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OZET

Bu ¢alismada 4-boyutlu Oklit uzay1 E* de karisik ¢arpim olarak nitelendirilen yeni
bir carpim yiizeyi tanimlanmistir. Bu tip yiizeylerin Gauss, ortalama ve normal
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ornekler verilmistir.
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ABSTRACT

In the present study we define a new kind of product surfaces namely mixed
products which are the product of two space curves in 4-dimensional Euclidean
space E*. We investigate the Gaussian curvature, Gaussian torsion and mean
curvature of these kind of surfaces. Further, we obtain some original results of
mixed product surfaces in E*. Finally, we give some examples of these kind of
surfaces.
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1. INTRODUCTION

In classical differential geometry the first and second fundamental
form provides an important role to describe the shape of the surfaces
[3]. Gaussian curvature is an intrinsic surface invariant of a local
surface. Consequently, both Gaussian and mean curvatures are
important to recover the shape of the objects [6].

The rotational embeddings in Euclidean spaces are special products
which are introduced first by N.H. Kuiper in 1970 [11]. It is known
that the spherical products of 2D curves are the special type of
rotational surfaces in E2 [1]. Quadrics are the simple type of these
surfaces. So, superquadrics can be also considered as the spherical
products of two 2D curves. In fact, superquadrics are the solid
models of the smooth shapes [12, 15]. Superquadrics are the special
type of supershapes, defined by Gielis and et.al. [9]. In[5], the
present authors defined the spherical product of a 3D curve with a
2D curve in Euclidean 4-space E*. For more details see also [8] and
[13].

In the present study we define a new kind of product surfaces that
are product of a two space curves in E* is called mixed product
surface. Mixed products can be considered as the generalization of
spherical products. The rest of the paper is organized as follows: In
Section 2 we give necessary definitions and theorems as basic
concepts. Section 3 gives the original results of mixed product
surface patches in E3 , which is recently, studied the present authors
[4]. In Section 4 the authors calculate the Gaussian curvature,
Gaussian torsion and mean curvature of these kind surfaces and give
some examples.
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2. BASIC CONCEPTS

Let M be a smooth surface in E* given with the local patch
X(u,v): (u,v) € D c E2. The coefficients of the first fundamental
form of M are given by

E=<X,X,> F=<X,X,> G=<X,X,> 1)

where <, > is the inner product in E*, and X,, X, are the tangent
vectors of M. We assume that W2 = EG — F? # 0, i.e. the local
patch X (u, v) is regular. Further, given any local vector fields X;, X;
tangent to M one can define the second fundamental form of M by

h(X; X;) = Ve Xj —Vx Xj, 1<i,j<2 )

where V, V are the Riemannian connection and induced connection
of M respectively. This map is well-defined symmetric and bilinear.

For any arbitrary orthonormal normal frame field {N;, N,} of M,
recall the shape operator

Ay X = —(Ty,N)', X € x(M). @3)

This operator is bilinear, self-adjoint and satisfies the following
equation:

< Ay Xi, Xj >=< h(X;, X;), Ny >=¢f;, 1 <i,jk< 2. (4)

ije
The equation (2) is called Gaussian formula, and

h(Xi, X)) = -1 ¢V, 1<ij,k<2 (5)
where c{“j are the coefficients of the second fundamental form.

Further, the Gaussian curvature and Gaussian torsion of a regular
patch X(u, v) are given by

K= w2 Zk 1(011022 (012) ), (6)

and
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1
Ky = w2 (E(ciac3y — €i2632) — F(ci1€5, — ci1¢3,) + G(ciscfy —
cfici2)), 0
respectively.

Further, tha mean curvature vector of a regular patch X(u,v) is
defined by

1

H = —3%-1(ctiG + cE — 25 F )Ny (8)

Recall that a surface M is said to be minimal if its mean curvature
vector vanishes identically [7].

3. MIXED PRODUCT SURFACES IN E3

Definition 1. Let a:] c R - E? be Euclidean plane curve and
p:JcR->E3 a space curve respectively. Put a(u)=

(fi(w), f(w)) and B(v) = (g1(v), g.(v), g3(v)). Then we define
their mixed product patch by

X=aXB:E?->E3 X(uv) =
(fiw g, (), fi(w) g, (v), (W) g5 (v)); )

where u € I = (ugp,uq) and v € J = (v, v1) [4].

If a(u) and B(v) are not straight lines passing through the origin
then the surface patch X (u, v) is regular.

In [4] the present authors gave the following examples and results;

Example 1. The mixed product a(u) = (f; (w), fo(w)) with g(v) =
(9:(v), g (), 1) forms the surface patch

X(wv) = (g, (W), i g, W), rwW)),

which is a spherical product patch [12]. For B(v) =
(cosv,sinv, 1) the surface patch

X(w,v) = (W) cosv, (W) sinv, fo(w)),

becomes a surface of revolution [14].

5
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Example 2. The mixed product a(u) = (u,1) with B(v) =
(cosv,sinv, bv) forms the surface patch

X(u,v) = (ucosv,usinv, bv),

becomes a helicoid which is a minimal surface in E3 [14].
Example 3. The mixed product a(u) = (4, u) with B(v) =
(91(v), g2(v), g3(v)) forms the surface patch

X(w,v) = 2g1(v), g.(v), 0) +u(0,0, g3(v))

which is a ruled surface. Further, for the given vector y =
(0,0, g3(v)) the cross product y x y’ vanishes identically. So the
ruled surface is cylindrical.

Definition 2. Let f:J ¢ R - E3 be a regular curve in E3. If <
B,B >= 0 then B(v) is called osculating curve in E3.

Proposition 1. [4] The mixed product of a straight line a(u): y(u) =

x(u) with the space curve g(v) = (g:(v), g,(v), g3(v)) forms the
surface patch

X, v) = x(w)B(v)
is a flat conical surface.

Proposition 2. [4] Let M be a mixed product of the straight line
a(u):y(u) =x(uw) with unit speed curve fu) =
(91 (v), g2(v), g3 (v)). If B(v) is an osculating space curve then M
is a minimal surface.

4. MIXED PRODUCT SURFACES IN E*

Definition 3. Let a:/ ¢ R - E3 and 8:J € R - E3 be Euclidean

space curve. Put a(u) = (fi(w), fo(w), fz(w)) and Bw) =
(91 (v), g2(v), g3(v)). Then we define their mixed product patch by

X =aX B:E? - E*;
X(w,v) = (f1(Wg1 (), f1 (W) g (v), f2(wW) gz W), f3(w) g5 (v)); (10)

6
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u€el = (uyuy), vej=(vyv.). We call the local surface given
with the patch (10) a mixed product surface.

We assume that surface patch X (u, v) isaregular. So a(w) and S (v)
can not be considered as straight lines passing through the origin.

A spherical product surface in E* has the parametrization

X(u,v) = (91(v), g.(v), g3(v) cosu, g3(v) sinu)

which are studied with many geometers ([2,5,8,10,11]). In fact, these
surfaces can be considered as the mixed products of the curve

a(u) = (1,cosu,sinu) with BWw) = (g1(v), g2(v), g3(v)).
Furthermore, if we take a(u) = (f(u),cosu,sinu) and g(v) =
(cosv,sinv, g(v)) the mixed product patch becomes

Xwv) =a)XB() =
(f(w) cosv, f(u)sinv, g(v) cosu, g(v) sinu), (1)

where f and g are some smooth functions.
Then we proved the following result.

Theorem 3. Let M be the mixed product surface given with the patch
(11). Then the Gaussian curvature K and Gaussian torsion Ky of M
become

= _L{ F@?g@)g" ) + f'W?g' W) g)?* + f'w?) } (12)
v+ "W + f'Wrg' @D W? + g')*))'

and

N

=L{ ff' Wg' @) + f' W (g@) — g" @) } (13)
W +gMFW? + g’ @D F W) + f'wg' @) W))’

respectively.

Proof. The tangent space of M is spanned by the vector fields
z—i = (f'(w)cosv, f'(u) sinv,—g(v)sinu, g(v) cosu), (14)

g_f = (—f)sinv, f(u)cosv, g'(v) cosu, g'(v) sinu).

7
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Hence the coefficients of the first fundamental forms of the surface
are

E=<Xu,Xy,>=f'"(W)?+gW)?

F=<X,X,>=0, (15)
G =< Xp, Xy, >= f(W)? + g'(v)?,

where <, > is the standard scalar product in E*.

The second partial derivatives of X (u, v) are expressed as follows
Xy = (f" W) cosv, f" (W) sinv, —g(v) cosu, —g(v) sinw),

Xy = (=f' W) sinv, f'(w) cosv, —g'(v) sinu, g'(v) cos ), (16)
Xpy = (=f@W) cosv, —f(w) sinv, g"(v) cosu, g" (v) sinw).

Further, the normal space of M is spanned by the vector fields

N, = W(—g'(m sinv, g'(v) cosv, f(w) cosu, f(w)sinw),  (17)
N, = W(y(v) cosv,g(w) sinv, f'(w) sinu, —f'(w) cos w).

Using (4), (16) and (17) we can calculate the coefficients of the
second fundamental form as follows:
—fw)gw)
VF@? + g’ @)
—f'(w)g'(v)
VF@W? + g’ )?

fw)gr(w) (18)
JI@Wz+gr@)?’

2, =< X Ny frwg)
V@2 + g(v)?

2, =< X N, = Wy’
V' @W? + g()?

C111 =<< qu, N1 >=

cir =< Xyp, Ny >=

22 =< Xpy, Ny >=
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2, =< Xy Ny = —fw)g)

VI W2+ g()?
Further, substituting (15) and (18) into (6) and (7) we get (12) and
(13). |

As a consequence of Theorem 3 we can give the following examples.

Example 4. The surfaces given with the following mixed product
patches have vanishing Gaussian curvatures;

i) X(u,v) = (Acosv,Asinv,ucosu,usinu), ie., a Clifford
torus,

i) X(u,v) = (Acosv,Asinv, (uv + a) cosu, (uv + a) sinu),
i) X(u,v) = ((Au+ b) cosv, (Au+ b) sinv, ucosu, usinu),
where a, b € R, A1 and u are nonzero real constants.

Example 5. The surfaces given with the following mixed product
patches have vanishing Gaussian torsions;

i) X(u,v) = (e*cosv,esinv,e Y cosu,e Vsinu),
i) X(u,v) = (e %cosv,e “sinv, e’ cosu, e’ sinu).
By the use of (13) we obtain the following results.

Proposition 4. Let M be the mixed product surface given with the
patch (11). If the Gaussian torsion K, of M is a real constant then

0=>2+9D{9(fg+f'g'f") —clg®+ fD*(f* + 9"}
+{ff'9'(g—9"* + )}
holds, where f = f(u), g = g(v) are smooth functions and Ky =
c €ER

As a consequence of Proposition 4 we can give the following
example.

Example 6. The surfaces given with the following mixed product
patches have constant Gaussian torsions;

9
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) X(u,v) = (/1 cos v,/lsinv,%cosu,%sin u) i.e., a Clifford
torus,

i) X(u,v) = (ucosv,usinv, (du + a) cosu, (6u + a) sinu),

where a, A, and § are nonzero real constants with Ky = c¢? and

6 = JuGue T D)

Theorem 5. Let M be the mixed product surface given with the patch

(11). Then the mean curvature vector H of M becomes

FWg" @) (g@)?+r W?)-fwg@)(fw?+g' )?)

H= w2 wWitg (0)?)

N (19)

n g " W(fW?+gr@)?)-fwWg®@)(g@)?+f' wW)?)
2W2(gW)2+f'(w)?)

Proof. Using the equations (8), (15) and (18) we get the result.

N,.

Corollary 6. Let M be the mixed product surface given with the
patch (11). If, f(u) =e* e ™ and g(v) = e¥ £ e"V then M has
vanishing mean curvature.

10
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