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Abstract: Lipchitz class of function had been introduced by McFadden[7}.Recently dealing with degree of approximation of
Fourier series of a function of Lipchitz class Nigam[4] and Misra et al [2],[3] have established certain theorems. Extending their
results in this paper, a theorem on degree of approximation of a function feW(Lp ,f(t)) by product summability (£ ,q)(ﬁ, pn) of

Fourier series associated with f, has been established.
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1. Introduction and Preliminaries
Let Z a, be a given infinite series with the sequence of partial sums {sn } Let { D, } be a sequence of positive real

numbers such that

Pn=2pu—>°0 , n>o (P, =p,=0,i=0). (1)
v=0
The sequence —to-sequence transformation
1 n
b= 2P e
n U=0

defines the sequence {l‘ " } of the (N D, ) -mean of the sequence {S”} generated by the sequence of coefficient

[, >s ,as n—>w, (3)

then the series Zan is said to be (N , pn) summable to s .
The conditions for regularity of (N » D, )- summability are easily seen to be
(i) P, > ©,as n — oo,

@)Y p, <P, @
i=0

,as n — o,

The sequence —to-sequence transformation [1]
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72=—J——§i%j¢”su, (5)

(1+q) =l
defines the sequence {T } of the (E , q) mean of the sequence {Sn } .

If
T —s,as n—>o0, (6)

then the series Zan is said to be (E , q) summable to s .

Clearly (E ,q ) method is regular. Further, the (E R q) transform of the (N, p, ) transform of {Sn } is defined by

1 g _
T, = —ZKZJ q" ¢ Iy

(1+q) =
1 " (n - 1 k
- — — . 7
(1+q)n ;(k} q {Pk ;pusu} ( )
If
T, —>S§,as N—>®, )]

then Zan is said to be (E , q)(]V , D, )—summable to s.
Let f(¢) be a periodic function with period 27 and integrable in the sense of Lebesgue over (-m,n) . Then the

Fourier series associated with  f* at any point x is defined by

f(x) ~ a?°+i(an cosnx+b, sinnx)EiAn(x). ©)
n=0

n=1

Let s, ( f; x) be the n-th partial sum of (1.9). The L_ -norm of a function f : R — R is defined by

1], =suplf@):xer | (10)

and the L -norm is defined by

Y

1
2 v
v _Hf(x)‘u ,0>1. (11)
0

The degree of approximation of a function f : R — R by a trigonometric polynomial P, (x) of degree 7 under

norm ” . ”w is defined by [5]
P, = 1], =suplp, @) f(0|: xR | (12)

and the degree of approximation E, (f) ofa function f € L, is given by

E,(f)=minl|?. - 11, (13)
PVI
This method of approximation is called Trigonometric Fourier approximation[6].
A function f(x) e lipa ,if
|f(x+t)—f(x)|:0(|t|“) ,0<a<1,t>0 (14)
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and f(x) € Lip(a,r),for 0<x<L2x ,if

(T|f(x+t)—f(x)|r dX]r = 0(|t|‘”) O<a<l,r>1,1>0.

For a given positive increasing function .f(t), the function f (x) € Lip(f(t ), r), if

r

[2‘([r ‘f(x—i—t)—f(x)r dx] =0((§(t)), r>1,¢>0.

For a given positive increasing function §(t) and an integer p > 1the function f (x) € W(Lp ,& (t )) , if

(z_f ‘f(x+t)—f(x)‘p (sinx)pﬁ dxjp = 0(§(t)), B>0.

We use the following notation throughout this paper:

p)=f(x+0)+ f(x—1)=2f(x),
and
) 1
1 " (n . 1 k Sln(l)-i-le
K (#)=——M nk) N )
,(0) zﬂ(1+q)"§(qu P“Z_Opu .

sin —
2

Further, the method (E , q)(ﬁ, P, ) is assumed to be regular throughout the paper.

(15)

(16)

(17)

(18)

(19)

Dealing with The degree of approximation by the product (E , q) (C ,1) -mean of Fourier series, Nigam et al [4]

proved the following theorem.

Theorem 1. If a function f ,27 - periodic, belonging to class Lip &, then its degree of approximation by

(E , q) (C ,1) summability =~ mean on its  Fourier  series Z A (t) is  given
n=0

|e:c,- 1], =0 —

transform of s, (f;x).

Misra et al [2] proved the following theorem using (E , q)(N D, ) mean of Fourier series.

Theorem 2. If f isa 27 — periodic function of class Lip &, then degree of approximation by the product

(E , q)(N, P, ) summability means of its Fourier series (9) of f'(x) is given by
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by

(n N l)a O<a<l ,where E! Crll represents the (E, q) transform of (C,l)



b
(n+1)*

Recently, Misra et al [3] proved the following theorem using (E R q)(N > P, ) mean of the Fourier series

T, = f”w =0 O<a<l, where 7, is as defined in (7) .

using a 277 — periodic function of class Lip (.f (t) R r) .

Theorem 3. Let & (l‘) be a positive increasing function. If f is a 27 — Periodic function of the class

Lip (f (t ) , 7”) , ¥>1,¢ >0, then degree of approximation by the product (E ,q )(Xf, D, ) summability means of
the Fourier series (9) of f(x) is given by

T, —f||w =O£(n+1)i§(ﬁn ,r>1.

where 7, is as defined in (7).

2 Main Theorem

In this paper, we have proved a theorem on degree of approximation by the product mean (E R q)(N > P, ) of the

Fourier series of a function of class W (Lp ,& (t)) . We prove.

Theorem 4. Let t) be a positive increasing function and a 27— Periodic function of the class
p g

w (Lp ,& (l‘ )) , p>1,t >0 . Then degree of approximation by the product (E , q) (N, pn) summability means
of the Fourier series (9) of f(x) is given by

1
7,11, =0(<n+1>ﬂ” f(ﬁﬁ e =

provided
L 5\ r
nil( ¢ t 1 t
J‘ | (1)]sin drl = O(L) @1
0 & (t) n+l
and
(ol |
J- —‘¢( ) dt| = O((n+l)5) (22)
1l <)
n+l
hold uniformly in X with l+l =1, where O is an arbitrary number such that S(1—5 )—1>0 and 7, is as
r S
defined in (7).
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3 Required Lemma
We require the following Lemma for the proof the theorem.

Lemma 1.
Om) ,0<t< Ll
O(—j , <t<rx
t n+l

Proof: For 0<¢< ,we have sinnt < nsint, then

n+l

{ v (n | & sin(u+;jt
P ] PR s
.0) 27(1+4) 206) 7 R & sin’

t
0 k (20 + l)sin—
Sy ¥ (nj q E P2

2 1+q k=0 kUO Sin—

, ["J 2k+1){1 i }
q" 3
k=0 k ])ku=0

27z (1+q)
2n+1) |(n) .
. q
27(1+ q) o\ k
=0(n)
L[t t .
For <t < 7 ,byJordan’s lemma we have, Sln(—j >— ,sinnt <1.
n+1 2 T

Then

i v (n | & Sil’l[U-l-;jf
\Kn(t)\=—,12( jq""‘ O

277(1 +q)' |
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This proves the lemma.

4 Proof of Theorem 4

Using Riemann —Lebesgue theorem, we have for the n-th partial sum s, ( f ;x) of the Fourier series (9) of

f(x).
: 1
S| n + E t
%
. [t
Sin| —
2
Following Titchmarch [5], the (N, pn) transform of s, ( f; x) is given by

sin(n + ;j ¢
d

- @)= [H0Y T 3
k=0 sin| —

s, (f1)= f() =5 [0

n 0

Writing the (E ,q )(N, P, ) transform of s, ( f; x) by 7, , we have
! . e | & sin(u+ 2jt
= t "k — ———dt
r,~f !(p( );(J "5 >.p,

27r(l+q)n k v=0 sini

_.Tgﬁ(t) K, (t)dt
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#(t) K, (1) dt

]

S
[

= I,+1,,say (23)

Now

=220+ q)

L
n+l

=\ | dOK, (¢)at

1

1

1 . R
n+l ! n+l

t¢(r)sin” ¢

¢(1)

HOLAG

dt
tsin” ¢

0 0

1
where —+— =1, using Holder’s inequality
r s

—

1

= 0(1) f[g;(z)j dr |

0

using lemma-1 and (21),

1 n+l dt
:0(§(lfl+1j) _! t(1+ﬂ)s > forsome 0<¢g<

n+l
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=0(§(nilj(”+1)ﬂ+i] (24)

Next,
1 1
r N s
1,]<| Tl Olsin” ), J g(—t5)|1-<nﬂ(t)| dt
1 & (1) ! t~° sin” ¢
n+1 n+1
where —+ — =1, using Hélder’s inequality
r s

PR

using Lemma 1 and (22)

DR
s n+l C—‘Z yj dy
=0(n+1)) s
( ) ! y5ﬁ1 yz

since & (l‘ ) is a positive increasing function, so is & (1 / y)/ (1 / y) . Using second mean value theorem we get

1
+0 1 ! d s 1
= O((n+1)1 §(n+lj)('|. ys(a_;_])”j , for some—<g<n+1

" T

- 0((;1 +1)" f(ﬁDO((H +1)ﬁ+“5‘ij
ofenr )

Then from (24) and (25) , we have

7, — £ (x) :o[(wl)ﬂ*ig(LD for r21

n+l

1

r :(TO((n+l)ﬂ+i§(n11H dx]r,rzl.

Tn—f(x)
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~of ey )| T
~oftmay e L)

n+l1

This completes the proof of the theorem.

5 Corollaries
Following corollaries can be derived from the main theorem.

Corollary 1. The degree of approximation of a function f belonging to the class Lip(a,l’) ,0<a<l, r2lis
given by

r,= 11, =0[ (1) |

Proof: The corollary follows by putting f =0and & (l‘ ) =" in the main theorem.

Corollary 2. The degree of approximation of a function f belonging to the class Lip (a ) ,0<a <1 isgivenby

|, =71 =0((n+1))

Proof: The corollary follows by letting # —> 00 in corollary 6.1.
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