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ABSTRACT

Let (S,, <) be an ordered semihypergroup and a € S. We denote by N(a) the hyperfilter of S generated by a. We
define an equivalence relation I := {(a,b) € S x S| N(a) = N(b)} on S. In this note, we show that ' is the
intersection of the relations o, := {(a,b) € S X S |a,b € Por a,b ¢ P}, where P runs over the completely prime
hyperideals of S. Moreover, we give some results on the ordered semihypergroups.
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1. INTRODUCTION AND PREREQUISITES

The notion of a hyperstructure was introduced by Marty
[10] in 1934, when he defined the hypergroups and began
to investigate their properties with applications to groups,
rational fractions and algebraic functions. The concept of a
semihypergroup is a generalization of the concept of a
semigroup. The concept of congruences play an important
role in studying the structure of semihypergroups [4]. As a
reference for more definitions on semihypergroups we refer
to [3]. In [8], Heidari and Davvaz studied a semihypergroup
(S,*) besides a binary relation <, where < is a partial order
relation such that satisfies the monotone condition. This
structure is called an ordered semihypergroup. Davvaz et
al. [6] introduced the notion of pseudoorders of ordered
semihypergroups. Changphas and Davvaz [1, 2]
investigated some properties of
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hyperideals and bi-hyperideals in ordered
semihypergroups. In 2016, Davvaz and Omidi [5]
introduced hyperideals and bi-hyperideals of ordered
semihyperrings. Tang et al. [12] studied some properties of
hyperfilters in ordered semihypergroups. The ordered
regular equivalence relations on ordered semihypergroups
were studied by Gu and Tang in [7]. In 2014, Kehayopulu
[9] studied the Green’s relations and the relation V in I'-
semigroups. The concept of a semilattice congruence of an
ordered I'-semigroup was introduced in [11].

Let S be a non-empty set. Amappinge: S xS — P*(S),
where P*(S) denotes the family of all non-empty subsets of
S, is called a hyperoperation on S. By a hypergroupoid we
mean a non-empty set S endowed with a hyperoperation .

In the above definition, if A and B are two non-empty
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subsets of S and x € S, then we denote
AoB=Ua-b, Aex=Ae{x}, xeB={x}eB.

a€A
beB

A hypergroupoid (S,e) is called a semihypergroup if for all
x,y,z of S, we have

xe(yez)=(xey) ez,
which means that

Xeu Vez.

UEYZ VEXSY

A non-empty subset K of a semihypergroup (S,e) is called
a subsemihypergroup of S if Ke K< K. Let (S,») be a
semihypergroup. Then, Sis called a hypergroup if it
satisfies the reproduction axiom, forall x € S, x e S =5 =
S e x. A non-empty subset K of Sis a subhypergroup of
SifaeK=K=Kea,foreverya € K.

Let o be an equivalence relation on a semihypergroup (S,e
)Yand A,B € S. Then AG B means that for all a € A, there
exists b € B such that acb and for all b’ € B, there exists
a' € A such thata’cb’. Also, AG B means that for all a €
A and forall b € B, we have ach. The equivalence relation
o is called (1) regular if for all x € S, from aob, it follows
that a e xa b « x and x « ad x » b; (2) strongly regular if
forall x € S, from aob, it follows that a e xG b » x and x
ag x e b.

An ordered semihypergroup (S,s, <) is a semihypergroup
(S,#) together with a partial order < that is compatible
with the hyperoperation e, meaning that for any x,y,z € S,

x<y=>zex<zeyandxez<yez

Here, zex < z ey means for any a € z  x there exists
b € zeysuchthata < b. Thecase x  z < y o z is defined
similarly. An ordered semihypergroup (S,, <) is called an
ordered hypergroup if (S,¢) is a hypergroup. A non-empty
subset A of an ordered semihypergroup (S,e, <) is called a
subsemihypergroup of Sif (4,,,<) is an ordered
semihypergroup. For a non-empty subset K of an ordered
semihypergroup S, we denote

(K]={x€S|x<a forsome a € K}.

Definition 1.1 A non-empty subset I of an ordered
semihypergroup (S,, <) is called a hyperideal of S if

(1) SeliclandleSc;

(2) When x €1l and y €S such that y <x, imply
thaty € I.

Note that the condition (2) in Definition 1.1 is equivalent to
UR=y"

A hyperideal I of an ordered semihypergroup S is called
completely prime if for any a, b of S such that a e bNI #
@, then a €1 orb € 1. A subsemihypergroup F of S is

called a hyperfilter [12] of S if (1) (Va,b € S) a e bNF #
@impliesa,b € F;, (2) Forany a € F and c€ S, a<c
implies ¢ € F. The intersection of all hyperfilters of S
containing a non-empty subset A of S is the hyperfilter of
S generated by A. For an element a € S, we denote by
N(a) the hyperfilter of S generated by a, and by N the
relation on S defined by

N = {(a,b) €S xS | N(a) = N(b)}.

A semilattice equivalence relation on S is a strongly
regular relation o on S such that aeaga and aeba b«
aforeacha,b € S.

Theorem 1.2 [7] Let (S,,<)be an ordered
semihypergroup. Then N is an ordered semilattice
equivalence relation on S.

Theorem 1.3 [12] Let (S,»,<) be an ordered
semihypergroup and F a non-empty subset of S. Then, the
following statements are equivalent:

(1) F isa hyperfilter of S.

(2) S\F=@or S\F is a completely prime
hyperideal of S.

2. MAIN RESULTS

Let a be an element of an ordered semihypergroup (S,e, <).
We denote by Is(a) the hyperideal of S generated by a. We
have

Is(a)=(@USeaUaeSUSeqaeS].

Let(S,»,<) be an ordered semihypergroup. An
equivalence relation 7 is defined on S by aJb if and only if
Is(a) = Is(b) forany a, b € S. This equivalence relation is
called Green’s relation on an ordered semihypergroup S.
For a subset A of S we denote by g, the relation on S
defined by

oy, ={(a,b) ESxS|a,beAora,b ¢ A}.

Theorem 2.1 Let P be a completely prime hyperideal of an
ordered semihypergroup (S,»,<). Then the set gpis a
semilattice equivalence relation on S.

Proof. Clearly, op is a relation on S which is reflexive and
symmetric. So, we show that it is transitive. Suppose that
(a,b) € gp and (b,c) € gp .Thena,b € Pora,b ¢ P and
b,cePorb,cgP.Ifa,b e Pandb,c € P,thena,c € P.
Hence, (a,c) € op .Ifa,b ¢ Pand b,c & P,then a,c ¢ P.
So, (a,c) €Eop. The case a,b€ePand b,cgP is
impossible and so is the case a,b € P and b,c € P. Thus,
op is an equivalence relation on S.

Now, let (a,b) € opandc € S. Thena,b € Pora,b ¢ P.
Leta,b € P. Since P is a hyperideal of S, we have a e ¢ <
Pand b ec < P.Hence,forallu e aecandforallve b e
c, we have (u, v) € ap. This implies that a e capb « c. Let
a,b & P and ¢ € P. Since P is a hyperideal of S, we have
aecCPandbec < P. Thusforany m€aec,n€be
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¢, we have (m,n) € op. Hence, a ¢ capb » c. Now, let
a,bg Pand c¢&P. Since P is a completely prime
hyperideal of S, we havea e« cNP = @andb e cNP = @. If
x€E€aec and yEbec, then x & P and y & P. This
implies that (x,y) € ap, and hence a » capb  c. Similarly,
ceaopceb. Therefore, o, is a strongly regular
equivalence relation on S.

Finally, we prove that g, is a semilattice equivalence
relation on S. Suppose that a € P, where a € S. Then, a »
a € P. Hence, (x,a) € ap for every x € a » a. Now, let
agP.Then, aeaNP =@. Thus a,y & P for everyy €
a  a, which means that (y,a) € op. Thus a * agpa. Let
a,beSand x€aeb,y€bea. If aebNP # @, then
a € Porb € P. By condition (1) of Definition 1.1, we have
xEaeb<SPand yebea<SP. So, for all x€a-e
bandy € bea, we have x,y € P. This implies that
(x,y) Eagp.IfaebNP = @,then b e aNP = @. So, forall
xEaeband y € bea, we have x,y & P. This implies
that (x,y) € op. Thus a e bapb » a. Hence the proof is
completed.

Theorem 2.2 Let CP(S) be the set of completely prime
hyperideals of an ordered semihypergroup (S,e, <). Then,

N = Npecp(s) op-

Proof. Suppose that P is a completely prime hyperideal of
S. First, we show that V' € gp. Let (a,b) € V. If (a,b) ¢
op, then one of two following cases happens:

Casel.ae€ePand b & P.Since b € S\P, we have S\P #
@. By assumption, S\(S\P) = P is a completely prime
hyperideal of S. By Theorem 1.3, S\P is a hyperfilter of
S. Since b € S\P, it follows that N(b) € S\P. So, a €
N(a) = N(b) € S\P, which is a contradiction. This leads
to (a, b) € op.

Case2.a ¢ Pand b € P. Since a € S\P, we have S\P #
@. By assumption, S\(S\P) = P is a completely prime
hyperideal of S. By Theorem 1.3, S\P is a hyperfilter of S.
Since a € S\P, it follows that N(a) € S\P. So, b €
N(b) = N(a) € S\P, which is a contradiction. This leads
to (a,b) € op.

This implies that v € g, forevery P € CP(S). Thus v <
Npecp(s) Op-

Now, let (a, b) € ap forevery P € CP(S). Let (a,b) € NV
Then N(a) # N(b). So, a& N(b) orb & N(a). If,
say, a € N(b), then a € S\N(b). Since b € N(b), we
have b & S\N(b). This implies that (a, b) & gs\np)- BY
Theorem 1.3, S\N(b) is a completely prime hyperideal of
S, which is a contradiction. If, say, b € N(a), then b €
S\N(a). Since a € N(a), we have a & S\N(a). This
implies that (a, b) € gs\n(q)- By Theorem 1.3, S\N(a) isa
completely prime hyperideal of S, which is a contradiction.
Then, (a,b) € ¥ which implies that op € WV for
every P € CP(S). Hence, Npeep(syop S N

Theorem 2.3 If (S,», <) is an ordered semihypergroup,
theng € V.

Proof. Let Q be the set of hyperideals of S. First, we show
that

7 = Nyeq 9a-
Let (a,b) € Jand A € Q. If a € A, then we have
b € Is(b) = Is(a)
=(@aUSeaUaesSUSeasS]
C(AUSeAUAeSUSeAS]
c (4]
= A.

This means that b € A, and so (a,b) € g,. If a € A, then
we have b & A. Since a,b & A, it follows that (a, b) € g4 .
Hence, 7 € o, forevery A € Q. So, we have 7 € Nyeq 04-
Now, let A € Q and (x,y) € g4. Then, (x,y) € g;x)- SO,
we have x,y € Is(x) orx,y & Is(x). Since x € I4(x), it
follows thaty € Ig(x). This implies that I(y) S Is(x).
Similarly, we can prove that Is(x) € Is(y). Then, Is(x) =
Is(y) and so (x,y) € 7. Hence, Nyeqo4 S J. Thus we
have 7 = N 4eq 04- Now, by Theorem 2.2, we have

J =N4ea0a S Naecps)0a =N

Theorem 2.4 Let (S,e, <) be an ordered semihypergroup.
IfN(@)={beS|a€ (SebeS]} foralla €S, then
J=N.

Proof. By Theorem 2.3, we have 7 € V. Let (x,y) € V.
Then, x € N(x) = N(y). By hypothesis, we have

YE(SexeS|S(xUSexUxeSUSexeS]=I(x).

Hence, Is(y) < Is(x). Similarly, we have I5(x) € I(y).
Thus Is(x) = Is(y) and so (x,y) € 3. Therefore, N' € J
and the proof is completed.
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