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n-polinomal Ustel Tip GA-Konveks Fonksiyonlar icin Yeni integral Esitsizlikleri

Makale Bilgileri Oz: Bu calismada, n-polinomial iistel tip GA-konveks fonksiyonlar ad verilen
yeni bir konveks fonksiyon tipi tanitilmistir. Tanitilan bu fonksiyonlarin bazi
cebirsel ozellikleri belirlenmistir ve n-polinomal tip konveks fonksiyonlar i¢in
bazi yeni Hermite-Hadamard tipi integral esitsizlikleri kanitlanmigtir.
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1. Introduction

It is known that the theory of convexity has many practices in pure and applied mathematics and
plays an significant and principal role in the progress of various fields of engineering, financial
mathematics, economics and optimization. New classes of convex functions are still being defined by
researchers in recent years Gao et al. (2020). Integral inequalities are marvelous appliance for improving
many of properties of convexity. Practices of inequalities for convex functions still continue to increase
today, see Rashid et al. (2020). A significant class of convex functions, called GA-convex was
introduced by Niculescu (2000). Zhang et. al. (2013) obtained some Hermite-Hadamard type integral
inequalities for GA-convex functions. iscan and Turhan (2016) have gotten Hermite-Hadamard-Fejer
type inequalities for GA-convex functions using fractional integrals. Khurshid et. al. (2020) also
obtained new Hermite-Hadamard type integral inequalities for GA-convex functions using the
conformable fractional integrals. Iscan (2020) proved the Jensen—Mercer inequality for GA-convex
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functions. For some other papers in the literature on this topic, see (Awan et al., 2020a; Awan et al.,
2020b; Budak & Ozcelik, 2020; Butt et al., 2020a; Butt et al., 2020b; Chen et al., 2020; El-Marouf,
2018; Noor & Noor, 2020; Noor et al., 2020; Kadakal & Iscan, 2020; Toplu et al., 2020; Rashid et al,
2019).

2. Material and Methods

Niculescu (2000 and 2003), gave the new definition as follow:

Definition 1 A function w: 2 € R, = (0, ) — R is said to be GA-convex function on Q if

w(Y'8') < t0(v) + (1 - Dw(8) 1)

holds for all y,8 € Q and t € [0,1], where y*8'~" and tw(y) + (1 — T)w(8) are respectively the
weighted geometric mean of two positive numbers y and 6 and the weighted arithmetic mean of w(y)
and ©(5).

Definition 2 A non-negative function @: (0 — R is called n-polynomial convex, if

n n

1 . 1 .
oy +AL-DH < [1- A= Dem) + ;Z [1 - 7w () 2)
]:

j=1
holds for all y,6 € ,n € N and t € [0,1], see Gao et al. (2020).

Definition 3 A function w: Q < R\{0} — R is said to be exponentially GA-convex function,

forally,8 € Q and t € [0,1], Rashid et al. (2020).

Also note that for T = % in this definition, Jensen type exponentially GA-convex functions are
obtained.
e@G18) < %(ew(y) +e™®), (4)

forally,6 € Q.
Gao et. al. (2020) obtained a new type of Hermite-Hadamard inequality via n-polynomial
harmonically exponential type convexity.

Theorem 1 Let w: [n,6] = [0, ) be an n-polynomial harmonically exponential type convex
function. If @ € L;[n,c], then

n 2ng ns [S@) o) + 7). v ,
22:?:1(\/5—1)1"“7(77+g)Sg—nf77 e dy <[ - ]Z(e—Z)J. (5)

j=1
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3. Results

Definition 4 Let n € N. A function ®: Q < R\{0} — R is said to be n-polynomial exponential
type convex function, if

v . 1w .
oy +(1—-1)6) < ;Z ("= Do)+ ;Z (e - DIw(6),
J= j=1

(6)
forally,6 € Qand t € [0,1].

Definition 5 Letn € N. A function : Q c R\0 — R is called n-polynomial exponential type
GA-convex function, if

1% . 1% :
@y 78T < zz @ = Do@) + E.Z (" = Dw(d), )
j=1 1=

forally,6 € Qand t € [0,1].

Theorem 2 Let ©;, @,: Q2 € R\{0} — R and ©,, @, are n- polynomial exponential type GA-
convex functions, then @, + @, is n-polynomial exponential type GA-convex function.

Proof Let @, and @, are n-polynomial exponential type GA-convex function, then

(@, + @) (' 776 = @ (v 7T6T) + wr(yTTET)

n .

1% . 1% .
S NGREREAORESWAESIEAC
j=1 j=1

+
S|
INgb

. 1% .
@ = DI 4, ) (@ = Dmy (o)
Jj=1

Jj=1

1% . 1% .
= @ =D EmM w4 ) € = D [@i0) +@(6)]
Jj=1 j=1

1% . 1% .
= @ D@ @)+ ) (@~ D@+ w:)(6)
j=1

j=1

Theorem 3 Let m: Q < R\{0} = R. For non-negative real number k, kw is n—polynomial
exponential type GA-convex function.

Proof Let w is n—polynomial exponential type GA-convex function, then

1% . 1\ .
Fl) (6 S KE D (@ = 1m0 += ) (e = 1w, 9)]
=1

j=1

n

1 . 1w .
= ZZ (" — 1) kw(y) + ZZ (e — 1) ke (8)
Jj=1 j=1
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Y @ - Dtk Y (e~ 1) km) ).
j=1 j=1

SIr

Theorem 4 Let ;: Q < R\{0} — R be GA-convex function and @w,: R — R is n-polynomial
exponential type convex function, then ©, o w;: Q < R\{0} = R is n-polynomial exponential type

GA-convex function.

Proof
(@5 0 @) (Y 7767) = @y (wy (Y 7767))

< @0 (1 — Doy (y) + 1@,(5))

<

n ) 1 n i
Z (€' = Diw, (@ (1) + zz (" = 1))@ (@1(5))
=1 =

S|

S|

n ] 1 n .
Z € =D (@ o m)(¥) + ;Z (e* = 1)) (@; e w1)(9).
=1 =

In this part of the paper, the aim is to obtain a new version of the Hermite-Hadamard type
inequality via n-polynomial exponential type GA convexity.
Theorem 5 Let @: [, ] = R be a n-polynomial exponential type GA-convex function. If © €

L[n, ], then
nw(\/rf) 1 ‘w(y) (M) + @() = _
2%, (We—-1) =g - lnnjn s [f]; (e—2). ®)

Proof Since @ is n-polynomial exponential type GA-convex function, we have

1v . 1v .
R W G L W GREVLIO)
Jj=1 j=1

which lead to,
1% . 1% .
B(18) <) We-Da@)+ > (e- 1)
j=1 j=1

Settingy = n1~%6% and § = %5177 in above inequality, we obtain
1 N j 1-T ST TL1-T
a(/15) <5 ) (e = D@76 + @8 )]
j=1

Integrating with respect to = on [0,1], we get
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1 n
1 . 1 1
fw(\/%) dr < ;Z (Ve - 1)] U o ¢Ydr +f w(nfgl‘f)dr].
; = 0 0

Setting n*~%¢® = y and n%¢~* = § in the right side of the above inequality, we get

1% i1 Sw(y) <w(5)
S DEDAIED i | S+ [ TP,

’

noGfg) 1 fw(y) 4
23" (Ve—1) " Ing—Inn vy

which finishes the left side inequality. For the right side, replacement the variable of integration as y =
n*~787 and using definition of n-polynomial exponential type GA-convexity, we obtain

1 ICW(V)
In¢—1InnJ, vy

H1x . 1% .
</ l;; (e = DVa(n) + 5121 (e - 1)’w(c)‘ dr

1
dy = f @ ~¢")da
0

- wT(ln)jZ; fol (e'™" - 1)dr + ?Z fol (e" —1)/dr

@) + T\ .
= |—— ) (e-2),
[P o0)S
which finishes the proof.

Corollary 1 Setting n = 1 in Theorem-5 implies

oG _ 1 (3
2(e—1) = Ing — lnnj;7 Y dy < [w(n) + @w(¢)](e — 2). (9)

LemmalLetw: Q c R\{0} — R be a differentiable function. If @' € L[n, ¢], then the equality

ww(m)+ve(s) 2-v—-w 1 fc @w(y) ., Inp—Ing
2 + 2 w(ﬁ) In¢—Inn J, vy dy = 4
! 1T b 1T 1k 2T 2t
x| [A-v-mnz¢za'(nz¢z)+ (w—-1)nz¢z@w'(n 2 ¢2)]dr, (10)
0

holds for v, w € [0,1].

Proof Integrating by parts, we have

! 1T 14e 1ot 1T
f (1—V—T)772CZZU'(UZCZ)dT
0
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E N L S o i .
[(1—1/—1)117(172(;2) +fom(r]2(;2)dr].

lnn Ing

1-7 1+7T

Settingn 2 ¢ z = y in above integral, we get

w()’)
lnn [— var(§) — (1 =V (ng)] + G =0 )y dy.
Similarly,
! LS o
f (w =12 ¢z (n 2 CZ) dr
0
2-1 7y (1 1 2-T T
:7lnn_lnc[(a)—‘[)w(n2g2)0+j0 (rlzgz)d]
=L . .

Setting n 2 ¢z = y in above integral, we get

4 fﬁwm i
(Inn —Ing)? J, ¥

mn e 7@ ) = (L= )@ (/10)] +

=(n n In¢)

Adding both sides of the equalities and multiplying by , We obtain the requested result.

Theorem 6 Let m: Q c R\{0} - R be a differentiable function such that @’ € L[n,¢] and
v,w € [0,1]. If the function |@'|% is an n-polynomial exponential type GA-convex, then for p,q > 1

with1+l = 1, we have
P q

wo(m) +va(s) 2- ‘@(y)
| 2 + 2 (\/_) Ing — lnnL y dy
1 1
Inp —In¢ =2 , , 1 > , q o 1
= —— M@ I + To|@' (1) + Hy (Ts|lo" ()] + Tul@’ (9)19)9], (11)
where
1 +1 +1
A=)t P
= — — p =
H, fo [1—v—1|PdT — , (12)
1 +1 +1
(1—-w)P™ + wP
= —T|P =
H, J(.) |w — 7|Pdt ] : (13)
n
1 1 917 141 . j
Tl—;lz mzgz)i(er —1dr, (14)
=1
1 - 1 17 147
N U ERUCIER (15)
=1
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1 “ 2-T T

=;Zf (e - Dl (16)
1 = 2-T T

=;Zf (7% 66 - 1 an

Proof From Lemma 1, Holder’s inequality and n-polynomial exponential type GA-convexity
of |®'|4, we have

ww®m) +veo(s) 2-v

- Sw(y)
: () - mnf dy|

|4

Inn — Ing 1-T 1+t 1-T 1+t
<P j v = o T X a7 e

1 2-T T 2-T T
+f |(@ =Dz ¢z||w' (2 ¢2)|d7]
0

Inp —Ing  [* 1l 1t
<M 1a-v-opaot | 67
0 0

1 " 1-T . 1 - 14T , 1
GO EE =@+ (¢ - ]a'(9)ded
j=1 j=1

FU) 1@ = DPdrLf} (7 )% C Xy (7 — 1)’ ()l

I~ i
+;Z (e2 — 1|’ (¢)|")dr]9}
Jj=1

Inn —1Ing = ) . Lo 2 , , 1
=——7 (M@ I+ T|@' (1) + Hy (Ts|l@' ()] + Tul@’ (9)19)9],

which finishes the proof.

Corollary 2 Setting n = 1 in Theorem-6 implies

wo() +ve() 2-v—w ‘@)
| T o) - | =

Inn —Ing 1 1

< L[H”(Bllw (M1 + Bylwr' ()| + HE (Ba[ar’ ()] + By’ (6)[9)4], (18)

where
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1 1-7 147 1-7
B, = f T¢I T - 1dr, (19)
0
1 1-T 147 1+7T
B, = f M7 ETIET - 1, (20)
0
B f( FET - 1)d
= 2 c2)(e 2 — T,
3 S nzg (21)
1 2-T T T
B,=| (nz¢2)l(ez— 1)dr. (22)
0

Corollary 3 Choosing v = w in Theorem-6 implies

+ 1 (s
|v—w(n) > @) + (1 =v)w(ne) — Ing = lnnf w](/y) dy|
n

S T o )1 + Ty’ ()| + (Tala’ (I + Ty’ (€)[)7]
= 4 1 n 2 (Y 3 n 4 ¢ ) (23)

where H; = H, = H.

Corollary 4 Choosing v = w = 0 in Theorem-6 implies

1 )
G ~ o | Ty

Inn — Ing , , 1 , , 1
S ——[(Ml@' M1 + Tl@ (1D + (Ts|@’' M + Tylw'(¢)]9)]- (24)
4(p + 1)»

Corollary 5 Settingv = w = % in Theorem-6 implies

iORSON @(fng) 1 f@w(y) dy|
n

4 2 In¢ — Inn Y

Inn —1
< . —ng

< 7 [(Tilw' M + Tol@' (1D + (Ts]@' (M1 + Tulw’ (1)), (25)
8(p + )P

Corollary 6 Setting v = w = 1 in Theorem-6 implies

o) +@(5) 1 fw(y)
| 2 _lng—lnnj,7 14 dy
Inn — Ing g NS i N,
S ——=[(Ml@' MI? + Tal@' (1) + (Ts|@' (M| + Tulw' ()]1)9]. (26)
4(p+ 1P
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Theorem 7 Let m: Q < R\{0} —» R be a differentiable function such that @’ € L[n, ] and
v, w € [0,1]. If the function |®'|% is an n-polynomial exponential type GA-convex, then forp,q > 1

with 2+ 2 = 1, we have
P q

ww(m) +vw(§) 2 - ‘w(y)
| T S o)~ | Ty
Inn—In¢c 2 i 2 1
< =2 D] (T [w (DI + Tela' ()17 + D (T @' ()1 + Tyl ()17 (27)
where
1 1-T 1+7T
D= (rzce)rd — ()P 28
L= ) GrEgEydr = lnn)(c WP, (28)
1 2-T T
D,=| (zcr)rd P _ e 29
= [ 0F v = s s (e ) (29)
1 = 1 1-t .
T5=ZZI 1—v—1l9e s — 1)ldr, (30)
j=17°
1 - 1 147 .
T6=Z2f H—v—tiez —1)dr, (31)
=170
1 - 1 2-1 .
T7=;Zf lo—1|9 7 — 1)/dr, (32)
j=1"°
1 u 1 T )
T8=;Zf | = 7]9(ez — 1)/dr. (33)
j=1"°
Proof.
wom) +vwo(s) 2-— ‘w(y)
T S o) i | Ty
lnr) —lng 1 1-T 147
< T 10—y - o T 0T e

! 2=t 1 7 T
+ [ 1 = on T il (0 F 6Pl
0
]nn —]ng 1-T 147 1
ST{(f (= Eral 1a-v-ol
0
n n
1 1-T . 1 14T ) 1
XY (T =D I+ ) (e = Ve () )de]s
j=1 j=1

2-T T

1 1w 2t )
+( (TI 2 ¢2)Pdr)P[ j [(w—1)|7 X (;Z ez —D|a'm|?
=
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I~ .
+= 3" (e = 1) (6)|)de])
=1

1

1
Inn —Ing = , , 1 > , , 1
= ———[D; (Tsl@' M| + Ts|@w' ($)|)9 + D, (T;|w" ()| + Tg|w'(5)]7)4],

4

which completes the proof.

Corollary 7 Setting n = 1 in Theorem-7 implies

wo(n) +vo(g) 2-v

-—w 1 Sw(y)
T S o) ~ e | T

1

1
Inn —In¢ - g N 1 > o1 g 1
S ————[DyBsl@' M7 + Bgl@w'()|1)7 + D, (B7|w' (m)|? + Bg|w'(¢)[7)],

- 4
where

1 1-7 .
Bs =f [1—v—r1]|9e=2 —1)/ds,
0
1 147 '
B6=f [1—v—r1]|9e=2 —1)/ds,
0
1 2-T i
B, =j lw—t|9(e2 —1)/drs,
0

1 pe )
Bg = J |w —7]%(ez — 1)/ dr.
0

Corollary 8 Choosing v = w in Theorem-7 implies

@) + @ (s) fa(y)

1
T A=) ~ e [ P

Inn —1
 n —'ng

< —— DI (Gl I + Clo' (6)|)e

1

D2 (G5l )| + Gyl ()|,

where

1w [t 1-t )
Cl:_ZJ 11— 2v]i(e s — 1)dr,
ne

1w [t 147 .
Cz:‘Zf 11— 2v|i(e s —1)dr,
n&

(34)

(35)

(36)

37)

(38)

(39)

(40)

(41)
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n
1 1 2-T .
C3=—Zf lv—1|i(ez —1)/ds,
nj=1 0

L]
1 T .
c, =—Z v — 7]9(ez — 1)/ d.
n4e 4 0
J:

Corollary 9 Choosing v = w = 0 in Theorem-7 implies

1 e
) ~ o |

1

Inn—1Ing = i = g L g
< ———[D{(Cslm' M + Csla'(§)|)a + DL (C7lw ()" + Cglw (§)|)4],

- 4

where
1 L 1 41
Cs = —Z f (e —1)dr,
néd o
n
1 T
Co = lz f (7 —1)ds,
néd o
1w (!
2-T i
c, = —z f e —1)dr,
net o
1w (!
Co = —z J 4(ez — 1)/dx.
nj=1 o
Corollary 10 Choosing v = w = 3 in Theorem-7 implies
le(n)+ZU(c)+?D(\/%)_ 1 jcw(y) ay|
4 2 In¢ —Inn J, vy
Inn —1Ing = . , 1
< T[Dz (Colm" (M + Crolm’(9)]7)4],
where

1 v [t 2-1 .
@:EZL 11— 2tf9(e T - 1)/dx,
=1
1 v (! L
C“’ZEZL 11— 27]9(ez — 1)/dx.
j=

Corollary 11 Choosing v = w = 1 in Theorem-7 implies

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

(51)
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w(n) +w(¢) 1 ‘w(y)
| 2 TIng—1 ol
¢—InmJ), vy
Inp —Ing_ 3 , , LR , ) 1
< ——— [P} (Csl@' (I + Cel@' ()7 + D (Cusl@’ ()] + Cialw' ()17, (52)
where
1w (! 27 ,
Cn:;Zf 11—z —1)/dr, (53)
=170
1w (! c
ClZZ;Zf 11— 7]9ez — 1)/ dr, (54)
=10

and Cs, Cy is defined in Corollary 9.

4. Discussion and Conclusion

A new kind of convex function called the n-polynomial exponential type GA-convex function
is introduced and studied. It has been shown that the new type of n -polynomial exponential type GA-
convex function is more comprehensive than the known type of functions such as n -polynomial convex.
A new version of the Hermite-Hadamard type integral inequality is obtained for these functions. It is
aimed that these studies will continue in this way in the future.
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