𝑧)−𝑎ℓ

(−
𝑝

𝑡𝜙−
𝑞

(1−𝑡)𝜑)
𝑑𝑡

1

0

 

Considering equation (5), the following corollary can be obtained: 

Corollary 3.1. The following result is also holds true: 

Φ𝑝,𝑞
𝜏;𝜙,𝜑(𝑏; 𝑐; 𝑧; ℓ) =

1

𝐵(𝑏, 𝑐 − 𝑏)
∫ 𝑡𝑏−1(1 − 𝑡)𝑐−𝑏−1 exp(𝑡𝜏𝑧) ℓ

(−
𝑝

𝑡𝜙−
𝑞

(1−𝑡)𝜑)
𝑑𝑡

1

0

 

for all min{𝑅𝑒(𝑝), 𝑅𝑒(𝑞)} > 0,  min{𝑅𝑒(𝜙), 𝑅𝑒(𝜑)} > 0, 𝜏 ≥ 0, ℓ ∈ ℝ+\{1}, 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0.   
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4. Extended Fractional Kinetic Equations Solutions 

In this section, the applications of (𝑝, 𝑞; ℓ)-extended 𝜏-Gauss hypergeometric and 𝜏-confluent hypergeometric 

functions to extended fractional kinetic equations are established using the Laplace transform method in the 

following theorem:  

Theorem 4.1. The extended fractional kinetic equation 

Λ(𝑡) − Λ0𝑡ℵ𝑅𝑝,𝑞
𝜏;𝜙,𝜑

(𝑎, 𝑏; 𝑐; 𝜓𝑡𝜕; ℓ) = −𝜎𝜕 𝐷0 𝑡
−𝜕{Λ(𝑡)} (7) 

for all ℵ, 𝜕, 𝜎 ∈ ℝ+, 𝜓 ∈ ℂ with 𝛿 ≠ 𝜓, 𝜏 ∈ ℝ0
+; min{𝑅𝑒(𝑝), 𝑅𝑒(𝑞)} > 0,  min{𝑅𝑒(𝜙), 𝑅𝑒(𝜑)} > 0, 𝜏 ≥ 0,

ℓ ∈ ℝ+\{1}, 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0. 

Λ(𝑡) = Λ0𝑡ℵ−1 ∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

(𝜓𝑡𝜕)
𝕜

𝕜!
Γ(∂𝕜 + ℵ)E∂,∂𝕜+ℵ(−𝜎𝜕𝑡𝜕) 

is the solution. 

PROOF. Applying the Laplace transform [23] to equation (7), gives 

ℒ{Λ(𝑡); 𝑠} − Λ0ℒ {𝑡ℵ𝑅𝑝,𝑞
𝜏;𝜙,𝜑

(𝑎, 𝑏; 𝑐; 𝜓𝑡𝜕; ℓ); 𝑠} = −𝜎𝜕ℒ{ 𝐷0 𝑡
−𝜕{Λ(𝑡)}; 𝑠} 

Consider equation (4) and the Laplace transform of the Riemann-Liouville fractional integral [24] 

ℒ{ 𝐷0 𝑡
−𝜕{Λ(𝑡)}; 𝑠} = −𝑠𝜕ℒ{Λ(𝑡)} 

yields 

ℒ{Λ(𝑡); 𝑠} − Λ0 [∫ exp(−𝑠𝑡) {∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

(𝜓𝑡𝜕)
𝕜

𝕜!
} 𝑑𝑡

∞

0

] = −𝜎𝜕𝑠𝜕ℒ{Λ(𝑡)} 

When integration and summation are changed, it leads to 

ℒ{Λ(𝑡); 𝑠} = Λ0 ∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

𝜓𝕜

𝕜!
{∫ exp(−𝑠𝑡)𝑡∂𝕜+ℵ−1𝑑𝑡

∞

0

} {
1

1 + (𝜎𝑠−1)𝜕
} 

Using result [25] 

∫ exp(−𝑠𝑡)𝑡ℵ𝑑𝑡 =
Γ(ℵ + 1)

𝑠ℵ+1
 ,

∞

0

(𝑅𝑒(ℵ) > −1) 

gives  

ℒ{Λ(𝑡); 𝑠} = Λ0 ∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

𝜓𝕜

𝕜!

Γ(∂𝕜 + ℵ)

𝑠∂𝕜+ℵ
{

1

1 + (𝜎𝑠−1)𝜕
} 

Applying the geometric series expansion [26] 

1

1 + (𝜎𝑠−1)𝜕
= ∑(−1)𝜉𝜎𝜎𝜉

𝜉≥0

𝑠−𝜎𝜉 

leads to 

ℒ{Λ(𝑡); 𝑠} = Λ0 ∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

𝜓𝕜

𝕜!

Γ(∂𝕜 + ℵ)

𝑠∂𝕜+ℵ
∑(−1)𝜉𝜎𝜎𝜉

𝜉≥0

𝑠−𝜎𝜉 
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 = Λ0 ∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

𝜓𝕜

𝕜!
Γ(∂𝕜 + ℵ) ∑(−1)𝜉𝜎𝜎𝜉

𝜉≥0

𝑠−(𝜎𝜉+∂𝕜+ℵ) 

Using the inverse Laplace transform and the result in [25] 

ℒ−1{𝑠− ∂} =
𝑡∂−1

Γ(∂)
  

one may obtain 

Λ(𝑡) = Λ0 ∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

𝜓𝕜

𝕜!
Γ(∂𝕜 + ℵ) ∑

(−1)𝜉𝜎𝜕𝜉

Γ(𝜎𝜉 + ∂𝕜 + ℵ)
𝜉≥0

𝑡𝜕𝜉+∂𝕜+ℵ−1 

 = Λ0𝑡ℵ−1 ∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

(𝜓𝑡∂)
𝕜

𝕜!
Γ(∂𝕜 + ℵ) ∑

(−𝜎𝜕𝑡∂)
𝜉

𝜎𝜎𝜉

Γ(𝜎𝜉 + ∂𝕜 + ℵ)
𝜉≥0

 

 = Λ0𝑡ℵ−1 ∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

(𝜓𝑡𝜕)
𝕜

𝕜!
Γ(∂𝕜 + ℵ)E∂,∂𝕜+ℵ(−𝜎𝜕𝑡𝜕) 

Theorem 4.2. The extended fractional kinetic equation 

Λ(𝑡) − Λ0𝑡ℵ−1𝑅𝑝,𝑞
𝜏;𝜙,𝜑

(𝑎, 𝑏; 𝑐; 𝜓𝑡𝜕; ℓ) = − {∑ (
𝜅

𝜔
)

𝜔≥1

𝜎𝜕𝜔 𝐷0 𝑡
−𝜕𝜔} Λ(𝑡) (8) 

for all ℵ, 𝜕, 𝜎 ∈ ℝ+, 𝜓, 𝜅 ∈ ℂ with 𝛿 ≠ 𝜓, 𝜏 ∈ ℝ0
+; min{𝑅𝑒(𝑝), 𝑅𝑒(𝑞)} > 0,  min{𝑅𝑒(𝜙), 𝑅𝑒(𝜑)} > 0, 𝜏 ≥ 0,

ℓ ∈ ℝ+\{1}, 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0. 

Λ(𝑡) = Λ0𝑡ℵ−1 ∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

(𝜓𝑡𝜕)
𝕜

𝕜!
Γ(∂𝕜 + ℵ)E∂,∂𝕜+ℵ

κ (−𝜎𝜕𝑡𝜕) 

is the solution. 

PROOF. Applying the Laplace transform [23] to equation (8), gives 

ℒ{Λ(𝑡); 𝑠} − Λ0ℒ {𝑡ℵ−1𝑅𝑝,𝑞
𝜏;𝜙,𝜑

(𝑎, 𝑏; 𝑐; 𝜓𝑡𝜕; ℓ); 𝑠} = − ∑ (
𝜅

𝜔
)

𝜔≥1

𝜎𝜕𝜔ℒ{ 𝐷0 𝑡
−𝜕𝜔Λ(𝑡); 𝑠} 

Consider equation (4) and the Laplace transform of the Riemann-Liouville fractional integral [24] 

ℒ{ 𝐷0 𝑡
−𝜕{Λ(𝑡)}; 𝑠} = −𝑠𝜕ℒ{Λ(𝑡); 𝑠}, 

yields 

ℒ{Λ(𝑡); 𝑠} − Λ0 [∫ exp(−𝑠𝑡) {𝑡ℵ ∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

(𝜓𝑡𝜕)
𝕜

𝕜!
} 𝑑𝑡

∞

0

] = ∑ (
𝜅

𝜔
)

𝜔≥1

𝜎𝜕𝜔𝑠𝜕ℒ{Λ(𝑡); 𝑠} 

By reordering integral and summation, we get 

ℒ{Λ(𝑡); 𝑠} = Λ0 ∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

𝜓𝕜

𝕜!
{∫ exp(−𝑠𝑡)𝑡∂𝕜+ℵ−1𝑑𝑡

∞

0

} {
1

∑ (𝜅
𝜔)𝜔≥1 (𝜎𝑠−1)𝜕𝜔

} 

Using result [25] 

∫ exp(−𝑠𝑡)𝑡ℵ𝑑𝑡 =
Γ(ℵ + 1)

𝑠ℵ+1
 ,

∞

0

 (𝑅𝑒(ℵ) > −1) 

gives  
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ℒ{Λ(𝑡); 𝑠} = Λ0 ∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

𝜓𝕜

𝕜!

Γ(∂𝕜 + ℵ)

𝑠∂𝕜+ℵ
{

1

∑ (𝜅
𝜔)𝜔≥1 (𝜎𝑠−1)𝜕𝜔

} 

Applying the geometric series expansion in [27] 

∑ (
𝜅

𝜔
)

𝜔≥1

𝜎𝜕 = (1 + 𝑧)𝜅 , (𝜅 ∈ ℂ, |𝑧| < 1) 

leads to 

ℒ{Λ(𝑡); 𝑠} = Λ0 ∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

𝜓𝕜

𝕜!

Γ(∂𝕜 + ℵ)

𝑠∂𝕜+ℵ
(1 + 𝜎𝜕𝑠𝜕)

𝜅
 

Can be rewritten using [27] 

(1 − 𝑧)𝜅 = ∑
(𝜅)𝜔

𝜔!
𝑧𝜔,

𝜔≥0

(𝜅 ∈ ℂ, |𝑧| < 1) 

so that  

ℒ{Λ(𝑡); 𝑠} = Λ0 ∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

𝜓𝕜

𝕜!

Γ(∂𝕜 + ℵ)

𝑠∂𝕜+ℵ
{∑

(−1)𝜉(𝜅)𝜉

𝜉!
𝜉≥0

𝜎𝜕𝜉𝑠−(𝜎𝜉+∂𝕜+ℵ)} 

Using the inverse Laplace transform and the result in [25] 

ℒ−1{𝑠− ∂} =
𝑡∂−1

Γ(∂)
  

The following can be obtained: 

Λ(𝑡) = Λ0 ∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

𝜓𝕜

𝕜!
Γ(∂𝕜 + ℵ) {∑

(−1)𝜉𝜎𝜕𝜉(𝜅)𝜉

Γ(𝜕𝜉 + ∂𝕜 + ℵ)
𝜉≥0

𝑡

𝜉!

𝜕𝜉+∂𝕜+ℵ−1

} 

 = Λ0𝑡ℵ−1 ∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

𝜓𝕜

𝕜!
Γ(∂𝕜 + ℵ) {∑

(−1)𝜉𝜎𝜕𝜉(𝜅)𝜉

Γ(𝜕𝜉 + ∂𝕜 + ℵ)
𝜉≥0

(−𝜎𝜕𝑡𝜕)
𝜉

𝜉!
} 

 = Λ0𝑡ℵ−1 ∑(𝑎)𝕜

𝐵𝑝,𝑞
𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

(𝜓𝑡𝜕)
𝕜

𝕜!
Γ(∂𝕜 + ℵ)E∂,∂𝕜+ℵ

κ (−𝜎𝜕𝑡𝜕) 

Considering equations (5), (7), and (8), the following corollaries can be obtained:  

Corollary 4.1. The extended fractional kinetic equation 

Λ(𝑡) − Λ0𝑡ℵΦ𝑝,𝑞
𝜏;𝜙,𝜑

(𝑏; 𝑐; 𝜓𝑡𝜕; ℓ) = −𝜎𝜕 𝐷0 𝑡
−𝜕{Λ(𝑡)} 

for all ℵ, 𝜕, 𝜎 ∈ ℝ+, 𝜓 ∈ ℂ with 𝛿 ≠ 𝜓, 𝜏 ∈ ℝ0
+; min{𝑅𝑒(𝑝), 𝑅𝑒(𝑞)} > 0,  min{𝑅𝑒(𝜙), 𝑅𝑒(𝜑)} > 0, 𝜏 ≥ 0,

ℓ ∈ ℝ+\{1}, 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0. 

Λ(𝑡) = Λ0 ∑
𝐵𝑝,𝑞

𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

(𝜓𝑡𝜕)
𝕜

𝕜!
Γ(∂𝕜 + ℵ)E∂,∂𝕜+ℵ(−𝜎𝜕𝑡𝜕) 

is the solution. 

Corollary 4.2. The extended fractional kinetic equation 
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Λ(𝑡) − Λ0𝑡ℵ−1Φ𝑝,𝑞
𝜏;𝜙,𝜑

(𝑏; 𝑐; 𝜓𝑡𝜕; ℓ) = − {∑ (
𝜅

𝜔
)

𝜔≥1

𝜎𝜕𝜔 𝐷0 𝑡
−𝜕𝜔} Λ(𝑡) 

for all ℵ, 𝜕, 𝜎 ∈ ℝ+, 𝜓, 𝜅 ∈ ℂ with 𝛿 ≠ 𝜓, 𝜏 ∈ ℝ0
+; min{𝑅𝑒(𝑝), 𝑅𝑒(𝑞)} > 0,  min{𝑅𝑒(𝜙), 𝑅𝑒(𝜑)} > 0, 𝜏 ≥ 0,

ℓ ∈ ℝ+\{1}, 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0. 

Λ(𝑡) = Λ0𝑡ℵ−1 ∑
𝐵𝑝,𝑞

𝜙,𝜑(𝑏 + 𝕜𝜏, 𝑐 − 𝑏; ℓ)

𝐵(𝑏, 𝑐 − 𝑏)
𝕜≥0

(𝜓𝑡𝜕)
𝕜

𝕜!
Γ(∂𝕜 + ℵ)E∂,∂𝕜+ℵ

κ (−𝜎𝜕𝑡𝜕) 

is the solution. 

5. Conclusion 

The new (𝑝, 𝑞; ℓ)-extended 𝜏-Gauss hypergeometric and (𝑝, 𝑞; ℓ)-extended 𝜏-confluent hypergeometric 

functions are defined by using the (𝑝, 𝑞; ℓ)-extended beta function in [21] with some of their properties such 

as integral formulas and their application to the solutions of extended fractional kinetic equations. If the 

parameters of these newly established functions and equations are appropriately substituted, a number of works 

already established in the literature are obtained, for example: if ℓ = 𝑒  and 𝜙 = 𝜑 = 1, then the results of 

Khan et al., [10] and Parmar et al., [11]; by setting ℓ = 𝑒,
,
 𝜙 = 𝜑 = 1 ,and 𝜏 = 1, the extended Gauss 

hypergeometric and confluent hypergeometric functions presented by Choi et al., [12] will be obtained; by 

setting ℓ = 𝑒,
,
 𝜙 = 𝜑 = 1 and 𝑝 = 𝑞 = 0, the proposed results will be returned to Virchenko et al., [28] and 

Virchenko [29]; the substituting ℓ = 𝑒,
,
 𝜙 = 𝜑 = 1, 𝜏 = 1and 𝑝 = 𝑞 leads to the results of Chaudhry et al., 

[30, 31]; finally, by taking ℓ = 𝑒,
,
 𝜙 = 𝜑 = 1, 𝜏 = 1, and 𝑝 = 𝑞 = 1, the results under discussion will naturally 

return to the classical results. The extended kinetic equations are expected to have potential applications in 

nuclear energy, nuclear physics, astrophysics and other related fields. Furthermore, the functions under 

discussion can be used to study fractional integrals and derivatives such as the Riemann-Liouville, Caputo, 

Eydilyi-kober, Saigo, Merichev-Saigo-Maide and the Caputo-type Merichev-Saigo-Maide.  
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