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1. INTRODUCTION

Let T,, be the family of all trigonometric polynomial of degree non greater than n and Cs,
the space of 2r-periodic continuous functions f with the norm || f|| = sup{|f(z)| : = € [-7, 7]}
We denote by C3 . the space of r-times continuously differentiable functions. For f € C3,  we
set D" f = f(1),

For f € Cy,, r € Nand t > 0, the modulus of smoothness of order r is defined by

arlfit) = sup 851, where Aff(0) = S0(-1)* (1) 7o+ b1
0<h<t o

For the approximation of continuous periodic functions several convolution operators have
been used. From the computational point of view, it is more useful to work with operators
defined discretely (they are given in terms of a finite family of values of the functions). Some
authors have employed Riemann sums to replace the integrals in the convolution by discrete
sums (see [1]).

For r € Nand k € Z, throughout the paper we set

2km
(r+1)

Tr ke =

The Dirichlet kernel is given by (see [3, p. 42])

B - _ sin((2n + 1)z/2) .
(1.1) D,(z)=1+2 ;cos(kx) = Sn(z/2) , x #2jm,j €L,
and D,,(z) =2n+ 1, x = 2jw, j € Z. We also set
1
D. = D
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106 J. Bustamante

for the normalized Dirichlet kernel. It follows from (1.1) that |D,,(z)| < 2n + 1 and equality
holds if z = 0. That is the reason why we prefer the normalization given by D, ().

For f € Cs, the interpolating polynomial of degree n at the equidistant points x4, i can be
written as

2n
(12) Lo(f.2) =Y Dnla — zon k) f(@2n.1)-
k=0

The operator L,, is a Riemann sum approximation of the partial sum of the Fourier series of f
given by
1 ™
Py f@&)Dp(z —t)dx.

—T

Notice thatfor0 < j < k < 2n

1 (G- k)
2n+ 1sin((j — k)w/(2n + 1))

Since for every i € N, D! (0) = 1, each operator

=0.

D’ﬂ(xQ’ﬂ,j T2n, k)

nz fa ZDZ — Ton,k f(xQn,k)a

interpolates the function f at the points x5, ;. It is clear that the new polynomials are of degree

m
non greater than ni. Moreover, if the real numbers a1, as, . .., a,, satisfy > a; = 1, then the
i=1

linear combination
(1.3) Mo (f, ) Zaz ni(f,)

provides an interpolation process. The operators M,,,, are useful when we want to approxi-
mate properties better than the one provided by L,, ;.
For instance, Kis and Vértesi studied in [9] the operators

K4n(fa IE) - 4L2n,3(f1 (E) - 3L2n,4(f7 x)v

while the arguments given by Saxena and Srivastava in [7] can be used to consider the opera-

tors
25 32 10
Sen(f, x) = 3 Lon, a(fx) - §L2n,5(f7 z) + §L2n,6(f7 z).
In [7] only a modification to non-periodic was included. Notice that, in both cases, the sum of
the coefficients is one. Thus, they are interpolating operators of the form (1.3).

It was proved in [9] that there exists a constant C such that, for each f € C2, and n € N,

(14 17 = Fan(F)] < O (1, ).

Another approach to improve the rate of convergence of a linear approximation process
considers iterative combinations. For instance, for a linear operator L : Cy, — T,,, we construct
the new operator

L(f) =2L(f) = I*(f),
where L?(f) = L(L(f)). But, for linear interpolation operators this approach is not useful. In

particular, if L,, is given by (1.2), then L2(f) = L,(f). We can avoid this inconvenience by
using other Riemann sums in the discretization of a convolution operator.
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Forn,m € Nand f € Ca, in this paper we study the polynomial operators defined by

mn

1
1.6 M, L L D
and
(17) A7) = 03 Foina )(D2(a = wan) + D@ = 2ans) )
k=0
where

(2n +1)3

Cn = (Tn2+Tn+2)(4n+1)

We will prove in Section 5 that

(1.8) 1Q3,(7) = 2Qun() + 11 < 1 (1, 2=,

There are some differences between (1.4) and (1.8). Our polynomials are of a lower degree and
the rate of convergence is given in terms of the second order modulus of smoothness, but we
need more nodes.

Since, for m € N, D] is an even trigonometric polynomial of degree nm, there are unique
real numbers g,, ,,(7), 0 < i < mn, such that

(1.9) Z On,m (%) cos(ix)

In particular, for 1 <14 < mn,
1 ™
(1.10) On.m(i) = — D) (x) cos(ix)dx.
™ —T
For our approach we need explicit expressions of the coefficients g,, (i) and g, 3(7), but only
for 0 < ¢ < n. This will be accomplished in Section 3. In Section 4 we study the behavior of
the operators (1.5) and (1.6) for polynomials of lower degree. The main results are presented in
Section 5. Finally, in the last section we investigate the case of approximation of non-periodic
functions.
A strong converse result, as well as the saturation class, will be given in the second part of
the paper.

2. AUXILIARY RESULTS
Recall that the Fejér kernel is defined by (see [3, p. 43])

- - k
Fo(z) = n+1ZDk(x) - 1+2Z(1— .
k=0 k=1
If sin(x/2) # 0, then

1 sin((n + 1)x/2)\2
(2.11) Fo(z) = (n+1) ( sin(x/2) > '

) cos(kx).
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For f € Cy, the associated Fejér operator is defined by

o) = o [ fa+ OF 0
Lemma2.1. Ifg € Ci_andn € N, then D(0,(f)) = o, (Df).

Proof. 1t is known that (see [3, Proposition 1.1.14]) if g € C2, and f € C3_, then f x g € C1_and
D(f*g) = (g*D(f)) u
The following quadrature formula is known.

Proposition 2.1. ([5,p. 20]) Ifv e R,n € Nand T € T,,, then

n

1 [ 1 et
— [ 1@yt = T( )
or ) T n+1k§ SR

If
(2.12) T(x) =ap + Z a; cos(jz) + b; sin(jx) ZA]
j=1 j=0

the conjugate of T"is given by T(z) = Z?zl( b; cos(jx) + a;sin(jz)). Simple equations related
with the conjugate polynomials are presented in Lemma 2.2.

Lemma 2.2. If T € T, is given by (2.12) and W = DT, then
DT =" jA;(T), DT == " j2A;(T),
j=1 Jj=1
DW = —-DXT) and  D(D2T)= D*T.
Lemma 2.3. Ifn € N, o, is the Fejér operator and T' € T,,, then

(I = o)T = ﬁ]ﬁ and DT = (n+ 1)(I — o) (DT).
Proof. The first equation is well known (for instance see [2]). For the second one we write
1 —_ ~

I—0,)(D?T) = D(D2T) = D3T,

(I =an)( ) (n+1) ( ) (n+1)
where we use Lemma 2.2. O
Theorem 2.1 (Stechkin, [8]). Ifr,n € Nand T € T,,, then

n T
. I < - T

(2.13) 10771 < (5gmtenry) 1447

forany h € (0,27 /n).

We will use the Stechkin theorem in a more convenient form for our purposes.
Proposition 2.2. Ifr,n € N, f € Cor,and T € T, then
(2.14) fHDTTII wr(f, Z) 1S =Tl

Proof. Tt follows directly from Theorem 2.1 with h = 7/n and the inequality |A}T| < 27||f —
T\ + [IARfII O
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We will use Proposition 2.2 in the case when T is the polynomial of the best approximation
for f in T,. It is known that, for every f € Cs, and n € Ny, there exists an unique polynomial
T € T, (called the polynomial of the best approximation) such that

Ea(f) = it |T. = fIl =T - fI|
Proposition 2.3. If f € Cor, T € T, and E,,(f) = || T — f||, then
2 TE
1027 < n?(Fewa(£. 7 ) + (),
i il (1T
|07 < n* (e (£, 2 ) + Eulf)),
and
~ 1 T
3 2 - z
ID°T) < 202+ 1) (g2 (1, 2) + Bul)-
Proof. It follows from Proposition 2.2 that
1 m
2 2(1L T
12T < 0 (Ja (£, 2) + Ea()
1 7r 1 m
4 4 = il 4(Z Z
10T < (g (£, 2 ) + Bulf)) < 0 (G2 (£, ) + ()
because w4 (f,t) < 4ws(f,t). The last inequality is a consequence of Lemma 2.3. In fact

ID*T|| = (n+ DI = o) (D*T)|| < 2(n + 1) D*T.

3. EXPANSION OF DIRICHLET KERNELS

Proposition 3.4. For eachn € N, one has

2n
D?(z)=2n+1+ 22(2n + 1 — k) cos(kx).
k=1

That is, 0 2(0) = 2n + 1 and 9, 2(j) =2(2n+ 1 — j), for 1 < j < 2n (see (1.9)).

Proof. The computation of D2 is simple, because taking into account (1.1) and (2.11) one has
(for sin(z/2) # 0)

D%(z)  sin®((2n+1)z/2) B n k
2n+1  (2n+1)sin®(z/2) Fon(z) =1+ 2; (1 T o+ 1) cos(kx).

For D} we need some preparatory computations.

Lemma 3.4. Foreachn,k € N,

n+k n—=k
> cos(iz) + > cos(iz), if 1<k<n
cos(kz)Dy(z) =< 1, =0

> cos(iz), if k>n.

i=k—n



110 J. Bustamante

Proof. If k < n,

cos(kx) Dy (x) = cos(kx) + 2 Z cos(kx) cos(jx)

= cos(kz) + Z(cos((k + j)x) + cos((k — j)x))
j;+k k—1 n—k

= cos(kx) + Z cos(ix) + Z cos(ix) + Z cos(ix)
i=k+1 i=1 =0

n+k

—E cosm —I—E coswc

If £ > n, then

n+k n
cos(kx)D Z cos(ix) Z cos((k — j)x)
J=1
n+k k—1 n+k
= Zcos ir) + Z cos(ix) = Z cos(ix)
i=k—n i=k—n

Proposition 3.5. If n € N, n > 3, and D3 is given as in (1.9), then
Qn,S(O) = 3’”’2 +3n+ ]-7

and
0n3(1) =2(3n? +3n+1—i?), for 1<i<n.

Proof. LetIl, : Ty, — T, be the projection given by (see (2.12))

In this proof (for a fixed n) we denote o(k) = 0, 2(k) and consider the expansion of D2 given
in Proposition 3.4. Hence

Dji(w) = (D2(2))Da(x) = (Y olk) cos(k) ) Da(a)
k=0
= 0(0)D,,(z) + D, (x) Z o(k) cos(kx) + Dy (2) Z o(k) cos(kx)

k=n-+1

For As(x) one has

1
/,w As(z)de = o

o(k) D, (z) cos(kx)dx

>eth |
k=1 ™
Zg(k:) /7T (cos(k::z: + QZCOS ix) cos(kx) ) Zg

k=1 - i=1 k=1
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and, for 1 < j < n, taking into account Lemma 3.4,

n+k:
/ As(x) cos(jx)d / Z ZCOS (iz) + Zcos (ix ) cos(jz)dz

T k=1
= 7/ (cos (jx) Y o(k) 4 cos(jx icos ix (nﬂg(k))dac
T —m k=1 i=0 k=1
Hence
:ig( +”21<” o(k —|—nzjg )COS]CB + cos(nx) ; o(k)
k=1 Jj=1 k=1 k=1 k=1
Forj =0,
%/” Ag()da = ;ﬂ/_: Dy () kil o(k) cos(kx)dz = 0,
and, for1 < j <n,
%/ﬂ As(z) cos(jx)dr = %/ﬂ (Dn(x) i o(k) cos(km)) cos(jx)dx
-7 - k=n+1
= %/W ( y g(k)( Tg:k cos(ix)))cos(]x)d
=T k=n+t1 i=k—n
= %/ﬂ (zn:cos(ix)( ni_:l Q(/f))) cos(jz)dx
T =1 k=n+1
:%/7T ( 5 Q(k)) cos? (jx)dx = "Zﬂ o(k).
A ] k=n+1
Hence
I, (A3)(z) = (3 Q(k)) cos(jz).
J=1  k=n+1
Therefore
D2 =3 o)+ 30 (3 otk S e+ 3 ok)) cos(j)
k=0 j=1 k=0 k=0 k=n+1
(200 + 3000+ 35 o) o)
k=1 k=n+1

=3n?+3n+1+ 2Z(Sn2 +3n 41— j%) cos(jz).
j=1
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4. THE OPERATORS M, 2, M3 AND POLYNOMIALS OF LOWER DEGREE

In order to proof the estimate announced in (1.8) we follow a method used in [2]. In parti-
cular, for T' € T, in Proposition 5.9 we will find a representation of @3, (T") in terms of the
some derivatives of the polynomials.

As Proposition 4.6 shows, the operators M, 2(f) reproduce the constant functions. But,
unfortunately, they are not uniformly bounded. Moreover, if we increase the number of points
of interpolation the result does not change. That is the reason why we consider only m = 3 for
the operators Q3.

Proposition 4.6. If m > 2, T € T, and M,y » is defined by (1.5), then

1

mDT(a:).

My o(T, ) = T(x) —

Proof. 1f T,, € Ty, then T,,D? € T3, and, taking into account Proposition 2.1, one has

mEn: T(xmn k) 2 1 /ﬂ 2 1 /ﬂ 2
—_ 7 D — = — T D — = — T D .
pare (mn+1) n(@ = T 2r J_ . n(t) Dy (@ — t)dt 27 J_ . n(@ + ) Dy ()t

If T is written as in (2.12), then

1 mn
T mn D2 - 4mn
(2n+1)(mn+1)k;0 @ k) D (2 = T k)

a 1 [T "1 /’T Aj(T, z) o
=—°% — [ D — | L2 os(jt)D
(2n+1) 27 /,W "(t)dH; or | g1 U Dbt
= ' i 2(2n + 1 — j) cos?(jt)dt
ao+z 5 2n+1 / (2n+ 1 — j) cos”(jt)d

1 = :
=ao + m;AJ(T,I)(Qn—F 1 —])

n

1) - gy 2 AT)

1 _
=T(x) — ——— DT
(@) = Gy DT,
where Proposition 3.4 and Lemma 2.2 were used. O

Proposition 4.7. If m > 3, T € T,,, and My,,, 3 is defined by (1.6), then

1

Mpyns(T,x) =T B —— e
3(T2) () + (Bn?2+3n+1)

DT (z).
Proof. Setu(n) = 3n®+3n+ 1. Asbefore, if T}, € T,,, then T,,D? € Ty, and, taking into account
Proposition 2.1, one has

T D kZ:oT(ifmn,k)Dn((L' Trn,de) = 5 /_F T (x +t) D2 (t)dt.
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If T is written as in (2.12), then

1 mn
m Z T(xmn,k)Di(x - xmn,k)
k=0

U S e N1 [T AT, z) R

Taking into account Proposition 3.5

T mn, mn
u(n)(mn + 1 Z (@) ~ Tmnk)
-Tx)(?m +3n+1-352) [T )
ASE 2
=ag + Z 5 [ﬂ 2 cos”(jt)dt
Jj=1
1 n
=ap + — Ai(T,z)(3n“+3n+1—j
0t 2 g § (o) )
=T(z) — b . 2A;(T,x) = T(z) + LD2T(;U)
= u(n) j:1j vl 9 - u(n) ?
here we use Lemma 2.2. O

5. MAIN RESULTS
In the first result of this section we estimate the norms of the operators.
Proposition 5.8. Ifn € N, Q)3,, is defined by (1.7) and f € Cay, then
1@an (NI < [I£1

and

193, (f) = 2Qsn () + fIl < 4l f]-
Proof. Since |D,,(z)| < 1,1+ D,(z) > 0. Therefore
D2 (x) 4+ D2 (z) = D2 (z)(1 + Dp(z)) > 0.

It is sufficient to verify that an is a positive operator. Moreover

Qsn(f,xz) =Cy Zf Tan k) (D2 (Tan,) + D2 (2 — Tank))

(2n+1)
(7n2+7n—|—2 )(4n + 1) me"k (@ = an)

4n

Z F(@an k) D (& — Tan 1))

(3n% +3n+1)
(Tn? 4+ Tn + 2)

1
(7n2 +7n+2)(4n +1)
o (2n+1)?
C(Tn24+Tn+2)
It follows from Propositions 4.6 and 4.7 that
Qs (L) = (2n +1)? (3n®+3n+1)
nit (Tn2+Tn+2) (Tn?2+Tn+2)

Myn o (f, ) + Mun 3(f, ).
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If f € Con and z € [—7, 7), then

|Qan(f,2)] < [[f11@3n (1, 2) = [ f]]

The second assertion is a simple consequence of the first one. O

Proposition 5.9. If n € N, Q3,, is defined by (1.7) and T € T,,, then

—(2n + 1)2D2T — 2(2n + 1)D3T + DAT

2
T—-2Q3,T+T =

Proof. 1t follows from Propositions 4.6 and 4.7 that (we set u(n) = 3n®+3n+1v(n) = Tn?+7n+2
and W = DT)

Q3T = WMALnQT + W
(2n +1)2 1 ~ (3n? +3n+1)
(- ( )+

v(n) 2n+1) v(n)

My, 3T

1

(T + D2T>

1 2
(5.15) :T—i—m(D T (2n+1)W).

2n + 1)?
ng — MMM,Q (T—i—
v(n)

DT — (2n+ L)W u(n) DT — (2n+ L)W
v(n) ) + v(n) )

v(n)

WMM,Q (D1 - 2n+ )W) + Sy Mins (D21 = 20+ )W)

O (T Gy Cn oW D)
wn) (pop DT o Ly - Cr DDW
iy (DT + Sy~ @ W =)

Myp 3 (T +

= QSnT +

(recall D(l/ﬁ?) — D3T and DW = —D?2T)

_ 1o @2ntl) e (2nt+1) o (2n+1)°
_ngT—f—v(n)DT UQ(n)DT o) W 20) D*T

DT (2n+1)DT  (2n+1)?D*T  2@2n+1) 4= D'T
v(n) v(n) v?(n) v?(n) v3(n)
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Taking into account (5.15) we conclude that

D3T 2 1)~
(n+)DT

Q3a(T) = 2Qun(T) + T =T = Qsn(T) + v(n) v(n)

(2 +1)°D°T  2(2n+1)

D3 4+ — - _pir

v2(n) v2(n) 21)2 (n)
= _U(ln) (DQT —(2n+ 1)Df) + f(nj; _ (2:(:;)1)1)f
S P T D'
- Z?l(zj)DzT - 2(32(Z>1)D3f + v?}n) DT,

Theorem 5.2. Ifn € N (n > 3), Q3,, is defined by (1.7), and f € Ca,, then

1Q30(f) = 2Qun(F) + £l < 5Ea(f) +ws (£, ).

Proof. Fix f € Cs, and, foreachn € N, let T}, € T,, be the polynomial of the best approximation
for fin T,.
Ifweset M, (f) = Q3,(f)—2Qs,(f) and v(n) = Tn?+7n+2, taking into account Propositions
5.8,5.9, and 2.3 one has
[Mn(f) + fIl = 1My (f = Tn) + f = Tn + Mn(T0) + 1|

N | DAT|| + 2(2n + 1)||D3T|| + (2n + 1)2|| DT

< A4E,(f)

v2(n

< AB,(f) + n* +4n*(n + 1)(33(:)%1 n®(2n + 1) G“Q (f) %) L En(f))
app O (L) )

<A4E,(f) + ”2(14”2;;)4” +4) (%wz (1, %) + Eu()))

= 4B(7) + 2 (Gun (7. 5) + Bal)

<4E,(f)+ %(iw(f, ™)+ Ealf)) < 5E(f) +en(£. 7).

Remark 5.1. The term E,,(f) in Theorem 5.2 can be estimate as (see [6, Theorem 2.5])

En(f) < §W2<fv 2 )

-2 n+1

Therefore

616) Q) 2Qs0() + 7 < Den(f. 20 ) b (1) < 1n (1, 20,
2 n+1 n n+1
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6. APPROXIMATION OF NON-PERIODIC FUNCTIONS

Let C[—1, 1] the space of continuous functions f : [-1,1] — R provided with the sup norm
I fllcoc = sup{|f(z)|: = € [-1,1]}. In this section we follow a known procedure to pass from
approximation by trigonometric polynomials to approximation by algebraic polynomials (see
Proposition 6.10 below).

For f € C[-1,1] and z, h € [—1, 1] define

(Tnf)(2) = %(f(fvh + V=)A= 12)) + f(ah — VT =a?) (1= 1))
and
wh(f,t) = sup ||f —7uf]-
t<h<1
We also set

where P, be the family of all algebraic polynomial of degree not greater than n.
We introduce operators similar to @3, by setting

4n
R, (f,z) =C, Z f(cos Zan 1) (D2 (arccos T — Tap k) + D2 (arccos & — Tan 1))

for f € C[-1,1] and z € [— ,1]. Notice that D,,(arccosz — x4y ) can be written in terms of
the Chebyshev polynomials. Hence R3,,(f, x) is an algebraic polynomial of degree not greater
than 3n (see Proposition 6.10 below).

Theorem 6.3. Ifn € N (n > 3)and f € C[-1,1], then

|R2,(f) = 2Rsn(f) + f1| < 1407 (£, cos jﬁ)

Proof. Fix f € C[—1,1] and set F(t) = f(cost). It is known that (see [4, Lemma 3]), for ¢ €
[717 1]/

(6.17) wl'(f,t) = wo(F, arccost).
If x € [-1,1] and « = cost (0 < t < ), it follows from Theorem 5.2 and (6.17) that
|R§n(f7 $) - 2R3n(f7 l‘) + f(I)| = |R§n(fa COS t) - 2R3n(fa COS t) + f(COSt)|

= |Q3,(F,t) — 2Q3,(F,t) + F()]
< 14wy (F )
= 14wT( cos )

O
Remark 6.2. Here we only consider estimates in norm, pointwise estimates require another approach.

Remark 6.3. Let X*[—1,1] be the family of f € C[—1,1] for which there exists g € C[—1, 1] such that
i —f

h%lf H —h
If f € X1[—1,1], then wT (f,t) < C(1 — t) (see [4, Lemma 6]). Hence, for f € X1[-1,1],

2T 2072
1R3,(f) = 2Ran(f) + fIl < C(l TS 1) A CESIE

gH = 0.

oo
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The following result is known, but we include a proof for the benefit of the reader.

Proposition 6.10. For eachn,m € N, f € C[—1,1] and z € [—1, 1], the function

4n
Z f(cos xan i) D) (arccos & — Tan, i)
k=0

is an algebraic polynomial of degree not greater than mn.

Proof. For k € Ny, let Ty, (z) = cos(k arccos x) be the Chebyshev polynomial of degree k.
Since . .
D, (arccosz) =142 Z cos(karccosz) =1+ 2 Z Tk (x),
k=1 k=1
one has f(1)D]?(arccos x) is an algebraic polynomial.
For 1 < 4,k < 2n, we consider the trigonometric identities

2j(4n+1—Fk)m 2kjm
7 —co

cos(g _k) = Cos = cos = cos ;

(]x4n74n+1 k) dn+ 1 in+ 1 (x47z,]k)7
. . 2jkm .

Sin(jZan ant1—k) = —sin 1 = —sin &uap jk

and
oS j(arccos & — Tay i) + €08 j(arccos & — Tap ant+1—k)
=T;(z) ( cos(jTan k) + Cos(jx4n+1,k,k)) + sin(j arccos z) ( sin(jank) + sin(jx4n+1,k¢k))
=2cos(jTan,k) Tj(x),

to obtain

4an
Z f(cos xan 1) D) (arccos & — Tan k)
k=1
2n
= Z f(cos zan, 1) (D:?(arccosx — Tank) + D) (arccos z — x4n,4n+17k)>
k=1

2n mn

= flcoszan) > onm(j) ( cos(j(arccos & — Tan k))
k=1 j=0

+ cos(j(arccos x — $4n74n+1—k)))

2n mn
=2 f(coszank) Y 0nm(d) cos(jzan) Ty(x).
k=1 =0
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