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ABSTRACT

In this paper we introduce the Cheeger-Gromoll type metric on the coframe bundle of a
Riemannian manifold and investigate the Levi-Civita connection, curvature tensor, sectional
curvature and geodesics of coframe bundle with this metric.
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1. Introduction

The special Riemannian metric on the tangent bundle, later called the Cheeger-Gromoll metric, was first
introduced by J. Cheeger and D.Gromoll in [3] (see also [6], [10]). The curvatures of the Cheeger-Gromoll
metric of the tangent bundle were studied by M. Sekizawa [14]. The geodesics of the mentioned metric were
investigated in [13] by A. Salimov and S. Kazimova (see also [12]). The general Cheeger-Gromoll metrics on
the tangent bundle of a Riemannian manifold introduced and investigated by M.Munteanu [9] and Z.Hou and
L.Sun [7]. The Cheeger-Gromoll metric of the cotangent bundle was introduced by A. Salimov and F. Agca and
studied in [1]. In [2], a new class of g-natural metrics was introduced on the cotangent bundle, to which the
Cheeger-Gromoll metric belongs. A similar approach was implemented by K. Niedzialomski [11], applied to
the bundle of linear frames.

In this paper, we shall define and study the Cheeger-Gromoll metric on the bundle of linear coframes of a
Riemannian manifold. In 2 we briefly describe the definitions and results that are needed later, after which
the adapted frame on coframe bundle introduced in 3. The Cheeger-Gromoll metric CGg on coframe bundle
is determined in 4. In 5 we investigate the properties of Levi-Civita connection CG∇ of metric CGg. Christoffel
symbols (components) CGΓ of connection CG∇ are calculated in 6. In sections 7 and 8 we investigate the
curvature tensor field, sectional curvature and geodesics on coframe bundle with Cheeger-Gromoll metric,
respectively.

2. Preliminaries

In this section we shall summarize briefly the main definitions and results which be
used later. Let (M, g) be an n−dimensional Riemannian manifold. The linear coframe bundle F ∗(M) over M
consists of all pairs (x, u∗), where x is a point of M and u∗ is a basis (coframe) for the cotangent space T ∗

xM of
M at x [5]. We denote by π the natural projection of F ∗(M) to M defined by π(x, u∗) = x. If (U ;x1, x2, ..., xn)
is a system of local coordinates in M , then a coframe u∗ = (Xα) = (X1, X2, ..., Xn) for T ∗

xM can be expressed
uniquely in the form Xα = Xα

i (dx
i)x. From mentioned above it follows that(

π−1(U);x1, x2, ..., xn, X1
1 , X

1
2 , ..., X

n
n

)
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is a system of local coordinates in F ∗(M) (see, [5]), that is F ∗(M) is a C∞− manifold of dimension
n+ n2. We note that indices i, j, k, ..., α, β, γ, ... have range in {1, 2, ..., n}, while indices A,B,C, ... have
range in

{
1, ..., n, n+ 1, ..., n+ n2

}
. We put iα = α · n+ i. Obviously that indices iα, jβ , kγ , ... have range in{

n+ 1, n+ 2, ..., n+ n2
}

. Summation over repeated indices is always implied. Let ∇ be a symmetric linear
connection on M with components Γk

ij . Then the tangent space T(x,u∗)(F
∗(M)) of F ∗(M) at (x, u∗) ∈ F ∗(M)

splits into the horizontal and vertical subspaces with respect to ∇ :

T(x,u∗)(F
∗(M)) = H(x,u∗)(F

∗(M))⊕ V(x,u∗)(F
∗(M)). (2.1)

We denote by ℑr
s(M) the set of all differentiable tensor fields of type (r, s) on M . From (2.1) it follows

that for every X ∈ ℑ1
0(F

∗(M)) is obtained unique decomposing X = hX + vX, where hX ∈ H(F ∗(M)), vX ∈
V (F ∗(M)). H(F ∗(M)) and V (F ∗(M)) the horizontal and vertical distributions for F ∗(M), respectively. Now
we define naturally n different vertical lifts of 1−form ω ∈ ℑ0

1(M). If Y be a vector field on M , i.e. Y ∈ ℑ1
0(M),

then iµY are functions on F ∗(M) defined by (iµY )(x, u∗) = Xµ(Y ) for all (x, u∗) = (x,X1, X2, ..., Xn) ∈ F ∗(M),
where µ = 1, 2, ..., n. The vertical lifts Vλω of ω to F ∗(M) are the n vector fields such that

Vλω(iµY ) = ω(Y )δλµ (2.2)

hold for all vector fields Y on M, where λ, µ = 1, 2, ..., n and δλµ denote the Kronecker’s delta. The n vertical lifts
Vλω are always uniquely determined and they are linearly independent if ω ̸= 0. If Vλω = Vλωk∂k + Vλωkσ∂kσ

,
then from (2.2), we obtain:

VλωkXµ
j ∂kY

j + VλωkσY k = ωlY
lδλµ.

Since Y k and ∂kY
j can take any preassigned values at each point, we have from the above equality:

Vλωk∂kY
j = 0, Vλωkµ = ωkδ

λ
µ.

So, we have Vλωk = 0 at all points of F ∗(M). Concequently, the vertical lifts Vλω of ω to F ∗(M) have the
components

Vλω =

(
Vλωk

Vλωkµ

)
=

(
0

ωkδ
λ
µ

)
(2.3)

with respect to the induced coordinates (xi, Xα
i ) in F ∗(M) (see, [5]).

Let V ∈ ℑ1
0(M). The complete lift CV ∈ ℑ1

0(F
∗(M)) of V to the linear coframe bundle F ∗(M) is defined by

CV (iµY ) = iµ(LV Y ) = Xµ
m(LV Y )m

for all vector fields Y ∈ ℑ1
0(M), where LV be the Lie derivation with respect to V. The complete lift CV has the

components
CV =

(
CV k

CV kµ

)
=

(
V k

−Xµ
m∂kV

m

)
(2.4)

with respect to the induced coordinates (xi, Xα
i ) in F ∗(M).

The horizontal lift HV ∈ ℑ1
0(F

∗(M)) of V to the linear coframe bundle F ∗(M) is defined by

HV (iµY ) = iµ(∇V Y ) = Xµ
m(∇V Y )m

for all vector fields Y ∈ ℑ1
0(M), where ∇V be the covariant derivative with respect to V. The horizontal lift

HV has the components
HV =

(
HV k

HV kµ

)
=

(
V k

Xµ
mΓm

lkV
l

)
(2.5)

with respect to the induced coordinates (xi, Xα
i ) in F ∗(M), where Γk

ij are the components of Levi-Civita
connection on M.

The bracket operation of vertical and horizontal vector fields is given by the formulas

[Vβω, Vγθ] = 0,
[HX, Vγθ] = Vγ (∇Xθ),
[HX,HY ] = H [X,Y ] +

∑n
σ=1

Vσ (Xσ ◦R(X,Y ))
(2.6)

for all X,Y ∈ ℑ1
0(M) and ω, θ ∈ ℑ0

1(M), where R is the Riemannian curvature of g. If f is a differentiable
function on M, V f = f ◦ π denotes its canonical vertical lift to the F ∗(M).
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3. Adapted frames on F ∗(M)

Suppose (U, xi) be a local coordinate system in M.In U ⊂ M, we put

X(i) = ∂/(∂xi), θ(i) = dxi, i = 1, 2, ..., n.

Taking into account of (2.3) and (2.5), we see that

HX(i) = Di =

(
δji

Xβ
mΓm

ij

)
, (3.1)

Vαθ(i) = Diα =

(
0

δαβ δ
i
j

)
(3.2)

with respect to the natural frame {∂j , ∂jβ}. It follows that this n+ n2 vector fields are linearly independent
and generate, respectively the horizontal distribution of linear connection ∇ and the vertical distribution of
linear coframe bundle F ∗(M). The set {DI} = {Di, Diα} is called the frame adapted to linear connection ∇
on π−1(U) ⊂ F ∗(M). From (2.3), (2.5), (3.1) and (3.2), we deduce that the horizontal lift HV of V ∈ ℑ1

0(M) and
vertical lift Vαω of ω ∈ ℑ0

1(M) for each α = 1, 2, ..., n, have respectively, components:

HV = V jDj =

(
V j

0

)
, (3.3)

Vαω =
∑
h

ωjδ
α
βDjβ =

(
0

δαβωj

)
(3.4)

with respect to the adapted frame {DJ}. The non-holonomic objects Ω K
IL of the adapted frame {DJ}are

defined by
[DI , DL] = Ω K

IL DK

and have the following non-zero components:(
Ω

kγ

ilβ
= −Ω

kγ

lβi
= −δγβΓ

l
ik,

Ω
kγ

il = Xγ
mR m

ilk ,
(3.5)

where R m
ilk local components of the Riemannian curvature R.

4. The Cheeger-Gromoll metric on the linear coframe bundle F ∗(M)

Definition 4.1. Let (M, g) be an n−dimensional Riemannian manifold. A Riemannian metric g̃ on the linear
coframe bundle F ∗(M) is said to be natural with respect to g on M if

g̃(HX,HY ) = g(X,Y ),

g̃(HX, Vαω) = 0

for all X,Y ∈ ℑ1
0(M) and ω ∈ ℑ0

1(M).

For any x ∈ M the scalar product on the cotangent space T ∗
xM is defined by

g−1(ω, θ) = gijωiθj

for all ω, θ ∈ ℑ0
1(M).

The Cheeger-Gromoll metric CGg is a positive definite metric on linear coframe bundle F ∗(M) which is
described in terms of lifted vector fields as follows.
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Definition 4.2. Let g be a Riemannian metric on a manifold M . Then the Cheeger-Gromoll metric is a
Riemannian metric CGg on the linear coframe bundle F ∗(M) such that

CGg(HX,HY ) = g(X,Y )),

CGg(Vαω,HY ) = 0,

CGg(Vαω, Vβθ) = 0, α ̸= β,

CGg(Vαω, Vαθ) = 1
1+r2α

(g−1(ω, θ) + g−1(ω,Xα)g−1(θ,Xα))

(4.1)

for all X,Y ∈ ℑ1
0(M) and ω, θ ∈ ℑ0

1(M), where r2α = |Xα|2 = g−1(Xα, Xα).

From (4.1) we determine that metric CGg has components

CGgij =
CGg(Di, Di) =

V (g(∂i, ∂j)) = gij ,

CGgiαj =
CGg(Diα , Dj) = 0,

CGgiαjβ = CGg(Diα , Djβ ) = 0, α ̸= β,

CGgiαjα = CGg(Diα , Djα) =
1

1+r2α
(g−1(dxi, dxj)

+g−1(dxi, Xα
r )g

−1(dxj , Xα
s ) =

1
1+r2α

(gij + girgjsXα
r X

α
s )

with respect to the adapted frame {DI} of linear coframe bundle F ∗(M).
From (2.4) and (2.5), it follows that the complete lift CX of X ∈ ℑ1

0(M) is expressed by

CX − HX = −Xα
m

∑
i

(∂iX
m − Γm

ikX
k)∂iα

= −Xα
m

∑
i

∇iX
m∂iα = −δβαX

α
m∇iX

m∂iβ = −
n∑

α=1

Vα(Xα
m∇iX

m),

i.e.,

CX = HX −
n∑

α=1

Vα(Xα ◦ ∇X), (4.2)

where
Xα ◦ ∇X = Xα

m∇iX
mdxi.

Using (4.1) and (4.2), we have

CGg(CX,CY ) = CGg(HX −
n∑

α=1

Vα(Xα ◦ ∇X),HY −
n∑

α=1

Vα(Xα ◦ ∇Y ))

= V (g(X,Y )) +
n∑

α=1

1
1+r2α

(g−1(Xα ◦ ∇X,Xα ◦ ∇Y )

+g−1(Xα ◦ ∇X,Xα)g−1(Xα ◦ ∇Y,Xα)),

(4.3)

where
g−1(Xα ◦ ∇X,Xα ◦ ∇Y ) = gij(Xα

m∇iX
m)(Xα

s ∇jY
s)

and
g−1(Xα ◦ ∇X,Xα) = gir(Xα ◦ ∇X)iX

α
r .

Since the tensor field CGg ∈ ℑ0
2(F

∗(M)) is completely determined also by its action on vector fields CX and
CY , we have an alternative characterization of CGg on F ∗(M): CGg is completely determined by the condition
(4.3).
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5. The Levi-Civita connection of CGg

Before we calculate the Levi-Civita connection CG∇ of F ∗(M) with Cheeger-Gromoll metric CGg, we will need
some formulas concerning this metric.
Lemma 5.1. The following equalities hold:

HX

(
1

1 + r2α

)
= 0, (5.1)

Vβθ

(
1

1 + r2α

)
= − 2

(1 + r2α)
2
δβαg

−1(θ,Xα), (5.2)

HX(CGg(Vβθ, Vβξ)) = CGg(Vβ (∇Xθ), Vβξ) + CGg(Vβθ, Vβ (∇Xξ)), (5.3)
CGg(Vβθ, γδ) = g−1(θ,Xβ) (5.4)

for all X ∈ ℑ1
0(M), θ, ξ ∈ ℑ0

1(M).

Proof. i) Direct calculations using (3.3) give

HX

(
1

1 + r2α

)
= (XiDi)

(
1

1 + r2α

)
= Xi(∂i +Xσ

r Γ
r
ip∂pσ )

(
1

1 + g−1(Xα, Xα)

)

= Xi∂i

(
1

1 + g−1(Xα, Xα)

)
+ Γr

ipX
iXσ

r ∂pσ

(
1

1 + g−1(Xα, Xα)

)

=
Xi(−∂ig

−1)(Xα, Xα)

(1 + g−1(Xα, Xα))2
+ Γr

ipX
iXσ

r

(−∂pσ (g
−1(Xα, Xα)))

(1 + g−1(Xα, Xα))2

=
Xi(−∂ig

lmXα
l X

α
m)

(1 + g−1(Xα, Xα))2
+ Γr

ipX
iXσ

r

(−∂pσ
(glmXα

l X
α
m))

(1 + g−1(Xα, Xα))2

=
Xi(Γl

isg
sm + Γm

isg
ls)Xα

l X
α
m

(1 + g−1(Xα, Xα))2
+ Γr

ipX
iXσ

r

(−glmδασ δ
p
l X

α
m − glmδασ δ

p
mXα

l )

(1 + g−1(Xα, Xα))2

=
XiXα

l X
α
mΓl

isg
sm +XiΓm

isg
lsXα

l X
α
m

(1 + g−1(Xα, Xα))2

−Γr
ilX

iXα
r X

α
mglm + Γr

imXiXα
r X

α
l g

lm

(1 + g−1(Xα, Xα))2
= 0.

ii) Calculations like above using (3.4) give

Vβθ
(

1
1+r2α

)
=
∑
i

θiδ
β
σDiσ

(
1

1+grsXα
r Xα

s

)
=
∑
i

θiδ
β
σ∂iσ

(
1

1+grsXα
r Xα

s

)
= δβσθi

1
(1+grsXα

r Xα
s )2 (−grs(δσαδ

i
rX

α
s + δσαδ

i
sX

α
r ))

= δβαθi
1

(1+r2α)2 (−gisXα
s − griXα

r ) = −δβα
2

(1+r2α)2 g
isθiX

α
s

= −δβα
2

(1+r2α)2 g
−1(θ,Xα).

iii) Using (3.3), (4.1) and (5.1), we obtain

HX(CGg(Vβθ, Vβξ)) = HX
(

1
1+r2β

[
g−1(θ, ξ) + g−1(θ,Xβ)g−1(ξ,Xβ)

])
= 1

1+r2β

(
XiDi(g

rsθrξs) +XiDi

[
(grsθrX

β
s )(g

lmξlX
β
m)
])

= 1
1+r2β

(
g−1(∇X θ, ξ) + g−1(θ,∇Xξ) + g−1(∇Xθ,Xβ)g−1(ξ,Xβ)

+g−1(θ,Xβ)g−1(∇ Xξ,Xβ)
)
= CGg

(
Vβ (∇Xθ), Vβξ

)
+ CGg

(
Vβθ, Vβ (∇Xξ)

)
.
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iv) Calculations using (2.6) and (4.1) give

CGg(Vβθ, γδ) = CGg(Vβθ,
n∑

σ=1

Vσ (Xσ ◦ δ)) =
n∑

σ=1

CGg(Vβθ, VσXσ)

= CGg(Vβθ, VβXβ) = 1
1+–r2β (g

−1(θ,Xβ) + g−1(θ,Xβ)g−1(Xβ , Xβ))

= 1
1+–r2β (g

−1(θ,Xβ)(1 + g−1(Xβ , Xβ)) = g−1(θ,Xβ).

Theorem 5.1. Connection CG∇ satisfies the following relations

i) CG∇HX
HY = H(∇XY ) + 1

2

n∑
σ=1

Vσ (Xσ ◦R(X,Y )),

ii) CG∇HX
Vβθ = Vβ (∇Xθ) + 1

2hβ

H(Xβ(g−1 ◦R( , X)θ̃)),

iii)
CG∇Vαω

HY =
1

2hα

H(Xα(g−1 ◦R( , Y )
↔
ω)), (5.5)

iv) CG∇Vαω
Vβθ = 0 for α ̸= β,

CG∇Vαω
Vαθ = − 1

hα
(CGg(Vαω, γδ)Vαθ + CGg(Vαθ, γδ)Vαω)

+
1 + hα

hα

CGg(Vαω, Vαθ)γδ − 1

hα

CGg(Vαθ, γδ)CGg(Vαω, γδ)γδ

for all X,Y ∈ ℑ1
0(M), ω, θ ∈ ℑ0

1(M), where ω̃ = g−1 ◦ ω,R( , X)ω̃ ∈ ℑ1
1(M), hα = 1 + r2α, R and γδ denotes

respectively the Riemannii an curvature of g and the canonical vertical vector field on F ∗(M) with local expression
γδ = Xσ

i Diσ .

Proof. The Levi-Civita connection CG∇ of F ∗(M) with Cheeger-Gromoll metric CGg is characterized by the
Koszul formula

2CGg(CG∇X̄ Ȳ , Z̄) = X̄(CGg(Ȳ , Z̄)) + Ȳ (CGg(Z̄, X̄))− Z̄(CGg(X̄, Ȳ ))

−CGg(X̄, [Ȳ , Z̄]) + CGg(Ȳ , [Z̄, X̄]) + CGg(Z̄, [X̄, Ȳ ])
(5.6)

for any X̄, Ȳ , Z̄ ∈ ℑ1
0(F

∗(M)).
Let X,Y, Z ∈ ℑ1

0(M), ω, θ, ξ ∈ ℑ0
1(M). We calculate CG∇ using the Koszul formulas for g and CGg.

i) Direct calculations using (2.6), (4.1) and (5.6) give

2CGg(CG∇HX
HY,HZ) = HX(g(Y,Z)) + HY (g(Z,X))− HZ(g(X,Y ))

−CGg(HX,H [X,Y ] + γR(Y,Z)) + CGg(HY,H [Z,X] + γR(Z,X))

+CGg(HZ,H [X,Y ] + γR(X,Y )) = X(g(Y, Z)) + Y (g(Z,X))
−Z(g(X,Y ))− g(X, [Y,Z]) + g(Y, [Z,X]) + g(Z, [X,Y ])

= 2g(∇XY,Z)

and
2CGg(CG∇HX

HY, Vγ ξ) = HX(g(Y,Z))− CGg(HX, V γ(∇Y ξ))

+CGg(HY,−V γ(∇Xξ)) + CGg(Vγ ξ,H [X,Y ] + γR(X,Y ))

= CGg(Vγ ξ, γR(X,Y )) = CGg(Vγ ξ,
∑n

σ=1
Vσ (Xσ ◦R(X,Y ))

from which it follows that

CG∇HX
HY = H(∇XY ) +

1

2

n∑
σ=1

Vσ (Xσ ◦R(X,Y )).
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ii) Calculations similar to those in i) give

2CGg(CG∇HX
Vβθ,HZ) = Vβθ(g(Z,X))− CGg(HX,−Vβ (∇Zθ))

+CGg(Vβθ,H [Z,X] + γR(Z,X)) + CGg(HZ, Vβ (∇Xθ)) = CGg(Vβθ,H [Z,X])

+CGg(Vβθ,
n∑

σ=1

Vσ (Xσ ◦R(Z,X))) = CGg(Vβθ, Vβ (Xβ ◦R(Z,X)))

= 1
hβ

(g−1(θ,Xβ ◦R(Z,X)) + g−1(θ,Xβ)g−1(Xβ ◦R(Z,X), Xβ)),

where hβ = 1 + r2β .
It is easily sean that

g−1(θ,Xβ ◦R(Z,X)) = gklθl(X
β ◦R(Z,X))k = (gklθlX

β
s R

s
ijl ZiXj)

= (gmiX
β
s R

m s
· jk ZiXj θ̃k) = g(Xβ(g−1 ◦R( , X)θ̃, Z)

= CGg(H(Xβ(g−1 ◦R( , X)θ̃),HZ)

and
g−1(Xβ ◦R(Z,X), Xβ) = (gijXβ

s R
s

abi Z
aXbXβ

j )

= (Xβ
s g

lsRabilZ
aXbX̃βi) = (RabilZ

aXbX̃βlX̃βi) = (RilabZ
aXbX̃βlX̃βi)

= (−gtaR
t

ilb ZaXbX̃βlX̃βi) = g(−R(X̃β , X̃β)X,Z) = 0,

where
θ̃k = gklθl, X̃

βi = gisXβ
s .

Thus, we have

2CGg(CG∇HX
βθ,HZ) =

1

hβ

CGg(H(Xβ(g−1 ◦R( , X)θ̃))). (5.7)

Also using (4.1), (5.3) and (5.6), we have

2CGg(CG∇HX
βθ, Vβξ) = HX(CGg(Vβθ, Vβξ))− CGg(Vβθ, Vβ (∇Xξ))

+CGg(Vβξ, Vβ (∇Xθ)) = CGg(Vβ (∇Xθ), Vβξ)) + CGg(Vβθ, Vβ (∇Xξ))

−CGg(Vβθ, Vβ (∇Xξ)) + CGg(Vβξ, Vβ (∇Xθ)) = 2CGg(Vβ (∇Xθ), Vβξ)).

(5.8)

From (5.7) and (5.8) it follows that

CG∇HX
Vβθ = Vβ (∇Xθ) +

1

2hβ

H(Xβ(g−1 ◦R( , X)θ̃)).

iii) Calculations using (2.6), (4.1), (5.3) and (5.6) give

2CGg(CG∇Vαω
HY,HZ) = −CGg(Vαω,

n∑
σ=1

Vσ (Xσ ◦R(Y,Z)))

= CGg(Vαω,
n∑

σ=1

Vσ (Xσ ◦R(Z, Y ))) = CGg(Vαω, Vα(Xα ◦R(Z, Y )))

= 1
hα

CGg(H(Xα(g−1 ◦R( , Y )ω̃)),HZ)

and
CGg(CG∇Vαω

HY, Vγ ξ) = HY (CGg(Vγ ξ, Vαω)− CGg(Vαω, [HY, Vγ ξ])

+CGg(Vγ ξ, [Vαω,HY ]) = CGg(Vγ ξ, V α(∇Y ω)) +
CGg(Vγ (∇Y ξ),

Vαω)

−CGg(Vαω, Vγ (∇Y ξ))− CGg(Vγ ξ, V α(∇Y ω)) = 0,
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which implies that
CG∇Vαω

HY =
1

2hα

H(Xα(g−1 ◦R( , Y )ω̃)).

iv) If α ̸= β. Using (2.6), (4.1) and (5.6), we get

2CGg(CG∇Vαω
Vβθ,HZ) = −CGg(Vαω, [Vβθ,HZ]) + CGg(Vβθ, [HZ, Vαω])

= −CGg(Vαω, Vβ (∇Zθ)) +
CGg(Vβθ, Vα(∇Zω)) = 0

and
2CGg(CG∇Vαω

Vβθ, Vγ ξ) = Vαω(CGg(Vβθ, Vγ ξ)) + Vβθ(CGg(Vγ ξ, Vαω))

−Vγ ξ(CGg(Vαω, Vβθ)).

Let γ = α ̸= β. Using (5.2) we have

CGg(CG∇Vαω
Vβθ, Vαξ) = Vβθ(CGg(Vαω, Vαξ)) = Vβθ

(
1
hα

(g−1(ξ, ω)

+g−1(ξ,Xα)g−1 (ω,Xα)) = −δβα
2
h2
α
g−1(θ,Xα)g−1(ξ, ω)

−δβα
2
h2
α
g−1(θ,Xα)g−1(ξ,Xα)g−1(ω,Xα)

+δβαθi∂iα((g
rsξrX

α
s )(g

pqωpX
α
q )) = 0.

From above calculations it follows that
CG∇Vαω

Vβθ = 0 for α ̸= β.
Now suppose that β = α. Calculations using (2.6), (5.3) and (5.6) give

2CGg(CG∇Vαω
Vαθ,HZ) = −HZ(CGg(Vαω, Vαθ)− CGg(Vαω, [Vαθ,HZ])

+CGg(Vαθ, [HZ, Vαω]) = −CGg(Vαω, Vα(∇Zθ))− CGg(Vαθ, Vα(∇Zω))

+CGg(Vαω, Vα(∇Zθ)) +
CGg(Vαθ, Vα(∇Zω)) = 0

and
2CGg(CG∇Vαω

Vαθ, Vγ ξ) = Vαω(CGg(Vαθ, Vγ ξ)) + Vαθ(CGg(Vγ ξ, Vαω))

−Vγ ξ(CGg(Vαω, Vαθ)).

If we put γ ̸= α. Then by using (4.1) and (5.2) we get

2CGg(CG∇Vαω
Vαθ, Vγ ξ) = −Vγ ξ(CGg(Vαω, Vαθ)) = −Vγ ξ

(
1
hα

(g−1(ω, θ)

+g−1(ω,Xα)g−1 (θ,Xα))) = 2
h2
α
δγαg

−1(ξ,Xα)g−1(ω, θ)

+ 2
h2
α
δγαg

−1(ξ,Xα)g−1(ω,Xα)g−1(θ,Xα)− 1
h2
α
δγα(g

−1(ω, ξ)g−1(θ,Xα)

+g−1(ω,Xα)g−1(θ, ξ)) = 0.

If we put γ = α. Calculations like above give

2CGg(CG∇Vαω
Vαθ, Vαξ) = Vαω(CGg(Vαθ, Vας)) + Vαθ(CGg(Vαξ, Vαω))

−Vαξ(CGg(Vαω, Vαθ)) = Vαω( 1
hα

(g−1(θ, ξ) + g−1(θ,Xα)g−1(ξ,Xα)))

+Vαθ( 1
hα

(g−1(ξ, ω) + g−1(ξ,Xα)g−1(ω,Xα)))− Vαξ( 1
hα

(g−1(ω, θ)

+g−1(ω,Xα)g−1(θ,Xα))) = − 2
h2
α
g−1(ω,Xα)g−1(θ, ξ)

− 2
h2
α
g−1(θ,Xα)g−1(ξ, ω) + 2

h2
α
g−1(ξ,Xα)g−1(ω, θ)

− 2
h2
α
g−1(θ,Xα)g−1(ξ,Xα)g−1(ω,Xα) + 2

hα
g−1(θ, ω)g−1(ξ,Xα).

(5.9)
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Taking into account (4.1) and (5.4) in (5.9), we get

h2
α
CGg(CG∇Vαω

Vαθ, Vαξ) = −g−1(ω,Xα)g−1(θ, ξ)− g−1(θ,Xα)g−1(ξ, ω)

+g−1(ξ,Xα)g−1(ω, θ)− g−1(θ,Xα)g−1(ξ,Xα)g−1(ω,Xα)

+hαg
−1(θ, ω)g−1(ξ,Xα) = −hαg

−1(ω,Xα)CGg(Vαθ, Vαξ)

−hαg
−1(θ,Xα)CGg(Vαξ, Vαθ) + hαg

−1(ξ,Xα)CGg(Vαθ, Vαω)

+h2
αg

−1(ξ,Xα)CGg(Vαθ, Vαω)− hαg
−1(ξ,Xα)g−1(θ,Xα)g−1(ω,Xα)

= −hα
CGg(Vαω, γδ)CGg(Vαθ, Vαξ)− hα

CGg(Vαθ, γδ)CGg(Vαξ, Vαω)

+hα(1 + hα)
CGg(Vαξ, γδ)CGg(Vαω, Vαθ)
−hα

CGg(Vαξ, γδ)CGg(Vαθ, γδ)CGg(Vαω, γδ)

= CGg(−hα
CGg(Vαω, γδ)Vαθ − hα

CGg(Vαθ, γδ)Vαω

+hα(1 + hα)
CGg(Vαω, Vαθ)γδ

−hα
CGg(Vαθ, γδ)CGg(Vαω, γδ)γδ, Vαξ),

(5.10)

From (5.9) and (5.10) implies that

CG∇Vαω
Vαθ = − 1

hα
(CGg(Vαω, γδ)Vαθ + CGg(Vαθ, γδ)Vαω

+ 1+hα

hα

CGg(Vαω, Vαθ)γδ − 1
hα

CGg(Vαθ, γδ)CGg(Vαω, γδ)γδ.

Hence theorem is proved.

6. Components of connection CG∇

We write
CG∇DI

DJ = CGΓK
IJDK

with respect to the adapted frame {DK} of linear coframe bundle F ∗(M), where CGΓK
IJ denote the components

(Christoffel symbols) of Levi-Civita connection CG∇. Then by using Theorem 5.2, we immediately get
following
Theorem 6.1. Let (M, g) be a Riemannian manifold and CG∇ be the Levi-Civita connection of the linear coframe bundle
F ∗(M) equipped with the metric CGg. Then particular values of CGΓK

IJ for different indices by taking account of (5.5)
are then found to be

CGΓk
ij = Γk

ij ,
CGΓ

kγ

ij =
1

2
Xγ

mR m
ijk ,

CGΓk
ijβ

=
1

2hβ
Xβ

mRk jm
· i · ,CGΓ

kγ

ijβ
= −δγβΓ

j
ik,

CGΓk
iαj =

1

2hα
Xα

mRk im
· j · ,CGΓ

kγ

iαj =
CGΓk

iαjβ
= 0, (6.1)

CGΓ
kγ

iαjβ
= 0 for α ̸= β,

CGΓ
kγ

iαjα
= − 1

hα
(X̃αiδαγ δ

j
k + X̃αjδαγ δ

i
k) +

1+hα

h2
α

gijXγ
k

+ 1
h2
α
X̃αiX̃αjXγ

k ,

where X̃αi = gisXα
s .

295 dergipark.org.tr/en/pub/iejg

https://dergipark.org.tr/en/pub/iejg


On the Differential Geometry of Coframe Bundle with Cheeger-Gromoll Metric

Proof. Let X,Y ∈ ℑ1
0(M), ω, θ ∈ ℑ0

1(M). Using formulas (3.3) and (5.5), we obtain
CG∇HX

HY = CG∇XiDi
(Y jDj) = XiCG∇Di

(Y jDj) = Xi(Y jCG∇Di
Dj

+DiY
jDj) = XiY jCGΓk

ijDk +XiY jCGΓ
kγ

ij Dkγ
+Xi∂iY

jDj

(6.2)

and
H(∇XY ) + 1

2

n∑
σ=1

Vσ (Xσ ◦R(X,Y )) = (∇XY )iDi

+ 1
2

n∑
σ=1

δγσX
σ
mR m

pqh XpY qDhγ
= Xj∂jY

iDi +XjY sΓi
jsDi

+ 1
2

n∑
σ=1

δγσX
σ
mRm

pqhX
pY qDhγ .

(6.3)

Equating the right-hand sides of equalities (6.2) and (6.3), we will have

CGΓk
ij = Γk

ij ,
CGΓ

kγ

ij =
1

2
Xγ

mR m
ijk .

Similarly, calculations using (3.3), (3.4) and (5.5) give
CG∇HX

Vβθ = CG∇XiDi
(δβσθjDjσ ) = XiCG∇Di

(δβσθjDjσ )

= δβωX
i(DiθjDjσ + θj

CG∇Di
Djσ ) = δβσX

i∂iθjDjσ + δβσX
iθj

CGΓk
ijσ

Dk

+δβσX
iθj

CGΓ
kγ

ijσ
Dkγ

(6.4)

and
Vβ (∇Xθ) + 1

2hβ

H(Xβ(g−1 ◦R( , X)θ̃)) = δβσ(X
i(∂iθj − Γm

ij θm)Djσ

+ 1
2hβ

(Xβ
mRl m

·ik Xigksθs)Dl = δβσX
i∂iθjDjσ − δβσX

iΓm
ij θmDjσ

+ 1
2hβ

Xβ
mRl sm

·i · Xiθs)Dl.

(6.5)

Comparing the right-hand sides of equalities (6.4) and (6.5), we arrive at the following

CGΓk
ijβ

=
1

2hβ
Xβ

mRk jm
· i · ,CGΓ

kγ

ijβ
= −δβγΓ

j
ik.

By calculations similar to those above we yield
CG∇Vαω

HY = CG∇δασωDiσ
(Y jDj) = δασωi

CG∇Diσ
(Y jDj)

= δασωiY
jCG∇Diσ

Dj = δασωiY
jCGΓK

iσj
DK = δασωiY

jCGΓk
iσj

Dk

+δασωiY
jCGΓ

kγ

iσj
Dkγ

(6.6)

and
1

2hα

H(Xα(g−1 ◦R( , Y )ω̃)) = 1
2hα

(Xα
mRl m

·jk Y jgksωs)Dl

= 1
2hα

Xα
mRl sm

·j · Y jωsDl.
(6.7)

From (6.6) and (6.7), we get
CGΓk

iαj =
1

2hα
Xα

mRk im
· j · ,

CGΓ
kγ

iαj = 0.

Now we assume that α ̸= β. Then by using of (3.3), (3.4) and (5.5), we have
CG∇Vαω

Vβθ = CG∇δασωDiσ
(δβτ θjDjτ ) = δασωi

CG∇Diσ
(δβτ θjDjτ )

= δασωiδ
β
τ (

CG∇Diσ
θj)Djτ + δασωiδ

β
τ θj

CG∇Diσ
Djτ

= δασωiδ
β
τ θj

CGΓk
iσjτ

Dk + δασωiδ
β
τ θj

CGΓ
kγ

iσjτ
Dkγ

= 0.
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The last relation shows that

CGΓk
iαjβ

= 0,CGΓ
kγ

iαjβ
= 0 for α ̸= β.

If α = β. Calculations like above give

CG∇Vαω
Vαθ = δασωiδ

α
τ θj

CGΓk
iσjτ

Dk + δασωiδ
α
τ θj

CGΓ
kγ

iσjτ
Dkγ

= ωiθj
CGΓk

iαjα
Dk + ωiθj

CGΓ
kγ

iαjα
Dkγ

= − 1
hα

(CGg(V αω, γδ)Vαθ

+CGg(V αθ, γδ)Vαω) + 1+hα

hα

CGg(V αω, Vαθ)γδ

− 1
hα

CGg(V αθ, γδ)CGg(V αω, γδ)γδ = − 1
hα

(gisωiX
α
s δ

α
τ θjDjτ

+gjsθjX
α
s δ

α
σωiDiσ ) +

1+hα

h2
α

(gijωiθj+

+gisωiX
α
s g

jmθjX
α
m)

n∑
µ=1

δµγX
µ
kDkγ

− 1

hα
gjmθjX

α
mgisωiX

α
s )

n∑
µ=1

δµγX
µ
kDkγ

=

[
− 1

hα
(gisXα

s δ
α
γ δ

j
k + gjsXα

s δ
α
γ δ

i
k) +

1 + hα

h2
α

(gij + gisXα
s g

jmXα
m)Xγ

k − 1

hα
gisXα

s g
jmXα

mXγ
k

]
ωiθjDkγ

,

from which it follows that

CGΓk
iαjα

= 0,

CGΓ
kγ

iαjα
= − 1

hα
(gisXα

s δ
α
γ δ

j
k + gjsXα

s δ
α
γ δ

i
k) +

1+hα

h2
α

(gij+

+gisXα
s g

jmXα
m)Xγ

k − 1
hα

gisXα
s g

jmXα
mXγ

k = − 1
hα

(X̃αiδαγ δ
j
k

+X̃αjδαγ δ
i
k) +

1+hα

h2
α

gijXγ
k + 1

h2
α
X̃αiX̃αjXγ

k ,

where X̃αi = gisXα
s . This completes the proof.

7. The Riemannian curvature tensor of F ∗(M) with CGg

Let CGR be a curvature tensor field of CGg. The curvature tensor field CGR has components

CGR L
IJK = DI

CGΓL
JK −DJ

CGΓL
IK + CGΓL

IS
CGΓS

JK−

CGΓL
JS

CGΓS
IK − Ω S

IJ
CGΓL

SK ,
(7.1)

with respect to the adapted frame {DI}, where Ω K
IJ be a non-holonomic object.

Taking account (3.5), (5.5), (6.1) and (7.1), we find the components of curvature tensor field CGR.

CGR l
ijk = R l

ijk +
n∑

σ=1

1
4hσ

Xσ
mXσ

r (R
l sm
· i · R r

jks −Rl sm
· j · R r

iks )

−
n∑

σ=1

1
2hσ

Xσ
mXσ

r R
m

ijs Rl sr
· k · ,

CGR l
iαjk = − 1

2hα
Xα

s ∇jR
l is
· k · ,

CGR l
ijkγ

=
1

2hγ
Xγ

m(∇iR
l ks
· j · −∇jR

l ks
· i · ),
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CGR lτ
ijk =

1

2
Xτ

m(∇iR
m

jkl −∇jR
m

ikl ),

CGR lτ
ijkγ

= δγτR
k

jil + 1
4hγ

Xτ
mXγ

r (R
m

isl Rs kr
· j · −R m

jsl Rs kr
· i · )

− 1+hγ

h2
γ

Xγ
mXτ

l R
km

ij · + 1
hγ

Xγ
mδγτ (R

m
ijs X̃γsδkl +R m

ijl X̃γk)

− 1
h2
γ
X̃γsX̃γkXτ

l X
γ
mR m

ijs ,

(7.2)

CGR lτ
iαjk = 1

2δ
α
τ R

i
jkl + 1

2hα
δατ X

α
mR m

jks (X̃αiδsl + X̃αsδil )

+ 1+hα

2h2
α
Xα

mR im
jk · Xτ

l + 1
2h2

α
Xα

mR m
jks X̃

αiX̃αsXτ
l +

− 1

4hα
Xτ

mXα
r R

m
jsl R

s ir
· k · ,

CGR l
iαjβk

=
1

4hαhβ
Xα

mXβ
r (R

l im
·s · Rs jr

·k · −Rl jr
·s · Rs im

·k · ) for α ̸= β,

CGR l
iαjαk = 1

2hα
(Rl ji

· k · −Rl ij
· k · )

+ 1
4h2

α
Xα

mXα
r (R

l im
·s · Rs jr

·k · −Rl jr
·s · Rs im

·k · )

+ 1
h2
α
Xα

m(X̃αjRl im
·k · − X̃αiRl jm

·k · ),

CGR l
iαjkγ

=
1

hαhγ
Xα

mXγ
r R

l im
·s · Rs kr

·j · for α ̸= γ,

CGR l
iαjkα

= 1
2hα

Rl ki
·j · + 1

2h2
α
(X̃αkRl im

·j · − X̃αiRl km
·j · )Xα

m

+ 1
4hα

Xα
mXα

r R
l im
·s · Rs kr

·j · −
n∑

σ=1

1
2hσhα

Xσ
mXα

s R
l sm
·j · gik

−
n∑

σ=1

1
2hσh2

α
Xσ

mXα
s R

l sm
·j · (gik + X̃αiX̃αk),

CGR lτ
iαjkα

=
1

hα
A+

1 + hα

h2
α

B +
1

h2
α

C,

where
A = δατ (Γ

k
js(X̃

αiδsl + X̃αsδil ) + Γs
jl(X̃

αiδks + X̃αkδis)

+Γi
js(X̃

αsδkl + X̃αkδsl ),

B = −Γk
jsg

isXτ
l − Γs

jlg
ikXτ

s − Γi
jsg

skXτ
l ,

C = −Γk
jsX̃

αiX̃αsXτ
l − Γs

jlX̃
αiX̃αkXτ

s − Γi
jsX̃

αsX̃αkXτ
l ,

CGR lτ
iαjβkα

= 1
hβh2

α

[
δβτ δ

j
l (2hβ − 1)(gik(1 + hα) + X̃αiX̃αk)

+3X̃βjgikXτ
l (hα + 1) + 3 X̃αiX̃αkX̃βjXτ

l

]
for α ̸= β,

CGR lτ
iαjαkα

= hα−1
h3
α

X̃αkδατ (X̃
αiδjl − X̃αjδil )

+hα+2
h3
α

Xτ
l (X̃

αjgki − X̃αigkj) +
h2
α+hα+1

h3
α

δατ (g
jkδli − gikδjl ),

CGR l
iαjβkγ

= CGR lτ
iαjβk

= 0,
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CGR lτ
iαjkγ

= CGR lτ
iαjαkγ

= 0 for α ̸= γ.

It is known that the sectional curvature (see [8, p. 200]) on (F ∗(M),CGg) for P (U, V ) is given by

CGK(P ) = −
CGRkijsU

kV iU jV s

(CGgkjCGgis − CGgksCGgij)UkV iU jV s
, (7.3)

where P (U, V ) denotes the plane spanned by (U, V ). Let {Xi} and {ωi}, i = 1, ..., n, be
a local orthonormal frame and coframe on M, respectively. Then from (4.1) we see that
{HX1, ...,

HXn
V1ω1, ..., Vnω1, ..., V1ωn, ..., V1ωn, ..., Vnωn} is a local orthonormal frame on F ∗(M). Let

CGK(HX,HY ),CGK(HX, Vβθ),CGK(Vαω, Vαθ) and CGK(Vαω, Vβθ) denote the sectional curvature of the plane
spanned by (HX,HY ), (HX, Vβθ), (Vαω, Vαθ) and (Vαω, Vβθ) on F ∗(M), respectively. Then direct calculations
using (3.3), (3.4), (4.2) and (7.3) give

i)
CGK(HX,HY ) = −

CGRkijs
HXkHY iHXjHY s

(CGgkjCGgis − CGgksCGgij)HXkHY iHXjHY s

=
CGRkij

lCGgsl
HXkHY iHXjHY s + CGRkij

lτ CGgslτ
HXkHY iHXjHY s

(CGgkjCGgis − CGgksCGgij)HXkHY iHXjHY s

=

−Rl
kij +

n∑
σ=1

1
2hσ

Xσ
mXσ

r R
r

kit Rl tm
· j · −

n∑
σ=1

1
4hσ

Xσ
mXσ

r (R
l tm
· k · R r

ijt

(gkjgis − gksgij)XkY iXjY s

−
Rl tm

· i · R r
kjt )X

kY iXjY s

(gkjgis − gksgij)XkY iXjY s

)
= K(X,Y )

−

n∑
σ=1

1
2hσ

gtf (Xσ ◦R(X,Y ))t(X
σ ◦R(X,Y ))f

g(X,X)g(Y, Y )− g(X,Y )g(Y,X)

+

n∑
σ=1

1
4hσ

gtf (Xσ ◦R(Y, Y ))t(X
σ ◦R(X,X))f

g(X,X)g(Y, Y )− g(X,Y )g(Y,X)

= K(X,Y )−
n∑

σ=1

3

4hσ
|(Xσ ◦R(X,Y ))|2 ,

ii)
CGK(HX, Vβθ) = −

CGRkiβjsβ
HXkVβθiβHXjVβθsβ

(CGgkjCGgiβsβ − CGgksβ
CGgiβj)

HXkVβθiβHXjVβθsβ

= −
CGR l

kiβj
CGgsβlX

kθiX
jθs +

CGR
lβ

kiβj
CGgsβlβX

kθiX
jθs

gkj

(
1
hβ

(gis + giagsbXα
a X

α
b )
)
XkθiXjθs

=

 1
2R

i
kjl − 1

2hβ
Xβ

mR m
kjl X̃βi − 1

2hβ
Xβ

mR m
kjt X̃βtδil(

1
hβ

(gkjgis + gkjgiagsbX
β
aX

β
b )
)
XkθiXjθs

+
− 1

4hβ
Xβ

mXβ
r R

m
ktl Rt ir

· j · +
1+hβ

2h2
β
Xβ

mR im
kj · Xβ

l(
1
hβ

(gkjgis + gkjgiagsbX
β
aX

β
b )
)
XkθiXjθs

+

1
2h2

β
Xβ

mR m
kjr X̃βiX̃βrXβ

l(
1
hβ

(gkjgis + gkjgiagsbX
β
aX

β
b )
)
XkθiXjθs

( 1

hβ
(gsl ++gsaglbXβ

aX
β
b )X

kθiX
jθs

)
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=
− 1

4h2
β
Xβ

mXβ
r R

m
ktl Rt ir

· j · gslXkθiX
jθs

1
hβ

(g(X,X)g−1(θ, θ) + g(X,X)gg−1(θ,Xβ)g−1(θ,Xβ))

+
− 1

4h2
β
Xβ

mXβ
r R

m
ktl Rt ir

· j · gsaglbXβ
aX

β
b X

kθiX
jθs

1
hβ

(g(X,X)g−1(θ, θ) + g(X,X)g−1(θ,Xβ)g−1(θ,Xβ))

=

1
4h2

β
gtfXβ

mXβ
r θ̃

lR m
tkl XkR r

fjp g
piXjθi

1
hβ

(1 + (g−1(Xβ , θ))2)
=

1

4hβ

∣∣Xβ ◦R( , X)θ̃
∣∣2

(1 + (g−1(Xβ , θ))2)
,

iii)
CGK(Vαω, Vαθ)

= −
CGRkαiαjαsα

VαωkαVαθiαVαωjαVαθsα

(CGgkαjα
CGgiαsα − CGgkαsα

CGgiαjα)
VαωkαVαθiαVαωjαVαθsα

= −
CGR lα

kαiαjα
CGgsαlαωkθiωjθs

L

=

−hα−1
h3
α

X̃αj(
↔
X

αj

δkl − X̃αkδil )−
hα+2
h3
α

Xα
l (X̃

αigjk − X̃αkgji)

L

−
h2
α+hα+1

h3
α

(gijδkl − gkjδil

L

( 1

hα
(gsl + gsaglbXα

a X
α
b )ωkθiωjθs

)

=

1−hα

h4
α

(1 + (g−1(Xα, ω))2 + (g−1(Xα, θ))2) + hα+2
h3
α

1
h2
α
(1 + (g−1(Xα, ω))2 + (g−1(Xα, θ))2)

=
1− hα

h2
α

+
hα + 2

hα

1

(1 + (g−1(Xα, ω))2 + (g−1(Xα, θ))2)
,

where
L = (CGgkαjα

CGgiαsα − CGgkαsα
CGgiαjα)ωkθiωjθs

=
1

hα
(gkj + gkagjbXα

a X
α
b )

1

hα
(gis + gitgsfXα

t X
α
f )ωkθiωjθs

− 1

hα
(gks + gkcgsdXα

c X
α
d )

1

hα
(gij + giugsvXα

uX
α
v )ωkθiωjθs

=
1

h2
α

(1 + (g−1(Xα, ω))2 + (g(Xα, θ))2),

iv) Calculations similar to those in iii) show that

CGK(Vαω, Vβθ) = 0, for α ̸= β.

Therefore, the following theorem holds.

Theorem 7.1. Let (M, g) be a Riemannian manifold and F ∗(M) be its coframe bundle equipped with Cheeger-Gromoll
metric CGg. Then the sectional curvature CGK of (F ∗(M),CGg) satisfy the following:

i)
CGK(HX,HY ) = K(X,Y )−

n∑
σ=1

3

4hσ
|(Xσ ◦R(X,Y ))|2 , (7.4)

ii)

CGK(HX, Vβθ) =
1

4hβ

∣∣Xβ ◦R( , X)θ̃
∣∣2

(1 + (g−1(Xβ , θ))2)
, (7.5)
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iii)
CGK(Vαω, Vαθ) =

1− hα

h2
α

+
hα + 2

hα

1

(1 + (g−1(Xα, ω))2 + (g−1(Xα, θ))2)
, (7.6)

iv)
CGK(Vαω, Vβθ) = 0, for α ̸= β,

where K is a sectional curvature of (M, g) and θ̃ = g−1 ◦ θ = (gijθij) ∈ ℑ1
0(M), R( , X)θ̃ ∈ ℑ1

1(M).

Theorem 7.2. Let (M, g) be a space of constant curvature κ and CGK the sectional curvature of the coframe bundle
F ∗(M) with Cheeger-Gromoll metric CGg. Then CGK(HX,HY ) is nonnegative if 0 ≤ κ ≤ 4/3, CGK(HX, Vβθ) and
CGK(Vαω, Vαθ) are nonnegative if κ ≥ 0.

Proof. Since M has constant sectional curvature κ,using (7.4), we have

CGK(HX,HY ) = κ−
n∑

σ=1

3

4hσ
gij(Xσ ◦R(X,Y ))i(X

σ ◦R(X,Y ))j

= κ−
n∑

σ=1

3

4hσ
κ2((g−1(Xσ, X̃))2 + (g−1(Xσ, Ỹ ))2).

Let {E1, E2, ..., En} be an orthonormal basis for cotangent space T ∗
xM such that E1 = X̃, Ẽ2 = Ỹ . Then

(g−1(Xσ, X̃))2 + (g−1(Xσ, Ỹ ))2 ≤
n∑

i=1

(g−1(Xσ, Ei))2 = |Xσ|2

which together with |Xσ|2 = r2σ < 1 + r2σ = hσ implies that CGK(HX,HY ) is nonnegative if 0 ≤ κ ≤ 4/3.
The assertion for CGK(HX, Vαθ) and CGK(Vαω, Vαθ) is clear by (7.5) and (7.6).

8. Geodesics of F ∗(M) with metric CGg

Various problems associated with geodesics in fiber bundles have been very well investigated (see, for
example, [4, p. 70-71, 97-100], [15, p. 57-61, 114-117]). Geodesics of tangent bundle with Cheeger-Cromoll metric
were considered by A. Salimov and S. Kazimova in [13], while the question of geodesics of the cotangent
bundle with a similar metric was touched upon by A. Salimov and F. Agca in [1]. In this section we will
investigate the geodesic curves of the linear coframe bundle F ∗(M) with the Cheeger-Gromoll metric CGg.

Let C̃ = C̃(t) be a curve on the coframe bundle F ∗(M), locally defined by equations xh = xh(t), xhβ = Xβ
h (t)

with respect to the natural frame (xi, xiα) = (xi, Xα
i ), where parameter t is the arc length of the curve C̃. Then

curve C = π ◦ C̃ on a manifold M is called the projection of curve C̃. Note that a curve C is locally defined by
equations xh = xh(t).

By definition, a curve C̃ is a geodesic of linear coframe bundle F ∗(M) with the Cheeger-Gromoll metric CGgif
and only if this curve satisfies differential equations

d

dt

(
η̃I

dt

)
+ CGΓI

JK

η̃J

dt

η̃K

dt
= 0 (8.1)

with respect to the adapted frame {DI}, where {η̃J} is a conjugate coframe to the adapted frame {DI}, and
η̃h

dt = dxh

dt , η̃hβ

dt =
δXβ

h

dt with respect to a curve C̃. Using (6.1), equations (8.1) are reduced to

d

dt

 ···
ηi

dt

+ Γi
jk

dxj

dt

dxk

dt
+

1

hα
Xα

mRijm
·k·

δXα
j

dt

dxk

dt
= 0 (8.2)

d
dt

(
δXα

i

dt

)
+ 1

2X
α
mR m

jki
dxj

dt
dxk

dt − Γk
ji

dxj

dt
δXα

k

dt

+
[
− 1

hβ
(X̃βjδαβ δ

k
i + X̃βkδαβ δ

j
i ) +

1+hβ

h2
β

gjkXα
i

+ 1
h2
β
X̃βjX̃βkXα

i

]
δXβ

j

dt

δXβ
k

dr = 0.

(8.3)
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We transform (8.2) as follows
δ2xi

dt2
+

1

hα
Xα

mRi jm
·k ·

δXα
j

dt

dxk

dt
= 0. (8.4)

Now, using identity
1

2
Xα

mR m
jki

dxj

dt

dxk

dt
= 0

which is a consequence of relation Rm
(jk)i = 0 , we transform (8.3):

δ2Xα
i

dt2 +
[
− 1

hβ
(X̃βjδαβ δ

k
i + X̃βkδαβ δ

j
i ) +

1+hβ

h2
β

gjkXα
i

+ 1
h2
β
X̃βjX̃βkXα

i

]
δXβ

j

dt

δXβ
k

dr = 0.

(8.5)

Thus we have the following theorem.

Theorem 8.1. Let C̃ be a curve on F ∗(M) and locally expressed by equations xh = xh(t), xhβ = Xβ
h (t) with respect

to the induced coordinates (xi, xiα) ⊂ π−1(U) ⊂ F ∗(M). The curve C̃ is a geodesic in F ∗(M) with the Cheeger-Gromoll
metric CGg if it satisfies equations (8.4) and (8.5).

If the curve C̃ satisfies at all the points the relation

δXβ
h

dt
=

dXβ
h

dt
− Γi

jh

dxj

dt
Xβ

i = 0, (8.6)

then the curve C̃ is said to be a horizontal lift of the curve C in M.
As a consequence of equations (8.4), (8.5) and (8.6), we obtain the following.

Theorem 8.2. The horizontal lift of a geodesic in (M, g) is always geodesic in linear coframe bundle F ∗(M) with the
Cheeger-Gromoll metric CGg.
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