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ABSTRACT. Let A and A be linear operators on a Banach space having compact resolvents, and let A, (A) and
Ae(A) (k = 1,2, ...) be the eigenvalues taken with their algebraic multiplicities of A and A, respectively. Under some
conditions, we derive a bound for the quantity

where 7 is taken over all permutations of the set of all positive integers. That quantity is called the matching optimal
distance between the eigenvalues of A and A. Applications of the obtained bound to matrix differential operators are
also discussed.
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1. INTRODUCTION

Let X be a Banach space with the unit operator / = Iy and norm ||.||. For a linear operator
B, o(B) denotes the spectrum, B~! is the inverse operator, R.(B) = (B — zI)™! (2 ¢ o(B)) is
the resolvent, || B|| is the operator norm, if B is bounded; B* is the adjoint operator, D(B) is the
domain and

d(B,z) := in(fB) |s —z|, z€C.
s€o

Throughout this paper, A and A are linear operators on A having compact resolvents. So A
and A can have root vectors and all their eigenspaces are finite dimensional.

Let A, (A) and A\, (A) (k = 1,2, ...) be the eigenvalues of A and A, respectively, enumerated
with their algebraic multiplicities taken into account. Introduce the following quantity (called
the matching optimal distance between the eigenvalues of A and A):

md(A, A) := inf slup |)\7T(i)(fi) — Xi(A)],

where 7 is taken over all permutations of the set of all positive integers.

Our definition of md (A, A) is a natural generalization of the well-known definition from the
perturbation theory of finite matrices [19, p. 167].

The present paper is devoted to estimating md(A, A). The perturbation theory of opera-
tors is very rich. The classical results are presented in the book [15], the recent results can be
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found in [1]-[5], [7, 8, 9], [11], [12, 13, 14, 18] and references, which are given therein, but to the
best of our knowledge, the matching optimal distance for infinite dimensional operators was
not investigated in the available literature although it is important for the localization of the
spectrum.

Below we suggest a bound for md(A, A) assuming that
(1.1) D(A) = D(A)and q := ||A — A < oc.

As a particular case, we consider a class of operators on the tensor product of a Hilbert space
and a finite dimensional one. We also discuss applications of our results to matrix differential
operators.

2. OPERATORS ON A BANACH SPACE

In the sequel, by Ax(A4) (k = 1,2,...), we denote the distinct eigenvalues of A and assume
that
[Ak(4) = Ai(A)]

inf > 0.
J#k;j,k=1,2,... 2

To(A) =

Since A has a compact resolvent, if o(A) does not contain limit points, one can wait that this
condition holds. If ¢(A) contains limit points, then r¢(A4) = 0.

Putr; := inf e 5 — 1,9, ..,
J

Qle,r)={z€C:|z—c|<r}, ceC,r>0
and
Cle,r):={2€C:|lz—c| =71}, ceC,r>0.
By 14 (A), we denote the algebraic multiplicity of each Ay (A).
Lemma 2.1. Let conditions (1.1) hold and for an integer j and a positive number 7; < r;, let

22) g sup [R.(A)] <1
2€C(3;(A).7))

Then, A has in Q(j\j (A), ;) eigenvalues whose total algebraic multiplicity is equal to v;(A).
Proof. This result is a particular case of the well-known one [15, Theorem IV.3.18]. a

Assume that
(2.3) [RA(A)]| < ¢(1/d(A, N)), forall A ¢ o(A),

where ¢(z) is a continuous monotonically increasing non-negative function of a non-negative
variable z, such that ¢(0) = 0 and ¢(c0) = cc.
Let conditions (1.1) and (2.3) hold, and let there be a positive number 7 < ry(A), such that

(24) qp(1/79) < 1.

Then, o(A) lies in the set U;i19<5\]‘ (A), 7). Indeed, assume that an eigenvalue X of A does not

belong to this set. Then for the eigenvalue 5\j (A) of Anearestto A\, we havet = [A— j\j (A)| > 7.
Thus

[R5 (A)]l < qo(1/t) < qe(1/70) < 1.
According to [15, Theorem IV.1.16], A & o(A). Hence, due to Lemma 2.1, we arrive at the
following result.
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Corollary 2.1. Let conditions (1.1) and (2.3) hold, and let there be a positive number 7y < ro(A),
such that inequality (2.4) is fulfilled. Then, o(A) lies in the set Uz Q(S\J (A), 7). Moreover, in each

QN (A),70) (5 =1,2,...) operator A has the eigenvalues, whose total algebraic multiplicity is equal to
vi(A), and therefore md (A, A) < #.

Denote by z(g) the unique positive root of the equation
25) 4é(1/2) = 1.
Theorem 2.1. Let conditions (1.1) and (2.3) hold, and let x(q) < ro(A). Then
o(A) € U, Q04,(A), 2(q)).
Moreover, the total algebraic multiplicity of the eigenz;alues of A, lying in each Q(\;( (A),z q) (j =
1,2,...) is equal to the algebraic multiplicity v;(A) of A;(A), and consequently md(A, A) < z(q).
Proof. Since ¢ is an increasing function, for any 7y € (x(gq), ro(A)), we have

qé(1/70) < qp(1/x(q)) = 1.

So, inequality (2.4) is fulfilled. Now, making use of Corollary 2.1, we arrive at the required
result. O

3. OPERATORS ON THE TENSOR PRODUCT OF A HILBERT SPACE AND A FINITE DIMENSIONAL
ONE

Throughout this section, € is a separable Hilbert space with a scalar product (.,.)¢ and the
norm ||.|l¢ = v/{.,.)e, C" is the n-dimensional complex Euclidean space with a scalar product
(.,.)n and the Euclidean norm ||.||,, = +/(.,.)n. Recall the definition of the tensor product
H = E R C" of £ and C™. To this end, consider the collection of all formal finite sums of the
form

u=>Y y;®h; (y; €& h; €C")

with the understanding that
Ayeh) =) @h=y@ ), (y+yp)@h=y@h+yh,

yQh+h)=yh+yhi, y,y1 €E&; h,hy € C*; X e C.

On that collection define the scalar product as
<h & Y, hl & yl)’H = <ya y1>5 <h7 h1>n7 Y,y S 57 ha hl S (Cn

and the cross norm is defined by ||.||% = v/(.,.)2. Then, H is the completion of the considered
collection in the norm ||.||. Besides, Iy, I¢ and I, are the unit operators in #,& and C”,
respectively. From the theory of tensor products, we need only elementary facts which can be
found in [6].

Note that the class of operators with compact resolvents is closed under taking the tensor
product.

Everywhere below M is an n x n-matrix and S is a normal operator on £ with a compact
resolvent. We will consider perturbations of the operator

(3.6) A=S®I,+Is ® M.
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Let A\y(M) (k = 1,...,m < n) be the distinct eigenvalues of M with the algebraic multiplicities
V(M) = (M) # S\J(M) (j # k) and 5\]-(5) (4 = 1,2,...) be the distinct eigenvalues of S with
multiplicities v;(5) :
§=2 (9P
j=1
where P; are the (mutually orthogonal and finite dimensional) eigen-projections of S. Since

Ie =Y P
k=1

we have
A=Y MSP @I, + MaIs =Y P @ (M(S)L, + M).
k=1 k=1
Hence
(A —zIy)~ ZP,@ (Ak(S) = 2)I,, + M)~
and therefore,
(37) (A —zIy) 7| = sup 1((Ak(S) = 2) I + M) ™.

Here and below, ||C|,, means the spectral matrix norm (the operator norm with respect to the
Euclidean vector norm) of a matrix C.
Any eigenvalue of A can be written as

Ajk(A) = Xi(S) + Ae(M), j=1,2.5k=1,...,m.
Assume that

7o(A) = Inf{[A;(S) + Ae(M) — Aj, () — A, (M)] :
(38) j #jl,k # kl;j;jl = 1,2,...;]€1,k =1, ,m} > 0.

Denote by || M|| ¢ the Frobenius norm of M : | M||r := (trace M*M)'/2. The following quantity
plays an essential role hereafter:

g(M) = [[|M]l% - Zwe ) A(M)P)H2.

The following properties of g(M) are checked in [10, Section 3.1]. If M is normal, then g(M) =
0. In addition,

(3.9) g(e™M + z2I,) = g(M), teR;z€ C
and

G2(M) < 2] My |3 (M; = (M — M*)/2i), and ¢2(M) < | M]3  |trace M?).
Due to [10, Theorem 3.2], for any n x n-matrix M, one has

k
g~ (M)
IIHSZVECW+1 [T
= VEIdMI(M,X)

This inequality is sharp: if M is normal, then g(M) = 0 and with 0° = 1 (3.10) is attained:
IRACM) | = 2

(3.10) [ Rx (M) Ago(M).
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According to (3.7) and (3.10),
1A = 2I30) "Ml < sup [[((A5(S) = 2) I + M) 7l

<

n—1 k
g~ (M) 5 ”
: Sljlka N TR Wi SR Al
But X
AL,z = 35(8)) = inf |2 = Aju(4)] = d(z, 4).
Thus
n—1 k
-1 g~ (M)
(3.11) 4= 2507 < 0 iy 2 # o)

So, we can take
n-l g k41
g"(M)x
ola) = 3 ST
- VH
Besides, equation (2.5) has the form

n—1

k
g (M)
B S|
I kZ:o Zk 1!
This equation is equivalent to the equation
n—1 f A
(312) Zn — q g ( ')Zn_k_l-
i V!

Now, Theorem 2.1 implies

Theorem 3.2. Let A be defined by (3.6), condition (3.8) hold and A be a closed operator on H satisfying
conditions (1.1). Let the unique positive root y(M, q) of (3.12) satisfy the inequality y(M, q) < ro(A),
where 1 (A) is defined by (3.8). Then, md(A, A) < y(4, q).

If M is normal, then g(M) = 0 and with 0° = 1, we have y(M, q) = g. Theorem 2.1 gives us
the inequality md(A, A) < ¢, provided ¢ < ro(A).

Now, let M be non-normal: g(M) # 0. Substitute z = g(M)w into (3.12). We obtain the
equation

n—1
1
(3.13) w = 2 kL
9(A) = VE!
Put
n—1 1
=
Due to [10, Lemma 3.17], the unique positive root wy of equation (3.13) satisfies the inequality
apn :
wo < { 9(A) o if gp, > g(A),
(gpn/9(A)) if qpn < g(A).

But y(A, q) = wog(A). This implies y(M, q) < n(M, q), where

qPn if gp,, > g(M),
M,q) = " Lo
n(M,q) { gy (M) (gpa)'/™ if qpn < g(M).
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Now, Theorem 3.2 yields

Corollary 3.2. Let A be defined by (3.6), condition (3.8) hold and A be a closed operator on H, such
that (1.1) holds. If, in addition, n(M, q) < ro(A), then md(A, A) < n(M, q).

Theorem 3.2 is based on the estimate (3.10). If M is diagonalizable, i.e. there is a nonsingular
matrix W, such that W—1MW is a normal matrix, then

IR < g5

where
= W [Wiln, A & o(M).
According to (3.7), we obtain

AA, )’ A o(A).

Equation (2.5) in the considered case takes the form gx/z = 1 and thus z(¢) = ¢x. So, if M is
diagonalizable, then Theorem 2.1 implies
(3.14) md (4, A) < gr provided gk < ro(A).

Some bounds for x can be found, in particular, in [10, p.105].

[EA(A)] <

4. DIFFERENTIAL OPERATORS WITH MATRIX COEFFICIENTS

Let L2 = L*([0,1],C") be the space of functions defined on [0, 1], with values in C" and the
scalar product

1
(R = /0 ((x), h(2))ndz, fihe L2

Let C(x) be an n x n-matrix continuously dependent on x. Consider the operators

- d?
and
d2

with a constant n x n-matrix M and the domain
D(A)=D(A) ={ueL?:u € L?: u(0)=u(l) =0}
For instance, one can take M = C(0) or M = fol C(z)dz. Clearly,
¢=A—A| < sup [|C(z) — M.
Here, | A — AHL% is the operator norm in L2 of A — A.

Wehave L2 = L?(0,1)®C", where L?(0, 1) is the standard complex space of scalar functions.
On D(S) = H(0,1),i.e. on

D(S) ={ue L*0,1):u" € L*(0,1): u(0) = u(1) =0},

puts := —%. Since A, (S) = 7252 (j = 1,2,...) with v;(S) = 1, 0(A) consists of the eigenvalues
Ajr(A) = 7252 + M\(M) (j = 1,2, ... ;k = 1,...,m), and the algebraic multiplicity of A (A) is
equal to v (M). Let

§(M) := inf{|x*(j* = j?) + M (M) = i, (M) :
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j 75.].1,]61 7é k;j,jl = 1,2,...;]{:, k1= 1,...,m} > 0.
Then, r9(A) = 6(M) > 0. Now, Corollary 3.2 yields

Corollary 4.3. Let A and A be defined by (4.16) and (4.15), §(M) > 0 and (M, q) < 6(M). Then,
md(A, A) < n(M,q).

In particular, from this corollary, it follows that

o U @ MON0),

provided n(M, q) < 6(M). If M is diagonalizable, then one can apply inequality (3.14).
For the recent results on the spectra of differential operators see, for instance, the works
[16, 17, 20] and the references given therein.

5. ELLIPTIC OPERATORS

Let w = [0,1]? and L?(w) be the space of complex-valued functions defined on w, with the
scalar product

1 1
UﬁhmgzéLAowW@wMM%fﬂGL%M-

Let ¢(x, y) be a complex continuous function and

o o
R::@—Faa—yz, 0<z,y<l,aeC.
Consider the operators A and A defined by
(5.17) (Af)(@,y) = (Rf)(@,y) + c(z,9) f(x,y)
and
(5.18) (Af)(@,y) = (Rf)(2,y) + cof (z,y), @,y € (0,1), f € D(A)

with a constant ¢y € C and the domain
D(A) = {u € L*(w) : Ru € L*(w) : u(0,y) = u(l,y) = u(z,0) = u(z,1) =0; 0 < z,y < 1}.
Clearly,
1= 4= Allz2) < suple(a,y) - col.

Here, ||A — A L2(w) is the operator norm in L*(w) of A — A. The eigenfunctions of A are
sin(rjz) sin(rky) and o(A) consists of the simple eigenvalues \;.(A) = 72(j2 + ak?) + co
(j,k=1,2,...). Assume that

O(R) = inf{|7*(j* + ak® — j? — ak})| : g1 # j. by # ks g ju K by = 1,2,..} > 0.

Then, ro(A) = §(R) > 0. For example, if a is imaginary, then §(R) > 37%(1 + |a|). Omitting
simple calculations, under consideration, we obtain

A=XD"Y 2 < .
4 =3z < 01

Now, Theorem 2.1 yields
Corollary 5.4. Let A and A be defined by (5.17) and (5.18), and 5(R)>q. Then, md(A, A) < q.

Similarly, making use of Corollary 3.2, one can consider elliptic operators with matrix coef-
ficients.
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