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Abstract

In this article, we determine the best proximity point results for the Geraghty proximal contraction type
mappings in a more general space called the b, (s)-metric space, and prove the existence of the best proximity
point for such mappings which satisfy the RJ-property. We also derive some consequences as a justification
for the validity of the main result. The results presented here extend, generalize, and integrate many previous
results in the literature.
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1. Introduction

Banach in [7] proposed the important principle which plays a vital role in the advancement of fixed point
theory. In this work, he asserted that any contraction self-mapping defined on a complete metric space has
only one fixed point. Later, this principle has been generalized and extended in many aspects. Generalization
or an extension of the Banach contraction principle is to change the contraction conditions or change the
display space. Fifty years later, in 1973, Geraghty [17] became popular by generalizing Banach’s result by
modifying the contraction constant and replacing it with a function of certain defined properties. Also,
Geraghty contraction has been extended and generalized in different aspects in [10, 4] 18] 21]. All of the
above assertions are valid only for self-mapping.

In 1969, one of the most important generalization of Banach [7] contraction principle is presented by Fan
[15] which is known as best approximation theorem.

Theorem 1.1. [15] Let A be a nonempty compact convex subset of a normed linear space X and T : A — X
be a continuous function. Then there exists x € A such that ||v — Tz|| = d(Tx, A) = inf{||Tx —al| : a € A}.
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In recent studies, this fact has attracted the attention of several authors to deal with non self-mapping.
If NV # 0 and R # 0 are subsets of the metric space (M,d) and S : NN — R is a mapping, then
d(p,Sp) > 6(N,R) for all p € N. In the map S : N — R, if there is no solution for the equation
Sp = p, then the aim here is to find an element p € N which is an approximate solution that minimizes the
error 0(p, Sp), possibly d(p, Sp) = §(N,R). In case 6(p, Sp) = §(N,R), we call p is the best proximity point
of S, where §(N,R) = inf{d(p,q) : p € N,q € R}. In recent years, the idea of the best proximity point is
the area of attention for many authors in [1L 2 B [8 O] 26]. Geraghty contraction has also been extended to
the case of non self-mapping.

In this article, we look at a more general space and prove the best proximity point result for Geraghty
proximal contraction type.
2. Preliminaries

In this this study, R, and Z* represent all sets of non-negative real numbers and all sets of positive
integers respectively.

Consider the following notations and definitions. Let (M, d) be the metric space and let NV # () and
R # () are subsets of M.

M ={peN:ip,q) =5N,R) for some g€ R},
Ro:={qeR:6(p,q) =0WN,R) for some p € N'}.
Definition 2.1. [25]The mapping S : M — M is said to be a-admissible,
if a(p,q) > 1, then a(Sp, Sq) > 1,
provided that o : M x M — R is a function, where p and q are any points in M.

Definition 2.2. [22] The mapping S : M — M is called a triangular a-admissible, if for all p,q,r € M we
have

(1) S is a-admissible.
(17) a(p,q) > 1 and a(q,7) > 1 = a(p,r) > 1, provided that o : M x M — R is a function.

Definition 2.3. [20] Given that N # 0 and R # 0 are subsets of the metric space (M,d). Given o :
N x N — Ry is a function. The mapping S : N — R is said to be a—prozimal admissible

it ¢ o(u,Sp)=d6WN,R) then a(u,v)>1,

for all p,q,u,v € N.

Definition 2.4. [23] Given that N # 0 and R # 0 are subsets of the metric space (M,6) and o : N x
N — Ry be a function. A mapping S : N — R is called a triangular a-prozimal admissible if for all
P,q,%,P1,P2,U1,U2 € N7

a(p1,p2) > 1

(81)q 6(u1,Sp1) =0(N,R) = a(u1,uz) > 1,
d(ug, Sp2) = 6(N,R)

s G0l = =
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In 2016, Hamzehnejadi and Lashkaripour defined RJ-property.

Definition 2.5. [19] Given that N # () and R # () are subsets of the metric space (M,6) and S : N — R
be a mapping. For any sequence {p,} C N, S is said to have the RJ-property,

if ILm 5(pn+1,Spn) = 6(N,R) and ILm pn = p, then p € Np.

Definition 2.6. [11)] Let ) # M be a set and s > 1 is a real number. Suppose that for all p,q,r € M the
mapping § : M x M — Ry satisfies the following conditions:

(61) 6(p,q) =0

(02) 6(p,q) =0 <= p=gq.
(03) o(p,q) = 0(g,p)-

(51) 8(p,r) < s[8(p, q) + 8(q,7)] (b-triangular inequality).

If § satisfies conditions (01)-(04), then ¢ is known as b- metric on M. The couple (M, ) is named as b-metric
space.

After the introduction of the b-metric spaces, the generalized versions were introduced. These include
extended b-metric spaces, rectangular b-metric spaces, b, (s)-metric spaces, and more.

Definition 2.7. [16] Let ) # M is a set and s > 1 be a fized real number. Let 6 : M x M — Ry be a
mapping such that

(01) 6(p,q) =0(g;p) =0 < p=gq,
(02) 6(p.q) = d(q,p),
(03) 6(p,q) < s[d(p,7) + 0(r,t) + d(t,q)] (b-rectangular inequality),

for every p,q € M and distinct points r,t € M, each is different from p and q. In this case, § is called a
b-rectangular metric, and the pair (M, 0) is called a b-rectangular metric space.
1
In this paper, F; represents the class of all functions {5 : [0,00) — [0,-), s > 1 and lim sup S(h,) =
S n—o00
1
- = lim h, = 0}.
S n—o00

In the year 2017, Mitrovic and Radenovic [24] introduced a more general version of b-metric space called
by (s)-metric space.

Definition 2.8. [2]|] Let ) # M is a set. Let § : M x M — R be a mapping and v € Z*, s > 1 be a
constant such that

(61) 6(p,q) = 0(q,p) = 0 if and only if p = g,
(62) 6(p,q) = 3(q,p),
(03) d(p,q) < s[d(p,u1) + 0(ur,uz) + ... + 6(uy, q)] (by(s)-metric inequality),

for all p,q € M and all distinct points uy, ua, ...,u, € M, each is different from p and q, then we call (M, ?)
is the by(s)-metric space.
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Example 2.9. Gien that M = {(0, %) :n €42,3,4,5,...}},
We define 6 : M x M — Ry by
0 if h=t,
18\ ifh=2,t=3,0rif h=3t=2,
A ifhe{2,3,4},t € {5} or
if he{b},te{23,4},
3\ ifhe{2,3,4,5},t {6} or
§((0,3),(0,1)) = if h € {6},t € {2,3,4,5},
2\ ifhe{2,3,4,5,6},t e {7} or
if he{7},te{2,3,4,5,6},
3N ifhe{2,3,4,5,6,7},t € {8} or
if he{8},te€{2,3,4,5,6,7},
AN ifhortd{2,3,4,56,7,8},

where A € (0,00) is a constant.

Now,
5((0, %), (0, %)) — 18X < 2\ 4 3A 4+ 20+ g)\ + g)\]
= 200((0, 5), (0,2)) +5((0, £), (0, £) + (0, ), 0, 2))
1 1 1 1

Therefore, (M, 6) is a bs(2)-metric space.

Definition 2.10. (2] Let the couple (M, ) be the b,(s)-metric space, (py) the sequence of M, and p € M.
Then

(i) the sequence (pg) converges to p in (M,8) if for any v > 0 there is Ng = No(y) € ZT such that
d(pk,p) < v for all k > Ny and this fact is expressed as klim DL =D,
—00

(ii) the sequence (py) is Cauchy if for any v > 0 there is Ng = No(y) € Z+ such that 6(pg,p1) < v for all
k,l > Np,

(iii) (M, 9) is called complete b,(s)-metric space if any sequence {p,} of M converges to a point p € M as
n — 00.

Some of the recent fixed point results in b,(s) can be found on [4] [5 [6) 12 13] and references cited in
these papers.
In line with the definitions of the a-proximal admissible, the triangular a-proximal admissible and the RJ-
property in metric spaces, it is possible to define the same in b, (s)-metric spaces.

Definition 2.11. Given that N # () and R # () are subsets of the by(s) -metric space (M,0) and S: N — R
be a mapping. For any sequence {p,} C N, we call S has the RJ-property

if ILm 5(pr+1,Spn) = 6(N,R) and ILm pn = p, then p € Np.
Example 2.12. Given that M = {(0,2):n € {2,3,4,5,..}} U{(0,0)},

N={0,-):n€e{2,4,6,8,..}} U{(0,0)} =Ny and

S

R={(0,—):me{3,5,7,..}} = Ro.

3=
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We define 6 : M x M — Ry by

0 if h=t,
24 ifh=3%t=1% orif h=1t=1,
4 ifhef{} 1 i te{t}or
if he{ihte{s 5.1},
0((0,h),(0,1)) =4 3 ifhe {%fé,i,é}l,tlel{%l or
if he{shte{s 3150
P orne (bl bite () or
th € {%}ft € {%7 %7 %) %7 6}3
3 ifhorté¢{L} wheren=2,3,4,56,7.
Now,
1 1 5 5
- ) — < i
6((0,5):(0,3)) =24 <24 +3+ 5 + ]
1 1 1 1 1 1
1 1
Therefore, (M, 6) is a b3(2)-metric space.
Define S : N — R by S(0,0) = (0,%) and S(O,%) = (O,ﬁ) for alln > 1.
Let pp = {(0,5=)} C N for alln > 1.
lim 6((0, pn+1), (0, Spp)) = lim 6((0 ! ), (0 ! ) = 3 =06(WN,R).
n—00 ’ T n—00 2n 427" 7 2n+1 2 ’

and lim (0, %) = (0,0) € Ny. Therefore, S has RJ-property.

n—o0

In this study, we establish the notion of Geraghty proximal contraction type and prove the existence

of best proximity point for mappings which satisfy the RJ-property in b,(s) -metric spaces.

3. Main Results

Theorem 3.1. Let N # 0 and R # () be subsets of a by(s)- metric space(M,§) with a constant s > 1 and
a: N xN — Ry be a function. Let S : N — R is a mapping that has the RJ-property. Suppose we have

B € Fs such that the following conditions hold for all p,q,u,v € N.

5, Sp) = 6N, R)
() 5o, 5q) = SN ) }

= a(p,q)d(u,v) < B(L(p, ¢, u,v)) L(p, ¢, u,v),
where L(p’ q,u, U) = mar {6(]37 Q), 5(pa u)v 6((], ’U)}f

(i) S(Ny) is a subset of Ry and S is a triangular a—prozimal admissible,

(iii) if {pn} is a sequence of N such that a(pn,pnt1) > 1 for all n and p, — p € N as n — oo, then for

some sub-sequence {pn, } of {pn}, we have a(py,,p) > 1 for all k,

(iv) there are points po,p1 € N such that 6(p1, Spo) = (N, R) and a(po,p1) > 1.
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Then there exists a best proximity point for .S.
Proof. According to assumption (iv), there are points pg, p1 € N such that
d(p1, Spo) = 6(N,R) and a(po,p1) > 1. (2)

Since Spy € R, by the definition of Ny and from (2)), we have p; € Np. Since S(Ny) C Ro, we have Sp; € Ry.
Hence by definition of Ry, there exists an element ps € A such that

d(p2, Sp1) = 6(N, R). (3)
By triangular a-proximal admissibility of S, we obtain a(p1,p2) > 1. Continuing this process, we have that
8(prt1,Spn) = (N, R) and a(pp, pri1) > 1 (4)

for all n € Z* U {0}.
Therefore, for all n € Z*, we have

a(pnflapn) >1
(Pns SPn—1) = 5(N, R) (5)
(Pn+1, Spn) = 6(N, R).

[«

J

According to (1)), we have

8(Pns Pn+1) < a(Pr—1,Pn)0(Pn, Prt1)
< B(L(pn—lapmpnvpn+1))L(pn—1;pn7pnapn+1) (6)
1
< ;L(pnfbpnvpnapnle)v

where

L(pn—lapmpmpn—i-l) = max{é(pn_l,pn), 5(p”—1’p”)’ 5(pn,pn+1)}
= max{0(Pn—1,Pn), 6(Pn, Pny1)}- (7)

Suppose pp,—1 = Pn, for some ng € ZT. If possible, assume that pn, # pny+1-
According to () and (7), it follows that

6(Pngs Pro+1) < @(Prg—1,Png)0(Prg, Prg+1)
S B(L(pno—lvpno7pn07pn0+1))L(pno—17pn07pnoapn0+1)7 (8)
1
< ;L(pnoflapnmpnovpnoJrl)v

where

L(pno—bpnoapnovpno—‘rl) = max{é(pno—lapno)7 5(pn0—17pn0)> 5(pn07pn0+1)}
= 5(pno>pno+1)' (9)

From and @, we get
5(pnmpno+1) < 5(pn07pn0+1)'
This is a contradiction. Therefore, p,, = pny+1-

Hence ppy—1 = Pny = Pny+1 and so from , it follows that

6(pn07 Spno) = 6(pn0+17 Spno) = 6(N7 R)
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That is, py, is the best proximity point in the vicinity of S, which is the desired result.
Therefore, assume that p, 1 # p, for alln € Z™.

If max{6(pn—1,Pn):6(Pn:Pn+1)} = 6(Pn,Pn+1) in (7)), then according to (6) and since 8 € Fi, we get a
contradiction.

Therefore, max{4(pn—1,pn), (P, Pnt1)} = 6(Pn—1,pn). So, By @ and 7 we have

1
8(Pny Prt1) < ;5(pn—1,pn)) < 0(Pn—1,Pn)-
Thus

8(Pn,Pnt1) < 0(pn—1,pn) foralln e Z*.

Therefore,we can infer that {0(pn,pn+1)} is a non-increasing sequence of non-negative real numbers. So,
there is [ > 0 such that

lim 6(pn, 1) = 1. (10)

If possible, suppose that ¢ > 0. Therefor, if the upper limit is taken as n — oo in@, it becomes as follows:

1
t < lim sup 5(6(pn-1,Pn))t < 1. (11)
Hence it is clear that

L 1< 8(6 <1 12
5 S1< lim sup 5(0(pn—1,pn)) < - (12)

Since 3 € F, from (12), we get

. 1 .

Jimsup B(0(pp—1,pn)) = = = 0= lim 6(pn—1,pn) = t. (13)

This is a contradiction. Hence ¢t = 0

In the next step, we will show that {p,} is a b,(s)-Cauchy sequence.

Now, assuming the opposite, {p,} is not a b, (s)-Cauchy sequence. That is, lim §(pn,pm) # 0. Then there
n,Mm—00

is v > 0 and sub sequences {my} and {ny} of {p,} for which my > ny +v, ngx >k,

8(Pny,> Pmy) =Y (14)

and

S (Pry+v—1, Prmy—1) < - (15)
According to and b,(s) -metric inequality, we obtain
Y < 6Py, Pmy,) < S[0(Pny, Prgg+1) + 6 (Pryt1, Prg+2) + -
+ 0(Prg+v—1 Prg+v) + 6 (Prgtvs Py )+ (16)
Taking the upper limit as k — oo in , we get

i < lim sup §(Pny+v, Py )- (17)

S k—o0

By triangular a-proximal admissibility of S, we show that

a(Png+v—1sPmy—1) > 1 for my, > ny +v,ng > k. (18)
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By triangular a-proximal admissibility of S and if
a(pnkvpnk-i-l) > 17 Oé(pnk,pnk+2) > 17
we have &(pp,, Pn,+2) > 1. Hence by extending this process, follows. That is,
a(pnk-l—v—hpmk—l) Z 1 (19)
a(pmk—Qapmk—l) >1 = a(pnk-l-v—lapmk—l) > 1.
Now,
a(pnkﬂ,,l,pmk,l) >1
5(pnk+va Spnk+vfl) = 5(1\[? R) (20)
5(pmk7 Spmkfl) = 5(N7 R)
Hence according to , we have
5(pnk+u,Pmk) < a(pnk-i-v—lapmk—l)é(pnk—i-vapmk)
< /B(L(pnk-‘rv—l?pmk—hpnk-‘r’uvpmk))
L(pnk+v—17pmk—17pnk+v7pmk)
1
< gL(pnk+v71>pmk717pnk+v7pmk)? (21)
where
L(pnkJrvflapmkflapnkJrvapmk) = HlaX{5(pnk+U,1,pmk,1), 5(pnk+v717pnk+v)7
5(pmkflapmk)}'
Thus,
lim SupL(pnk—&-v—l7pmk—1apnk+v7pmk) = lim SupmaX{(s(pnk—i-v—lapmk—l)a
k—o0 k—o0
5(pnk+vflapnk+v)a 5(pmkflapmk)} § - (22)
Now, taking the upper limit as k — oo in , and using and , we obtain
Y . 1
= < lim sup B(L(pnkJrvflapmkflapnkJrvapmk))'y < =7, (23)
S k—o0 S
This implies that
1 . 1
- S lim SuPﬂ(L(pnk-i-v—hpmk—lapnk-i-mpmk)) S ) (24)
S k—o0 S
Since § € F; from , we get
lim L(pnk+v—17pmk—lypnk—&-v:pmk) = 0. (25)
k—o0
Therefore, {0(pn,+v—1,Pm,—1)} converges to 0 as k — oo.
Now, by using and b, (s) -metric inequality, we obtain
Y S 5(pnk>pmk> S S[é(pnkypnk—&—l) + 6<pnk+17pnk+2) + ...
+ 5(pnk+v—17pmk—1) + 5(pmk—17pmk)]- (26)
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Taking the limit as k — oo in (26)), we get
lim 6(pn,, Pm,) = 0. (27)
k—o00

This is a contradiction. Hence {p,,} is Cauchy.

From completeness of M, there is a point px € M such that p, — p* as n — oc.

Also, since S has the RJ-property, we obtain px € Ny. Since S(pg) C Ro, we have S(p*) € Rg. Therefore,
there ia a point ¢ € N such that

d(q, Spx) = 6(N,R). We now prove that px = q. Suppose px # q.

5(pnk+17 Q) S S[é(pnk-‘rlvpnk-l—Q) + ...+ 5<pnk+v—1;pnk+v) + (5(pnk+v7 Q)] (28)

Letting n — oo in (28)), we have

1

S0, q) < 6(px.q).

According to hypothesis (ii7), there is a sub-sequence {p,, } of {p,} such that a(p,,,px) > 1 for all k.
Since

(Pny,, px) > 1
5(pnk+17 Spnk) = 6(-/\/7 R)

5(q, Spx) = 6(N,R). (29)
From , it follows that
0 (Prg+1:9) < (P> P*)0 (P41, )
< B(L(pny, %, Pry+1,0))) L(Pny s P*, Pr15 9)
< %L(pnk,p*mnkﬂ,qx (30)

where L(pnk7p*7pnk+17 Q) = max{(s(pnkap*)7 5(pnk7pnk+1)7 6(])*7 Q)}

Hence
i L(pnk’p*’pnk+1’ q) = lim {maX{(S(pTLk7p*)75(pnk7pnk+1)7 (5(p*,Q)}}
k=00 k—o0
= 0(p*, q).
On letting k — oo on both sides of (30), we obtain
1 S(pr.q) _ . )
S = AP0 1
s L (S(p*7q) — k]'i)ngosupﬁ(‘[’(pnkup*7pnk+l,q)) =73

1
Therefore, klim sup S(L(pn,,, P*, Pny+1,9)) = —. That implies, by property of 3,
—00 S

d(p*,q) = Jim L(pny %, Prg+1,q) = 0.

Hence, §(p*,q)) = 0, that is, px = ¢, which contradicts the fact that px # g. Therefore, px = ¢q. Hence px is
the best proximity point of S. O

Theorem 3.2. In addition to the hypotheses of Theorem let us consider a condition (C): for all u,w €
Ps(N), where Ps(N) indicates the set of all best prozimity points of S, a(u,w) > 1.
Then there is only one best prozimity point for S.
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Proof. According to the proof of Theorem [3.1], the best proximity point exists. Here we show that this best
proximity point is one and only one. Assume the opposite. That is, consider two different points v and w in
such a way

d(u, Su) = (N, R)
d(w, Sw) = 6(N,R).

Hence, according to condition (C), a(u,w)} > 1.

Since
a(u,w) > 1
d(u, Su) = 5(N,R)
§(w, Sw) = 6(N,R). (31)

According to (1)), it follows that

O(u,w) < au,w)d(u, w)

1
< ﬁ(L(u,w,u,w)))L(u,w,u,w) < =L(u,w,u,w)
s
1 1
= max{d(u,w),d(u,u),d(w,w)} = gé(u,w).
This is a contradiction. Therefore, u = w. O

Corollary 3.3. Let N # () and R # () be subsets of a by,(s)- metric space(M,d) with a constant s > 1 and
a: N XN — Ry be a function. Let S : N — R is a mapping that has the R.J-property. Suppose that there

1
exists A € (0, g) such that for all p,q,u,v € N the following conditions hold:

5, Sp) = 6N, R)
() 5o, 5q) = SN ) }

= a(p,q)d(u,v) < AL(p, ¢, u, v), (32)
where L(p, ¢, u,v) = maz {5(p, q),6(p, u),(q,v)};
(ii) S(No) is a subset of Ry and S is a triangular a—prozimal admissible;

(iii) if {pn} is a sequence of N such that a(pyn,pnt1) > 1 for all n and p, — p € N as n — oo, then for
some sub-sequence {pn, } of {pn}, we have a(pp,,p) > 1 for all k;

(iv) there are points py and p1 in N such that 6(p1, Spo) = 6(N,R) and a(po,p1) > 1;
(v) for all u,w € Ps(N'), where Ps(N) indicates the set of all best prozimity points of S, a(u,w) > 1.
Then there is only one best prozimity point for S.

Corollary 3.4. Let N # () and R # () be subsets of a b,(s)- metric space(M, ) with a constant s > 1 and
a: N xN — Ry be a function. Let S : N — R is a mapping that has the R.J-property. Suppose that there
erists 8 € Fs such that for all p,q,u,v € N the following conditions hold:

5, Sp) = 6N, R)
(v) 5@,55):5(/\/,72) }

= a(p,q)d(u,v) < B((p,q))d(p, q) (33)
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(i) S(No) is a subset of Ro and S is a triangular a—prozimal admissible;

(iii) if {pn} is a sequence of N such that a(py,ppn+1) > 1 for all n and p, — p € N as n — oo, then for
some sub-sequence {pn, } of {pn}, we have a(pp,,p) > 1 for all k;

(iv) there are points py and p1 in N such that 6(p1, Spo) = 6(N,R) and a(po,p1) > 1;

(v) for all u,w € Ps(N'), where Ps(N) indicates the set of all best prozimity points of S, a(u,w) > 1.

Then there is only one best prozimity point for S.

IfM=N=R, we get §(N,R) =0. That is, u = Sp and v = Sq in Theorem Thus we have the

following fixed point results.

Corollary 3.5. Let M # 0 be a set and (M,d) be a by(s) metric space with a constant s > 1 and « :
M x M — [0,00) be a function. Let S : M x M is a self-mapping. Suppose that there exists § € Fs such

that for all p,q € M the following conditions hold:
(i) a(p,q)é(Sp, Sq) < B(L(p.a)) L(p, q),

where L(p, q) = maz {0(p, q),6(p, Sp), 6(q, Sq)};
(i) S is a triangular a— admissible;

(iii) if {pn} is a sequence of M such that a(pp,pp+1) > 1 for all n and p, — p € M as n — oo, then for
some sub-sequence {pn, } of {pn}, we have a(pp,,p) > 1 for all k;

(iv) there is a point py € M such that a(po, Spo) > 1;
(v) for all u,w € Fs(M), where Fs(M) indicates the set of all fixed points of S, a(u,w) > 1.

Then there is only one fized point for S.

Corollary 3.6. Let M # () be a set and (M,0) be a by(s) metric space with a constant s > 1 and « :
M x M — [0,00) be a function. Let S : M — M is a self- mapping. Suppose that there exists A € (0, g)
such that for all p,q € M the following conditions hold:

(i) a(p,q)é(Sp,Sq) < AL(p,q),

where L(p, q) = max{d(p, q), 6(p, Sp), (¢, Sq)};
(i) S is a triangular a— admissible;

(iii) if {pn} is a sequence for M such that a(py,pp+1) > 1 for all n and p, — p € M as n — oo, then for
some sub-sequence {pn, } of {pn}, we have a(pp,,p) > 1 for all k;

(iv) there is a point py € M such that a(po, Spo) > 1;
(v) for all u,w € Fs(M), where Fs(M) indicates the set of all fixed points of S, a(u,w) > 1.

Then there is only one fized point for S.

Corollary 3.7. Let M # ) be a set and (M,d) be a by(s) metric space with a constant s > 1 and « :
M x M — [0,00) be a function. Let S : M — M is a self-mapping. Suppose that there exists B € Fg such

that for all p,q € M the following conditions hold:

(i) a(p,q)0(Sp,Sq) < B(d(p,q)0(p; q);
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(ii) S is a triangular a— admissible;

(iii) if {pn} is a sequence in M such that a(pn,pn+1) > 1 for all n and p, — p € M as n — oo, then for

some sub-sequence {pn, } of {pn}, we have a(pp,,p) > 1 for all k;

(iv) there is a point py € M such that o(po, Spo) > 1;

(v) for all u,w € Fs(M), where Fs(M) indicates the set of all fized points of S, a(u,w) > 1

Then there is only one fized point for S.
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