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Abstract: Oscillation theory is one of the important and striking subjects of applied
mathematics. Therefore, it has been meticulously studied by many researchers for many
years. Many results have been obtained concerning the oscillation of differential
equations of various orders. Some of the oscillation criteria obtained are related to fourth
order differential equations. In this study, new oscillation criteria are given for a special
type of fourth order differential equation. The importance of these criteria is due to the
fact that the known results are expanded and have not been used before.

Doérdiinci Mertebeden Diferensiyel Denklemler icin Salinim Kriterleri

Anahtar Kelimeler Oz: Salinim teorisi, uygulamali matematigin dnemli ve ilgi cekici konularindan biridir. Bu
Saﬂhmrm ) nedenle bircok arastirmaci tarafindan uzun yillar yogun bir sekilde incelenmistir. Cesitli
D-ordunc-u mertebe, mertebeden diferensiyel denklemlerin salinimi ile ilgili bircok sonug elde edilmistir. Elde
Diferensiyel denklem edilen salinim kriterlerinin bir kismi doérdinct mertebeden diferensiyel denklemlerle
ilgilidir. Bu calismada dordinci mertebeden belirli tipteki diferensiyel denklemler icin
yeni salinim kriterleri verilmistir. Burada elde edilen kriterlerin énemi, bilinen sonuglarin
genisletilmis hali ve daha 6nce kullaniimamis olmasindan kaynaklanmaktadir.

*Corresponding Author, email: nagehan.kilinc@ahievran.edu.tr
1. Introduction

This paper concerns the oscillatory behaviour of solutions to a fourth order linear delay differential equation
(r(nx))" + g1 (O)x(1, (1)) =0,  t=1¢,>0. ®
The following properties are assumed to be provided during this study

(A} 1, 1, € C([ty,0), R) are positive and satisfy

© ds

(L) = fwi <o and m,(t,) = |,

to r1(s) to r5(s) ’

(4,) q, € C(Jty, ), R), q,(t) = 0 and does not vanish for all large t for this interval [t,, ) for some t, € [ty, ),

109


https://orcid.org/0000-0003-4008-925X
https://orcid.org/0000-0002-3495-0296

Oscillation Criteria for Fourth Order Differential Equations

(43) 1, (t) < t, im0 (t) = o0 such that T; € C1([ty, ), R) is a strictly increasing function.

Further, equation (1) is called delay differential equation, since ()<t

Define the operators

Lox=x, Lix =nrx', Lyx =1r,(rnx"), Lyx = (r,(ryx")")’, Lyx = (rp(x")")".
x is said to be a solution of (1); if function x four times continuously differentiable and satisfies equation (1) on [Ty, ©).
If a solution of (1) has no largest zero for all large t then this solution is termed oscillatory. Otherwise, a solution of (1)
is termed nonoscillatory. If all of the solutions of equation (1) are oscillates, (1) is called oscillatory.

Dzurina and Jadlovska[5] used the definition of property (4) in their work. The definition of property A is if any solution
x of (1) is either oscillatory or satisfies gim x(t) = 0. We can also see this in the results of Kiguradze’s work[6]. In place

of property (4), some researchers prefer to use that the equation is almost oscillatory. Dzurina and Jadlovska’s
conclusions[5] include new results obtained on property (4) and oscillation of the form

(r(ny)) + Oy (1) =0 )

third order delay differential equation. Research of the qualitative behavior of canonical third order differential equations
especially in point of oscillation and nonoscillation have been the main topic of wide research. And a lot of studies have
been done on this point. Among these studies we can refer [1-5].

In addition, the oscillation theory for higher order differential equations call attention of a great number of authors. Thus,
a lot of work have been conducted on the oscillation theory of higher order differential equations, especially the fourth
order, which we can refer to as reference [7-11].

In summary, we can say the following for our work: First of all, we will examine the applicability of the new criteria
obtained in [5] and the results of the oscillation of (2) to the fourth order differential equation in form (1), which we
have discussed.

[5] forms the basis of our ideas. However, we would like to point out that the results we will obtain in this paper are more
general and improved than those obtained in [5].

2. Material and Method

The whole of the functional inequalities used in our work are supposed to hold, which are satisfied for all large t. As usual,
we may consider solely not negative solutions of (1). We begin with the main lemma, which is used in our theorems.

Lemma 1. Let (4;) — (43) hold and x be a solution of equation (1) such that x(t) > 0. Then there are eight cases
for x:

Case
Case
Case
Case
Case
Case
Case
Case

a)x>0,Lix<0, L,x<0, Lyx <0, L,x <0,
b):x>0, Lix <0, Ly,x>0, Lyx <0, L,x <0,
c: x>0,Lx>0,L,x>0, Lyx >0, L,x <0,
d:x>0, Lix>0, L,x<0, Lyx <0, Lyx <0,
€:x>0,Lix>0, L,x<0, Lyx >0, L,x <0,
f): x>0, Lix>0, Ly,x >0, Lyx <0, L,x <0,
grx>0,Lix<0, L,x<0, Lyx >0, L,x <0,
h):x>0, Lix <0, L,x>0, Lyx >0, L,x <0,

—_— e~~~ —~ —~ —

fort > t; with sufficiently large t.

Proof. The proof is obvious and hence is neglected.
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At this time, we will build a new criterion for almost oscillatory, that is property (4) of (1).

Theorem 1. Let (4,)-(A3) hold. If

oo 1 Z1 1 S1 U

s)dsdu, |ds, |dz, = o, 3)
fr1(z1) fr2(51) ff‘h() ! ! !
to to to to

then all of the solutions of (1) are almost oscillatory.
Proof.

Firstly, we note that if both (4,) and (3) hold, then
oo S1 Up oo

f ! t[t[ q, (s)dsdu,ds; = fql (s)ds = oo. 4)

1, (s1)
to

to

If x is a not an oscillatory solution of (1) on [ty, o), fort = t; we gett; = t, such that x(t) > 0 and x(7,(t)) > 0.
From Lemma 1, eight possible cases may emerge for t > t;. Each of these cases will be taken into account individually.

Suppose that case (a) holds. As L;x < 0, we view that x is not increasing, namely, there is a constant m = 0 such that
lim;Lex(t) = m. Itis assert that m = 0. Vice versa, suppose that m > 0. So there is a t, = t; such that x(z,(t)) = m
fort > t,. Hence, fort > t,

—L,x(t) = q;(®)x(7,(t)) = mq,(t). (5)

Integrating (5) from t, to t twice, we acquire

t U1 t U1

—L,x(t) = —L,x(t,) +m j j q, (s)dsdu, =2 m j j q, (s)dsdu,.

ty t2 ty t2
Therefore

t U

m
CRICER j j 4: (5)dsdu;. ©)

Integrating (6) again from ¢, to t, we obtain

S1 U

t 1
rlr?t)frz(sl) ff‘h (s)dsdu, |ds;. %)

—x'(t) =

2 b2

Integrating (7) from t, to t and because of (3), we get

t 1 Z1 1 S1 Uy
x(t) < x(t —mf f ff s)dsdu, |ds; |dz; » —
® (t2) t (20 7,(51) ). q1 (s) 1 1 1
2 2 2 2

as t = oo, this contradicts with our assumption. So lim,_,x(t) = 0.

Suppose that case (b) exists. If proceeds same way with case (a), (5) is obtained. Integrating (5) from t, to t twice, we
get
t U

Lox(t) < —L,x(t,) — mf f q, (s)dsdu, » —0 as t-o »® (8)

ty tz
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we used (4), thus a contradiction is obtained and lim,_,,x(t) = 0.

Suppose that case (c) applies. So

Lyx(t)
—x(rl (t)) , t=t

is defined. Certainly, wy (t) > 0 for t > t,. By (1), we acquire

Lox(t) — Lyx(@©)x' (T, ()71 (2)

w, (t) =

MO=Tn® T 2m0)
L,x(t) _
> ey 0) " —q,(0).

If the integral taken from t, to t and using equality (4), we attain
wi(t) Swi(t) = f a (s)ds » =0 as oo,

which contradicts with wy (t) > 0.

Suppose that case (d) applies. Because of x is an increasing function, integration (1) from t; to t gives,
t
~)© 2 k [ 4y (s ©
ty

Integrating (9) from t; to t twice and using equality (4), we obtain
S1 U

- J J
s)dsdu, |ds; » —
7, (51) t q:1 (s) 1 1

t
nx'(t) <nx'(t) —k j
21

1 b

as t — o0, and this is a contradiction.

Proof of case (e) and case (f) are similar to proof of case (c) and case (b). Hence these cases are omitted.
Now, we suppose that case (g) applies. From (1), we acquire

—Lax(t) = :(O)x(7,(1)) = mqy (D). (10)

Integrating (10) from t, to t, we attain
t
Lx(0) < Lx(e) = m [ 4, (s)ds » —co
t2

as t — oo. Thus a contradiction is obtained and lim;_,,x(t) = 0.
Case (h) can be proved similar to case (g).

Hence, the proof is complete.
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3. Results

Theorem 2. Assume (4,) — (43). If
t

Zq S1 Uuq
1 1
liminf f f f f s)dsdu, |ds; |dz >— (11)
t-o r1(2,) ,(51) @.() ! ! !
T1(8) to
and
t
limsu f f f f s)dsdz,;du,ds; > 1 12
t_wop 7. (s1) rz(u1)u q4 () 14U AS, (12)
71( 1721

then (1) is almost oscillatory.

Proof. Let x is not oscillatory solution of (1) on [t,, ). As usual, we may get a value of t; = t, such that x(t) > 0 and
x(t,(t)) > 0 fort > t;. At the time there exist eight possible cases (a)-(h), as Lemma 1. Let case (a) holds. If the integral
of equation (1) taken from t; to t with x is not increasing, we have

—Lsx(t) = —Lyx(ty) + f q1 ()x(71(s))ds = x(z,(1)) f g, (s)ds (13)
namely,
—(Lyx)'(t) = x(71(1)) f‘h (s)ds. (14)
If the integral of (14) taken from t; to t again, we acquire
—Lyx(t) + Lyx(ty) = fx (r1(wy)) j q, (s)dsdu, = x(t,(t)) f ]1 q, (s)dsdu,.

If the integral taken from t; to t, we attain

—Lx(t) = j%j j q, (s)dsdu,ds; (15)

1

S1 U

> x(74(1)) fr G, )f f q, (s)dsdu,ds;

or

S1 U

r(t) frz(sl)f f q1 (s)dsduydsy |x(z,(t)) < 0.

x'(t) +

But, by [6], condition (11) provides that this inequality have not a positive solution, this is a contradiction with our
primary supposition.

Suppose that case (b) applies. Integrating (1) from u, to t(> u,), twice and from the fact the monotony of x, we acquire

t

~Lx(© + Lx) 2 [ 2 @) [ @ dsds,

Uy Ui

and
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Ly ) = 0D f f 0 (s)dsds,

Uy Uy

Repeating the steps above, integrating from u, to t(> u,) twice, we attain

S1 x

x(uy) = x(t,(t)) fr1(21) f G0 f fql (s)dsdxds,dz,. (16)

Uy Uy

Substitute of u; = 7, (t) in (16), we get a contradiction with (12).
Pointing that (3) is required for the validation of (11), it pursue right away that cases (c)-(f) are not possible.

Suppose that case (g) holds. Integrating equation (1) from u, to t(> u,) and from the fact that the monotony of x we
get

t

Lyx(8) = Lyx(uy) = — f 41 (5)x (12 ())ds

Uy

namely
t
L) 2 50 @) [ 4, (6)ds
Uuq
Integrating again from u, to t; (t > u,), we have

L) 2 @) | [ a()asas,

Uz Uy

thatis

(L) () 2 5D j j a (5)dsds,

72 (t)
U Uy
Integrating again from u, to ¢t; (t > u,) twice, we acquire
S1 x
x(uy) = x(74(t f f ff s)dsdxds,dz,. a7n
( 1) ( 1( )) r]_(Z]_) Tz(Sl) ql( ) 1 1

Substitute of u; = 7, (t) in (17), this contradicts with (12).

Let case (h) holds. Integrating (1) from u, to t twice, we get

SCEOEELS f f  (5)dsds,

Ui U

Integrating the last inequality from u; to t; (t > u,), we gain

0=—-Lix(t)+ Lix(wy) = I% f f q, (s)dsds;dz,.

Uy
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Repeating the steps above, integration from u, to t; (t > u,;) once, we have inequality (17) and a contradiction with
(12). This situation is similar to the last part of the proof of the case (g). So the proof is completed.

Theorem 3. Let (4,) — (43). If
t S1 Uz

1
f f q, (s)dsdu,ds; > 1 (18)
to to

limsupr, (t)
t—oo ; 2 1)
0

and (12) hold, then equation (1) is oscillatory.

Proof. Let x is a not oscillatory solution of equation (1) on [ty, ©). As usual, for t = t; we may get t; > t, such that
x(t) >0 and x(r;(t)) >0 . At that time there are eight possible cases (a)-(h), as Lemma 1.
Suppose that case (a) applies. In that case

[oe]

1
x(t) = x(o0) — f lex(s)ds > —Lx(t)m, (t). (19)
t

Using the monotony of x and (19) in (15), we see that

t 1 S1 Up
—ththj—jj s)dsdu,ds
1%(t) ® 7, (51) q1 (s) 1451
t1 t1 t1
t 1 S1 U
Z—thntf jj s)dsdu,ds,.
dOLA) 7, (51) q1 () 1451
t1 t1 t1

If this inequality are taking limsup on both sides, and this contradicts with (18). The proof of case (b) keeps going in the
same way as the case of Theorem 4. To prove that cases (c)-(f) are not possible, pointing that (4) is required for the
validity of (18). The proof of the other cases keeps going in the same way as that of Theorem 2. Thus, the proof is
completed.

Example 1. We take account of the fourth order delay differential equation form of
t
((HGEHG) DR 2t3x(z) =0, t=>0, (20)

where ry (t) = t2,1,(t) = t3,q,(t) = 263,71, (t) < t,1im;L6T, (1) = 0.

And the equation (20) has the main assumptions (4;) — (43). Also condition (3), i.e.,

© 21 S1 U
11 ,

f—z f—3 fst dsdu, |ds, |dz; = o
Z1 S1

to to to to

is supplied and by Theorem 2, we infer from all of the solutions of Eq. (20) are almost oscillatory without any additional
requirement.

4, Discussion and Conclusion

In this paper, three theorem on oscillation for fourth order differential equations with noncanonical operators has been
obtained and an example has been given for intelligibility of the theorems. Furthermore, obviously in Theorem 2 any
nonoscillatory solution satisfies either case (a)-(b) or case (g)-(h) of Lemma 1. It has been shown that the oscillation results
given for third order noncanonical differential equations can be applied to fourth order differential equations.
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