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Abstract: The aim of this article is to present an efficient numerical procedure for solving mixed linear integro-differential-difference
equations. Our method depends mainly on a Taylor expansion approach. This method transforms mixed linear integro-differential-
difference equations and the given conditions into matrix equation which corresponds to a system of linear algebraic equation. The
reliability and effiency of the proposed scheme are demonstrated by some numerical experiments and performed on the computer
program in Maple10.
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1. Introduction

Since beginning of 1994s Taylor matrix and Taylor collocation methods to solve linear differential, integral,
integro-differential, difference, integro-difference and systems of integro differential equations have been used by Sezer
et al. [1-10]. Our purpose in this study to develop and apply the mentioned methods above to mixed linear
integro-differential-difference equation which is given in [11]. These equations are encountered in various fields of
science and numerous applications (in elasticity, plasticity, heat and mass transfer, oscillation theory, fluid dynamics,
biomechanics, game theory, control, queuing theory, electrical engineering, economics, medicine, etc.)

Consider the mixed linear integro-differential-difference equation:

i)l?i<x> x) + Z Z qij(x Tluer Tij) + Z /abKj(xat)y(j) (x —t)dt = g(x) (1)

i=0j=0 Jj=0

under the mixed conditions
Z aijy\(a) +bijy D (b) + iy () = Wi, i=0,1,2,...m—1,a<b<c 2)

where p;(x), ¢ij(x) and K;(x,r) (i=0,1,...,m; j=0,1,...,n) are functions that have derivatives on an interval a < x,r < b,
and also a;j, b;j, c;j and , W; are suitable constants. We consider the solution of (1) in the form

N (n)
:Zyn(x_c)n) yn:yT'(C)aanvc.Sb (3)
-0 :
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which is the truncated Taylor series of degree N near x = c; where y,, n =0, 1,...,N are the coefficients to be determined.
In addition, to compute the Taylor coefficients we use collocation points defined by

b—
Nas,s:O,l,...,N,a:x0<x1<...<xN:b (@)

2. Fundamental matrix relations

Let us first write Eq.(1) in the
D(x) + F (x) +1(x) = g(x) Q)

where

D(x) = zo Py (@), F(x) = i)ioqixx)y“)(nw 5,
1= 1= j:

=Y / K (e, ) (x— 1)
j=0/a

Let us consider the Eq.(1) and find the matrix forms of each term of the equation. We first consider the solution y(x)

defined by a truncated series (3). Then we can put series (3) in the matrix
()] =X(x)Y ©
where
X(x) = [1 (x—c) (x—c)?-- (X_C)N]

T
Y= {yo yiy2--- yN]

On the other hand the relation between the matrix X(x) and its derivative X'(x) is

X'(x) = X(x)B @)
where
010---0
002
000---N
000---0

Using the relations (6) and (7) we have recurrence relation
' (0)] =X'(x)Y = X(x)BY

' (x)] = X' (x)BY = X(x)B*Y

®)
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[y ()] = X' (x)B* DY = X (x)B'Y
By putting x — Ax+ 1 in the relation (6) we obtain the matrix form
p(Ax+m)] =X(Ax+1)+Y ©)
Similar to (7), the relation between the matrix X(Ax+ n) and its derivative X'(Ax+1)
X'(Ax+n)=X(Ax+n)B (10)
From (9) and (10) we obtain the another recurrence relation
Y (Ax+1)] =X'(Ax+n)Y =X(Ax+1n)BY
' (Ax+n)] = X' (Ax+1)BY = X(Ax+n)B*Y
an
YO Ax+m)] =X (Ax+n)B VY = X(Ax +1)BFY
Also the relation between the matrix X(x) and X(Ax+ 1)
X(Ax+n)=X(x)B(1,n) (12)
From (11) and (12) we can write
DY (x4 1) = X(x)B(2,m)BY (13)
where for A £ 0 and 1 £ 0
[ (0 1 N ]
2 0 0 2 0 N
(0>< P <0>< 1)
1 N
0 2 1 N—1
@
Ben=1 0o o (Tarm
N
0 0 AN (n)°
_ <N>< o
It is clear from (13) that
DY (i + 7)) = X (0)B(135, %) B'Y (14)
and
) (x—1)] = X(x)B(1,—1)B’Y (15)
so that

B(nij,fij) = [bm7n]7 bun = (n)nl‘r;'lfln'_m, n<m= bm,n =0; mn=0,1,...
’ m
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ML—QZ%WLth(QCAY”Hﬂj<i:hJ:&iJzOJPwN

To obtain the desired solution, we can use Taylor collocation method; therefore, we substitute collocation points (4) into

Eq. (5) and obtain the system

D(xs)+F(xS)+I(‘x5):g(xs)a SZO,L...,N (16)
so that " o
D(x,) = ZPi(XS)y(i) (x5), F(xy) = Z Z Qij(xs)y<i>(nijxs+ Tij)s
i=0 i=0 =0

I(x;) = Z /abKj(xS,t)y(j) (xs—1)dt

Jj=0

then we can write the system (16) in the matrix form

D+F+I1=G (17
where
D(xo) F(xo) I(x0) g(x0)
D(xy) F(xp) 1(x1) g(x1)

D(xv) F(xn) I(xn) 8(xn)

A. Matrix representation of differential part

To reduce the part D(x) to the matrix form by means of the collocation points (4) we first write the matrix D defined in
Eq.(17) as

p=YPry" (18)
i=0
where
P(xo) 0 0 0 ¥ (xo)
0 P(x)) O 0 ¥ (xp)
P, = 0 0 Px)-- O YW = ¥ (x2)
0 0 0 - Plw) Y ()

By substituting collocation points (4) into Eq. (8), we have the matrix equation

Y = XB'Y (19)
where
X (x0) 1 (xg—¢) (x0— c)2 (xo— c)N
X(x1) 1 (x1—¢) (x —6)2 (1 —C)N
X= [ X)) | = [1 (m—c) (xa—c)? (xp—c)V
X (xn) I (ay—c) oy —c)? - (v —c)N
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Consequently, from the matrix forms (18) and (19), we obtain the fundamental matrix relation for the differential part
D(x)
D=Y PXBY (20)
i=1

B. Matrix representation of differential-difference part

Let us now find the matrix F corresponding to the part F(x). From (14) we can write F(x) in matrix form

m n

[F()] =Y Y a;X(x)B(n;,%;)B'Y @21
i=0 j=0
for x = x,, we obtain the matrix system, from (21),
m n X
F=3 ) Q;XB(n;,7;)BY (22)
i=0 j=0
where
q,-j(xo) 0 0 s 0
0 gijjx;) 0 - 0
Q= ©0 0 gijlx2) - 0 | i=01,...,m; j=0,1,...,n.
0 0 0 e q;j(xN)

C. Matrix representation of integral part

Now we find the matrix I corresponding to the part I(x). The kernel K;;(x,7) can be expanded to the truncated Taylor series

in the form

where S
i 1 d"™Ki(c,c
J—_— 7 I\ _ Lo
krs_ rls! axrats ’ r7s—0717"~7N9 ]—071,...,N

then the matrix representation of K;(x,) can be given as
[K;(x,0)] = X () KX (1) (23)

where
K, = [ki]; ns=0,1,..,N; j=0,1,..,.N
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Substituting the matrix forms (15) and (23) corresponding to the functions y/)(x —r) and K i(x,7) into the integral part

I(x), we get the matrix

I(x) = Z bX(x)KjXT(t)X(x)B(l, —1)B/Ydr
= Ja
N
=Y X() ]{/ X7 ()X (x)B(1,—t)dt}B'Y
j=0

in order to make easy the calculation of I(x), we use the next equation

then we find the matrix relation

where
I X00---0

(t—o)X 0X0--0
H(t) = (t—c)1 X(x)=|00X--0

(t—c)MI 000--X

(24)

here I is the (N + 1)x(N + 1) matrix. By putting the collocation points xs,s = 0,1, ..., N defined in (4) in the relation (24)

we obtain the system of matrix equations

I(x,) = i/abX(xs)KjXT(t)X(xs)B(l,—t)Bijt

N - b
= Y X(x)K;X(x)B(1, —1){ / H(1)B(1,—1)di}B/Y
=0 a

or briefly the matrix relation

I= Z X" (x)K;XAB/Y

which is the fundamental matrix relation for the integral part I(x). Here

JPB(1,—t)dr Ao
[Pt —¢)B(1,—t)dt A

A= /H (1,—1)d J2(t=c)B(1,—0)dr | = | A | X =
fab(t—c)N.B(l,—t)dt A.N

X(x0)
X(x1)
X(x2)

0

t

(25)
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for Ag, k=0,1,2,...,N we can write general formula

j o plitkl _ giitkt]
A== (D))

j<i=da};=0;ijk=0,12,..,N

and
X(xg) O 0 0 K; 0 0--0
0 X(x) O 0 0K;0--0
X — 0 0 X(x)-- 0 7K§: 0 0K;—- 0
0 0 0 X(xy) 00 0 K;

D. Matrix relation for the mixed conditions

We can obtain the corresponding matrix form for the conditions (2) as follow. By using the recurrence relations (8) for
y ) (a),y)(b), and y\)(c), j =0,1,2,...,m — 1 we have matrix equations of (2)

Z a;jX(a) +bijX(b) +c;;X(c)]B'Y =[], i=0,1,2,...m—1,a<b<c

briefly, the matrix forms for conditions (2) are
UY=[w]; i=0,1,2,....m—1

where

e
U= [a;jX(a) +bijX (D) + cijX(c)|B! = | ujo ujy upp--- uiN]
=0

3. Method of solution

We now ready to construct the fundamental matrix equation corresponding to Eq.(1) for this purpose, we first substitute
(20),(22) and (25) ) into Eq.(1) and then simplify. Thus we have the fundamental matrix equation

{iP,-X B’+Z ZQU B(n;j,7;)B + ZX*K*XAB/Y}Y G (26)
i=1 i=0j=0

which corresponds to a system of N + 1 algebraic equations for the N + 1 unknown Taylor coefficients yg,y1,y2,...,N-
Briefly, Eq.(26) can be written in the form

WY =G or [W;G] 27)
so that
= [Wpql = Z P:XB' + Z Z Qi X (x)B(m;j, 7i)B' + Z X*K*XABJ
i=0j=0 j=0

r,9=0,1,2,...,N
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the augmented matrix of Eq.(27) becomes

wo,0 Wo,1 Wo2 - wWon 5 &(X0)
wio Wit Wi - win ;s g(x1)
[W;G] = | w20 w21 w2p ==+ wan 5 8(x2) (28)

WN.O WNI WN2 - WNN ; 8(XN)

We now consider the matrix Eq.(28) corresponding to the conditions (2). Then the augmented matrix of Eq.(2) becomes
[Uiaui] = | Uj0 Uil U2 UN .ut:| 7i: Oa 1,2,...,}’}1* 1. (29)

To obtain the solution of Eq.(1) under conditions (2), the following augmented matrix is constructed by replacing the row

matrices (28) by the last m rows of the matrix (29) so we have new augmented matrix

wo0  Wo,1 @ Wop won 5 8(xo)
wio Wil Wi2 win 5 &(x1)
wao W2l w22 wan 5 glx)

WN—m,0 WN—m,1 WN—mp2 *** WN—-mN ; g(fom)

WG| = (30)
uo,0 uo, 1 up 2 un s Ho
uro uj ui2 UIN 5 M1
uz0 uz1 uz» wn 5 M2

Un—1N 5 Hm—1

| Yn—1,0 Um—1,1 Um—12 "**

from this linear system, the unknown Taylor coefficients are determined and substituted in (3); thus we get the Taylor

polynomial solution

N ) (¢
y(x) =;yn(x—0)"7 Yn = yT() a<x,c<b

3. Accuracy of the solution and error analysis

We can easily check the accuracy of the method. Since the truncated Taylor series (3) is an approximate solution of
Eq. (1), when the function yy(x) and its derivatives are substituted in Eq. (1), the resulting equation must be satisfied

approximately; that is, for x = x; € [a,b] s=0,1,2,....N
E(x5) = |D(x5) — F(x5) —I(x5) — g(x5)| =0
and E (x;) < 107 (—ki positive integer) If max 10~% = 10~ (k positive integer) is prescribed, then the truncation limit N

is increased until the difference E(x;) at each of the points becomes smaller than the prescribed 107, On the other hand,

the error can be estimated by the function

Ex(x) = i)pxx)yﬁ (0) — Fx) — I(x) — g(v),

(© 2015 BISKA Bilisim Technology
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if Ey(x) — 0 when N is sufficiently large enough, then the error decreases.

4. Numerical examples

The method of this study is useful in finding the solutions of mixed linear integro-differential-difference equations in

terms of Taylor polynomials. We illustrate it by the following examples.

Example 4.1 Let us consider the problem

b
(x=2)y"(x) +xy(x—1) + /a Xy (x—1)dt = (x> —1)e* +xe*,

and approximate the solution yy(x) by the truncated Taylor series in the form
N
yx) =Y yalx—0)", 0<x<1
n=0

sothat N =5, pa(x) = (x> — 1), goo = x, K1 (x,1) = x, g(x) = (x* — 1)e* 4 xe* For N = 5 Taylor collocation points are

o erfa.iOJrlii
HEATON T TN T S
1 2 3 4
| — 1._. = = — = — = — = — _1
i=0,1,...,5=x =0,x 552 = 5 X3 = 50 = 505

The matrix representation of the equation is
{P,XB? + QuXB, | + X’K;XAB}Y =G

simplifying the result, we have the augmented matrix

0 0 -2 0 0 0 ;0 —1
0.2 0.04 —1.9120 —1.1504 —0.4605 —0.1535 ; —0.9283
— -~ 0.4 0.16 —1.6160 —1.9904 —1.6026 —1.0711 ; —0.6564

W;G] =
0.60.36 0.36 —1.0640 —2.1744 —2.6870 ; —2.7181
1 0 0 0 0 0 ; 1
0 1 0 0 0 0 ; 1

The solution of this system gives the Taylor coefficients
¥ =[11050.167100398 0.0113].
Thus, the solution of this problem becomes
ys(x) = 14x+ %xz +0.1671x° 4-0.0398x* +-0.0113x°.

The exact solution of this problem is y = e*and the comparison of approximate solutions (for N = 5,7,9) with exact

solution is given in Table 1. and Fig. 1.

(© 2015 BISKA Bilisim Technology
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Table 1. Comparison of the absolute errors of Example 1.

Error analysis (|y —y*|)

X Exact Solution N=5 N=17 N=9

0.0  1.000000000 0.00000  0.00000  0.00000
0.1 1.105170918 2.64E-7 1.00E-9  0.00000
0.2 1.221402758 1.21E-6 3.00E-9  0.00000
0.3 1.349858808 2.19E-6  5.00E-9  0.00000
04 1.491824698 1.37E-5 1.00E-10 0.00000
0.5 1.648721271 2.775E-6  7.00E-9  0.00000
0.6 1.822118800 4.76E-6 9.00E-10 0.00000
0.7 2.013752707 5.74E-6  1.00E-8  0.00000
0.8 2.225540928 5.58E-7 1.41E-8 0.00000
0.9 2459603111 3.23E-5 5.51E-8 1.00E-9
1.0 2.718281828 1.26E-4 3.81E-8 3.00E-9

1.8 T T T T T T T I I
: . : . . . : MNumerical
i i i i H i i +  Exact
o R s e e e :
: 5 5 5 e
I.ﬁ ----------------------- et T 3 T s :' '._‘e-_
i i : LA
' i
15 | . i i_,.’f i
T hl = :r T 'E 'E ..,: r
: i ol :
_E 1 4 _______ B e s Rt % e e o :r ______ 3§ EREN e 'E___' _T _______ s pEr L Lt H
- H T H
: it
' ' ' ' ' o ' ' '
e e e S S
: ; ¥ i ',.-" ; ¥ i :
! h ) o \ | ) i ]
[ TR L PRI g SATL it bl e b s b b B B e -
i : i:r ! ] . ; ] i
i Lyl : : . : : .
LELY s - S e Rl SRR N
- 1
i ;
14 H H
0 005 01 015 02 025 0.3 0.35 04 0_45 0.5
X

Fig. 1. Exact and numerical results for Example 1

Example 4.2 Consider the multi-pantograph equation

V' (x) = —y(x) — e " *5in(0.5x) + y(0.5x) — 27 ¢0s5(0.5x)sin(0.25x)y(0.25x), 0 <x < 1
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with initial conditions y(0) = 1 and its exact solution is y(x) = e *cos(x) [15]. Following the procedure in the previous
example we get the approximate solution by the Taylor polynomial for N =5 as

ys(x) =1 —x+0.2699984508¢ — 3x% +0.3314703344x> — 0.1621004024x* +0.2917391544¢ — 5x°

In Table 2 we compare the absolute errors of the present method for N = 5,7,9 Fig. 2. shows the comparison of error

functions.

Table 2. Comparison of the absolute errors of Example 2.

Error analysis (Jy —y*|)

X Exact Solution N=6 N=38 N=10

0.0  1.000000000  0.00000  0.00000  0.00000
0.1 0.9003169998 1.18E-7 7.00E-10  0.00000
0.2 0.8024106473 3.23E-7 6.00E-10 2.15E-10
0.3 0.7077306780 4.19E-8 6.00E-10 1.10E-10
0.4 0.6174056479 1.48E-8 6.00E-10 1.17E-10
0.5 0.5322807302 3.52E-8 5.00E-10  0.00000
0.6 0.4529537891 1.30E-8 5.00E-10  0.00000
0.7 0.3798093899 3.15E-8 1.00E-10  0.00000
0.8 0.3130505040 1.67E-7 241E-10 1.10E-10
0.9 0.2527277533 7.29E-8 5.55E-10 3.10E-10
1.0 0.1987661104 6.20E-6  3.12E-8 5.18E-8

5
x10°

- Error function E {x)

m

0.8

rror funclion Esf'x_l ......%------,:------.i-------i_ ...... FeeER _

—  Error function E (x)

T
'
'
'
'
|
'
'
'
'
'
!
= . T N . ' =
= T Teaakennasan .
18 A : '|I
'
_U 2 _______ e e e : _______ i s g B D o LR -
'
i
'
)10 | N, S . NN | DU SO YRGS WSREN .S . SRS |- -
2 '
'
'
'
'
i
'
i i
' '
NDBF----- Loeooon R S, R ot na WL AR L, TR L T, [T Lo —]
' '
' '
'
1 ] | | ] | ] | | ]

Fig. 2. Comparison of error functions of Example 2
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Example 4.3 [3]. Consider the difference equation
(x=1Dyx+2)+2=3x)y(x+1)+2xy(x) =1,

y(0)=2,y(1)=2,0<x<2

The exact solution is y(x) = 2* —x+ 1. For numerical result, see Table 3 and Fig. 3.

Table 3. Comparison of the absolute errors of Example 3

Error analysis (|y —y*|)

X Exact Solution N=6 N=38 N=10
0.0  2.000000000 0.00000 0.00000 0.00000
-0.4  2.157858283 5.63E-6 1.23E-7 2.12E-9
-0.8 2374349178 2.03E-5 1.24E-7 2.10E-9

-0.12  2.635275282 1.54E-9 2.00E-9 3.17E-9
-1.16  2.929876978 5.10E-5 1.07E-7 5.28 E-8
-2 3.250000000 2.68E-3 2.11E-5 1.05E-7

x 107 Error Function for N==6 | 10°% Errar Function for N=8
OF b s s didsnne Sl g e s chpd e nud
=
= 0
w
-05
. . . 4 : : :
-2 -1.5 -1 -0.5 0 -2 -1.5 =1 -0.5 0
% ¥ 10 °Errer Funciion for N=10 >
1
e =
X
= 0
w
) J) S S S

Fig. 3. Comparison of error functions of Example 3

Example 4.4 In this example, we consider the linear delay differential equation of third order [12]

d3y

i —y(x) =y(x—0.3) e 03

and the following initial conditions

(© 2015 BISKA Bilisim Technology
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with the exact solution y(x) = e™* Table 4 compares the results of the present method and the differential transform
method.

Table 4. Error analysis of Example 4

Present Method (|y —y*|)
x, N=S5Error N=8Error N =10Error Differential Transform[14]

0.0 0.00000 0.00000 0.00000 0.00000
0.1 3.32E-8 6.57E-12 7.68E-14 6.40E-11
0.2 3.69E-7 7.01E-11 7.34E-14 1.20E-10
0.3 1.21E-6 6.99E-10 1.66E-13 8.17E-11
0.4 2.37E-6 1.90E-10 8.12-E12 6.43E-11
0.5 3.64E-6 2.53E-10 1.71E-12 8.73E-11
0.6 5.96E-6 2.15E-10 2.11E-12 5.97E-12
0.7 1.32E-5 1.34E-10 1.81E-12 2.08E-10
0.8 3.48E-5 6.62E-9 1.18E-12 1.72E-11
0.9 2.96E-4 2.74E-8 6.30E-11 1.59E-10

Example 4.5 Finally, we consider the following neutral integro-differential equation

d —13

ab(x) —3y(x— 1)]+/01(x—z)y(x—t)dt = 42

with condition y'(0) = 1. Following the previous procedures, we get the approximate solution of problem for N =5 as
y(x) = x+ 1 which is the exact solution.

6. Conclusion

The numerical results show that the accuracy improves when N is increased. Tables and Figures indicate that as N
increases, the errors decrease more rapidly; hence for better results, using large number N is recommended. A
considerable advantage of the method is that Taylor coefficients of the solution are found very easily by using the
computer programs. On the other hand our Nth order approximation gives the exact solution when the solution is
polynomial of degree equal to or less than N. If the solution is not polynomial, Taylor series approximation converges to
the exact solution as N increases.
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