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ABSTRACT

In this paper, we define the total graph and the complemented graph of a rough semiring (T, A, V) . We prove that

the existence theorem of the total graph and the complemented graph on (T,A,V) for X U where U is the
finite universal set on the set of all rough sets for the given information system | = (U, A) together with the
operations Praba A and PrabaV . We illustrate these concepts through examples.
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1. INTRODUCTION

The concept of semiring was first introduced by H. S.
Vandiver in 1934. Z. Pawlak [11] introduced the concept
of rough set theory in 1982 to process incomplete
information in the information system and it is defined as
a pair of sets called lower and upper approximation. Praba
and Mohan [12] discussed the concept of rough lattice. In
this paper the authors considered an information system
I =(U,A). A partial ordering relation was defined on

T ={RS(X)| X cU}. The least upper bound and greatest

lower bound were established using the operations
PrabaA and PrabaV . Praba et al. [13] discussed a

commutative regular monoid on rough sets under the

*Corresponding author, e-mail:marans2011@gmail.com

operation PrabaA in 2013. In this paper the authors
dealt the rough ideals on (T,A) . Manimaran et al. [9]

studied the notion of a regular rough V monoid of
idempotents under PrabaV in 2014. Praba et al. [14]

dealt semiring on the set of all rough sets also the authors
discussed rough ideals on semirings in 2014. Zadeh [17]
introduced the concept of fuzzy sets in his paper. Many
authors contributed towards algebraic graph theory and
one such work is in the direction of graph based on the
characterization of rings and semirings. The concept of
zero divisor graph of a ring was first introduced by beck
[5] in 1988. In his paper, the author discussed the
coloring of a commutative ring. In his work, all elements
of the ring were assumed as vertices of the graph. D. D.
Anderson et al. [4] discussed about coloring in his paper.
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D. F. Anderson et al. [2] dealt the zero divisor graph of a
commutative ring in 1999. In his paper, the author
considered only nonzero zero divisors as vertices of the
zero divisor graph. S. Ebrahimi [7] studied the concepts
of the zero divisor graph with respect to ideals of a
commutative semiring in 2008 and in 2009 the same
author [8] discussed an ideal based zero divisor graph of a
commutative semiring. David et al. [6] discussed the zero
divisor graphs of rings and semirings recently in 2012.
The concepts total graph was introduced and discussed by
D. F. Anderson and Badawi [3] in 2008. S. Visweswaran
[16] discussed some properties of the complement of the
zero divisor graph of a commutative semiring. In this

paper, the author proved that T'(R) is connected and the
radius is equal to 2, girth is equal to 3 and the author

determined the center of T'(R) . Akbari et al. [1]
discussed about the edge chromatic humber of the zero
divisor graph of a commutative ring and the author proved
that the edge chromatic number is equal to the maximum
degree of I'(R) unless T'(R) is a complete graph of odd
order. Praba et al. [15] dealt the concepts of the zero
divisor graph of a rough semiring in 2015.

In this paper, we discuss the total graph and
complemented graph of a rough semiring (T, A, V) for the
given information system | =(U,A) where the
information system is defined by using the universal set
U and a nonempty set of fuzzy attributes A. The paper is
organized as follows.

In section 2, we give the necessary definitions related to
rough set theory, semiring theory and algebraic graph
theory.

In section 3, we deal the total and complemented graph of
a rough semiring (T, A, V) and we illustrate these concepts
through numerical examples.

Section 4 gives the conclusion.

2. PRELIMINARIES

In this section we present some preliminaries in rough
semiring and zero divisor graph of a semiring.

2.1. Rough Semiring

Let I =(U,A) be an information system, where U is a
non empty set of finite objects, called the universe and A
is a non empty finite fuzzy set of attributes. For X cU ,
let RS(X):(E(X),E(X)) be the rough set of X and let
T ={RS(X) | X < U} be the set of all rough sets on U.

Theorem 2.1. [14] (T,A,V) is arough semiring.

Example 2.1. [14] Let us consider an information system
1=U,A) where U ={X, %9, %3, %4} and
A={ay,ay,83,8,4} wWhere each a;(i=1to 4) is a fuzzy set

of attributes whose membership values are shown in Table
-1.

Table -1
AU | g a, ag ay
x |02 0.3 1 0
X, |08 0.4 0.1 0.9
X3 |02 0.3 1 0
X, |08 0.4 0.1 0.9

Let X ={x,%y,%3,%}<U then the equivalence classes
induced by IND(P) are given below

Xp=alp = xg}-———----------—- @
Xp=[xlp ={x0. %4} —— === ——— @

and let T ={RS(X)| X cU} be the set of all rough sets
such that,

T = {RS(#), RS(X), RS(X2), RS ({4 }), RS ({23, RS (X U{a3), RS (U X), RS (D Uxo}), RS (U) ) ——— —— 3

(@) Cayley’s table to prove (T,A) is commutative rough monoid.
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Table 2:

A RS(9) RS(U) RS (X)) RS(X2) RS(tuh) RS(tnah) RS(X U2l | RS(x)UXa) | RS(IUixad
RS(9) RS(9) RS(L) RS (X)) R§(X2) RS(lnh RS(lxsh RSCE Ul | RSUduXy) | RS Uixgh
RS(U) RS(U) RS(U) RS(U) RS(U) RS(U) RS(U) RS(U) RS(U) RS(U)
RS(X)) RS(X)) RS(U) RS (X)) RS(U) RS(X)) RS(Xjulxad) | RS(X,Uinh RS(U) RS (X, Uixh
RS(X2) RS(X2) RS(L) RS(U) RS (X2) RS([xi}UX2) RS(X2) RS(U) RSUxJUX2) | RS(UnIUXa)

RS(xy)) RS(lxy)) RS(U) RS (X)) RS(In U Xy) RS(xyh RS(xUinh | RSCY Ulnh | RS(xIuXy) | RS(xIu{n)
RS({xa) RS ({xa) RS(U) | RS(X;uiah RS(X5) RS (fy} U i) RS(x;h) RS(XyUigh | RS(xjuXy) | RS(lxluixn)
RS(X; U} RS(X, Ulxal) | RS(U) | RS(X;Ufxal) RS(U) RS(X) Ulxs)) RS(XpUfxa)) | RS(X) Ufnoh) RS(U) RS(X Ul
RS(qtuXy) | RS(xluXy) | RS(D) RS(U) RS(l}UXs) | RSUgiUXy) | RS(x)uXs) RS(L) RS(x)UX2) | RS(x}uXy)
RS(LejUfxah) | RS(adUiaal) | RS(U) | RS(XpUfnh | RS(atuX) | RSOalUtuh | RSOulubab | RS(X Ulab | RSUuiuXz) | RS(uluie)
From Table 2, it is clear that (T,A) is a commutative rough monoid of idempotents.
(b) Cayley’s table to prove (T,V) is acommutative rough V monoid
Table 3:
v RS(¢) RS(U) RS(X)) | RS(X2) | RSUxD | RSGxb | RS Ulnh | RSUxIUX)) | RSUx)Uah
RS(g) RS(¢) RS(¢) RS(4) RS (4) RS(¢) RS (4) RS(g) RS(d) RS ()
RS(U) RS(¢) RS(U) RS(X1) RS(X2) RS({x1}) RS({x2h) RS(X) U{xal) RS({x1}U X2) RS({x }V {x2h)
RS(X)) RS($) RS(X)) RS(X) RS(#) | RS(x) | RS(D) RS(X)) RS(Ix)1) RS(x))
RS(X2) RS(¢) RS(X2) RS(4) RS(X2) RS(¢) RS({x2}) RS ({x}) RS(X2) RS ({x2})
RS (i) RS(¢) RS({x 1) RS({x;h) RS(#) | RS({x) RS(4) RS({x 1) RS({xh) RS({x 1)
RS({x2h) RS(¢) RS({x2h) RS () RS({x2)) RS(¢) RS ({x2}) RS (lx2h) RS (lx2h) RS ({x2})
RS(X,Ulna)) | RS(8) | RS(X;Uxal) | RS(X) | RS(ad) | RSCxD) | RSGh | RS Ulah | RSOy uiah | RSy IUah
R§(IqjuXa) | RS(#) | RS(xjUXy) | RSGa)) | RS(X) | RS(uD) | RS(xb) | RSUxjuix)) | RSUxiuXa) | RSHx}u{nh
RS({x;tUlah) | RS(g) | RSUxbU{h | RSCUxl) | RS(xal) | RSUx D) | RSUxd) | RSUxlVUeah | RSOy iUixl) | RS(x Ul

From Table 3, it is clear that (T, V) is a commutative rough V monoid of idempotents.

(c) (Distributive law) for RS(X),RS(X5),RS({x}) €T,

To prove: (i) RS(X;A(XoV{x})) = RS((X;AX,)V(X:A{43}))

(i) RS(X1V(X2A{4})) = RS((XVX2)A(X1V{x}))

Case(i):

RS(X,A(XaV{43) = RS(X)A(RS(X) VRS ({3)) = RS(X 1)ARS (¢) = RS(Xy)

RS((X1AX2)V(X1404})) = (RS(X)ARS (X)) V(RS (X)ARS({Xg})) = RS(U)VRS(Xy) = RS(Xy)

Thus, RS(X,A(X,V{x}) = RS(X4AX )V (XyADY)

Case(ii)

RS(X;V(X2A{x1})) = RS(X) V(RS (X2)ARS ({x:})) = RS(X1) VRS (X U{x:}) = RS({x.})

RS((X1VX2)A(X V{x1})) = (RS(X1)VRS(X2))A(RS(X) VRS (X5 W{x})) = RS(A)ARS({x¢}) = RS({x.})

Thus, RS(X,V(X,A{43)) = RS((X1VX2)A(X V{x}))
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from case(i) and case(ii), distributive law holds. Therefore (T,A,V) is a rough semiring.

Lemma 2.1. [10] Let .2 be the set of equivalence classes and P, be the set of representatives of the equivalence classes

whose cardinality is greater than 1 and let |.Z] = zand |P|=m with 1<m<n then the order of the rough semiring is 2"~"3"

Example 2.2.From example 2.1, |.Z|=2and |P| =2 then [T|=9.
Definition 2.1.[15] A subset X of U is said to be dominant if X N X; #¢for i=12,3..n.

Definition 2.2. [15] Let (T,A,V) be a commutative rough semiring. An element RS(X) = RS(¢) of T is said to be a zero
divisor of T if there exist RS(Y) = RS(¢) in T such that RS(X)VRS(Y)=RS(g) i.e., RS(XVY)=RS(g)

Example 2.3. From [15] Let

RS(X1),RS(X7),RS(X3), RS (X U X5), RS (X1 U X3), RS (X5 U X3), RS(¢),RS(U),
T =1 RS{x ), RS{xFU X5), RS({x}U X3), RS({x}), RS({x.3U X1), RS({x.}U X3), ¢ be the set of all rough sets and from
RS({xFU{x3), RS({x 3 U X, U X3), RS (X1 U{x:}U X3), RS ({xFU{*23 U X3)

[14], (T,A,V) be the rough semiring then the set of nonzero zero divisors of the rough semiring T is denoted by Z(T")

where Z(T") = {RS(XQ, RS(X5),RS(X3),RS(X1 U X5), RS(X1 U X3), RS(X5 U X3), RS({x¢}), RS ({3} U Xz)x}

RS({q}U X3), RS({xx}), RS (X1 U{x2}), RS({x2} U X3), RS ({x1} U{*>})

Definition 2.3.The zero divisor graph of a semiring S is denoted by I'(S). The vertex set V (I'(S)) of T'(S) is the set of
elements in Z(S*) =Z(S)\0 and an unordered pair of vertices x,y eV (I'(S)),x=y isanedge x—y in I'(S)if xy=0.
Theorem 2.2.[15]Let | =(U,A) be an information system. If a subset X of U is not dominant then RS(X) is a zero divisor
of the rough semiring (T, A,V) .

Theorem 2.3.[15]Let (T,A,V) be a rough semiring. If a subset X of U is dominant then RS(X) is nota zero divisor in T.
2.2. Total and Complemented Graph of a Semiring

Definition 2.4.The total graph of a semiring S is denoted by T (I'(S)) is the undirected graph with all elements of S as vertices

and for distinct x,y € S, the vertices x and y are adjacent if and only if Xx+ye Z(S*) .

Definition 2.5.The complemented graph of a semiring S is denoted by I'(S) is the undirected graph with all elements of

Z(S*) as vertices and for distinct vertices X,y e Z(S*) the vertices x and y are adjacent if and only if xy e Z(S*) .

In the following section, we discuss the Total and Complemented graph of a rough semiring (T,A,V) .

3. TOTAL AND COMPLEMENTED GRAPH OF A ROUGH SEMIRING

In this section, we consider an information system | =(U,A) . Now for any X cU ,RS(X) = (E(X),E(X)) be the rough set

of X and let T ={RS(X) | X cU}be the set of all rough sets and let Xy, X5,,..., X, be the equivalence classes induced by
IND(P).

Definition 3.1. Total graph I'(T) of a rough semiring T is defined as I'(T) =(V,E) where V be the set of elements of T and
two distinct vertices RS(X),RS(Y) eV are adjacent if and only if RS(X)ARS(Y)e Z(T) where Z(T) be the set of all zero
divisors of T.

Definition 3.2.The complemented graph of a rough semiring (T,A,V) is F(Z(T*)) =(V,E) where V is the set of vertices in
Z(I'*) that is, V = {RS(X) |RS(X) e Z(T*)} and E is the set of edges connecting the elements of V such that there exist an
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edge connecting RS(X),RS(Y) eV ifand only if RS(X)VRS(Y) = RS(¢) . This graph F(Z(T*)) is called a complemented
rough zero divisor of a rough semiring T.

Let us consider, Number of dominant sets = 2™ where m denotes the number of pivot elements with |Xi| >1, D is a set of

dominant sets and P, be the set of all pivot elements and consider a map f:P(P,)—D such that

f(®=BUJU - | Jixl,

X;€B

Theorem 3.1.If P(R,) be the power set of pivot elements and D be the set of all dominant sets in U then there exists a
bijection from P(P) to D.

Proof. Let |D| =2™ and let us define a map from f:P(P)— Dby f(B)=BU<U - U [Xi]p ¢ - Itis enough to prove that f

X €B

is one to one and onto. Let f(B;)= f(B,) implies that B;U<U — U [xilp =B UU - U [xlp . If By=B, then

X €By X €B,

B, UsU - U [xilp %2 BUU = U [%i1, ¢ which is a contradiction. Therefore B, =B, and let X cU be a dominant set
X €By X €B,

implies that X X;#¢ for all i. Let Bc X containing only the pivot elements in X then BeP(P,) implies

f(B)=BUJU - U[xi]p -

x;€B
Remark 3.1.From the above theorem, the number of dominant sets =|D| = T |P|=m then the number of zero divisors
in T=|T|-|D|=2""3"-2" . Note that there are 2""™3™ -2 zero divisors (including RS(¢)) in the rough semiring
(T,A,V). Hence 2""™3™ _2™ _1 elements are there in Z(T"). Therefore the number of vertices in the zero divisor graph
as well as in the complemented zero divisor graph is 2"™3™ —2™ —1. From example 2.3, we have n=3,m=2and [T| =18,

|D| = 4then [2(T")|~18-4-1-13.

Theorem 3.2.For RS(X),RS(Y)(= RS(¢)) T , If RS(XAY)eZ(T*) then RS(X) and RS(Y)eZ(I'*) but the converse is
not true.

Proof.Let RS(XAY)eZ(T*) which implies XAY is not dominant. To prove: RS(X) and RS(Y)eZ(T*). Let either

RS(X) or RS(Y) e Z(T") implies X or Y is dominant. That is X; X #gor X;NY =¢ for all i. If X; X =¢for all i
then X;N(XAY)=¢ for all i which implies XAY is dominant. Which is a contradiction. Hence RS(X) and

RS(Y)eZ(T") but the converse is not true. That is, Let T be the set of all rough sets and let RS({x}U{x,}) and
RS(X3) € Z(T") then RS({xq}U{x}ARS(X3) = RS({x}U{x}U X3) £ Z(T") .

Remark 3.2.From the above theorem 3.2, Z(I'*) need not be closed under A .

Theorem 3.3. For RS(X),RS(Y)(= RS(#)) e T, RS(X) and RS(Y)eZ(T") ifand only if RS(XVY)gZ(T").
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Proof. Let RS(X) and RS(Y)gZ(T") implies X and Y are dominant then X N Xi#=gand Y X; = ¢ for all i implies that
X; N(XVY) =g for all i implies XVY is dominant. Hence RS(XVY)gZ(T"). Conversely, Let RS(XVY) g Z(T") implies
XVY is dominant implies that X; N(XVY)=¢ for all iimplies Xiﬂ({x|[x]ngﬂY}UPan)¢¢ for all iimplies

(xi N{xI[x], < X rw})u(xi NPy )= ¢ foralli implies(xi N{x| X1, < X ﬂY})¢¢or (Xi NPy ) = gforall .
Case: 1 X; ﬂ{x|[x]p X ﬂY} # ¢ forall i implies X NY =U implies X =Y =U implies that X and Y are dominant.

Case: 2 Let XN Pxny = ¢ for all iimplies X; X =¢ X;NY =¢ for all i implies X and Y are dominant hence RS(X) and
RS(Y)eZ(T").

Example 3.1.From [15] Let

RS(X1),RS(X7),RS(X3), RS (X U X5), RS (X1 U X3), RS (X5 U X3), RS(¢),RS(U),
T =1 RS}, RS{xFU X5), RS({x}U X3), RS({x}), RS({x}U X1), RS({x.,}U X3), ¢ be the set of all rough sets and from
RS ({3 U{x3), RS({x 3 U X, U X3), RS (X1 U{x:}U X3), RS ({xFU{*23 U X3)

[14] (T,A,V) be the rough semiring then the set of nonzero zero divisors of the rough semiringT is denoted by Z(I'*) where

2 :{RS(Xl), RS(X3),RS(X3),RS(Xy U X5),RS(X1 U X3), RS(X, U X3), RS({x3), RS({x}U xz),}

RS{}U X3), RS({x2}), RS (X U{x2}), RS({x2} U X3), RS({x1} U{*2})

Then for RS({x}U{x}U X3) 2 Z(T ) and RS(X; U{x}UX3) ¢ Z(T") ifand only if

RS (£ U{x3U X3)VRS(X; U{x3U X3) = RS (3 U{x3U X3) V(X1 U{o3U X3) ) = RS({x} U{x}U X3) & Z(T
Theorem 3.4.1f for given RS(X)eZ(T") there exist RS(Y) e T such that XVY = ¢ then RS(XVY)eZ(T")

Proof. Let RS(X)eZ(T"), if RS(Y)eT such that XAY #¢ . As RS(X)eZ(T") there exist RS(Z) e Z(T) such that
RS(X)VRS(Z) = RS(XVZ)=RS(#) . Hence RS((XVY)VZ) = RS(YV(XVZ))=RS(Y)VRS(XVZ) = RS(Y)VRS(#) = RS(4).
Hence RS(XVY)eZ(T").
Example 3.2.From [15] Let
RS(X1),RS(X2),RS(X3),RS(X1 U X3),RS(X1 U X3),RS(X, U X3),RS(¢), RS(U),
T =1 RS}, RS{x3U X5), RS({x}U X3), RS({x}), RS {3 U X1), RS({x}U X3), ¢ be the set of all rough sets and from
RS({xFU{x3), RS({x 3 U X, U X3), RS (X1 U{x:}U X3), RS ({xF U{*23U X3)

[14] (T,A,V) be the rough semiring then set of nonzero zero divisors of the rough semiring T is denoted by Z(I'*) where

2= {RS(Xl), RS(X5),RS(X3),RS(X1 U X,), RS(X; U X3), RS(X5 U X3),RS({x}), RS ({x} U xz),}
RS({x}U X3), RS({xx}), RS (X1 U{x2}), RS({x2} U X3), RS({x1} U{*2})
For RS(Xl)eZ(T*) if RS({x}) €T such that X;V{x}=¢ . As RS(Xl)eZ(T*) there exist an RS({x,}) €T such that

RS((X,VEX) V{x}) = RS(VX) VEXe}) = RSV (X1 VX)) = RS(¢) . Hence RS(X;V{x}) =RS({x}) € Z(T").
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RS(X41),RS(X2),RS(X3), RS(X; U X;), RS (X1 U X3),RS(X, U X3), RS (), RS (),
Example 3.3.From [15] Let T =4 RS({x}), RS({x}U X2), RS({}}U X3), RS{x:}), RS({x:}U X1), RS({x:} U X3),
LS({XﬂU{Xz})v RS({x}U X5 U X3), RS(Xg U{x2} U X3), RS ({x 3 U{x:}U X3) }
be the set of all rough sets and from [14] (T,A,V) be the rough semiring then set of nonzero zero divisors of the rough
semiring T is denoted by Z(T*) where

RS(X1),RS(X2),RS(X3), RS (X1 U X2), RS (X1 U X3), RS(X, U X3), RS({x1}), RS ({x} U Xz):}

AU E
) {RS({Xl}U X3), RS({x2}), RS (X1 U{X2}), RS ({x23 U X3), RS ({3} U{x2})

then the total graph of I'(T) and complemented graph T'(T) are given below.

RS(LN RS(X))

RS()xy} ',.'.\': UXa)

RS(X; U [x3) U X3)

RS(|xtu v X3)

RS{[x))
RSt{x| U X3)
RS(|x2 1)
RS(Ix1 )V X3) .
A\ ’ “‘ 1 RS Wiy
RSUxluXs) ";"4"" 7,. -
DN EA2 N P hfaX
/Y - R
RS(X; Ul / '
RS(Xy U Xy)
RS(X> U Xy)
Total Graph of T
REiX|)
RS (s Y RS(X3)
ESta U Xq)
RE(X5)
RE(X) Uil
RS(X) uXz)
RSilxzh
RS (X U Xq)
LAYSENIRER 63
RS(X7 U X3)
RS ey} X

RExg Iy

Complemented Graph of T
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4. CONCLUSION

In this paper, we proved an existence theorem for total
graph and complemented graph of the rough semiring
(T,A,V) for a given information system | = (U, A) . The
concepts are illustrated with examples.
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