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Abstract: In this paper, the authors implemented one dimensional Laplace transform to evaluate certain integrals, series and solve
non homogeneous fractional PDEs. Illustrative examples are also provided. The results reveal that the integral transforms are very
effective and convenient.
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1. Introduction and Notations

In recent years, it has turned out that many phenomena in fluid mechanics, physics, biology, Engineering and other
areas of sciences can be successfully modeled by the use of fractional derivatives. That is because of the fact that, a
realistic modeling of a physical phenomenon having dependence not only at the time instant, but also the previous time
history can be successfully achieved by using fractional calculus. Fractional differential equations arise in unification of
diffusion and wave propagation phenomenon. The time fractional heat equation, which is a mathematical model of a
wide range of important physical phenomena, is a partial differential equation obtained from the classical heat equation

by replacing the first time derivative by a fractional derivative of order @, 0 < a <1. In the last part of this paper

we consider the time fractional wave equation (time fractional in the -Caputo sense).

In this work, we consider methods and results for the partial fractional diffusion equations which arise in applications.
Several methods have been introduced to solve fractional differential equations, the popular Laplace transform method ,
[1]1,[271,[31,[5] the Fourier transform method [ 6 ], the iteration method and operational method [ 6 ].

Definition.1.1. Laplace transform of the function f (¢) is defined as follows
L{f @0t > s} = [ e f(dt = F(s). (1.1)
0
If L{f (t)} = F(s),then L™ {F(s)} is given by

c+ioo

(1) = P jm " F(s)ds, (12)

where F'(s) is analytic in the region Re(s) >c .

Example.1.2. Evaluate Laplace transform of the parabolic cylindrical function
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2

eXp(— L) +o0 X 2
Dy(z)=——3 [x " exp(-xz —=“)dx.
I'=p) 5 4
Solution. By definition we have
2
z
) EXP(——) +=
L{D,(z);z >s}= J’e‘” & .[ x " exp(—xz —ﬁ)dx dz,
0 F(—p) 0 4
changing the order of integrals we get
0 —(pa), "7 [ oz (s )
LiD, (2 )z as}:j%{je o 4dz}dx,
0 F(—p) 0

22

the inner integral is Laplace transform of the function ¢ # , so we can write the final result as following

L{D,(z);z >s} :ijx g T “derfe(s +x Yx .
F(_p) 0

Which can be written in the form

2 % 2 s (erx)2 —ﬁ
L{D,(2);z—> s} = e | x e * dxdt,
’ T'(-p) ! !

which can be evaluated by using partial method of integrating.

Definition.1.3. The left Caputo fractional derivative of order & ( 7 —1 < & < n) is defined as

peraye L[ L@
D = [ g™

Lemma.1.4. Let F'(s) be Laplace transform of the function f (¢) of exponential order with respect to ¢ ,then we

have
1.1 ([T —dr
-1y L . _ d
. {s“ F(s)’s ~4 !). u VNS0 xj (W (t-7)™ (1.3)
+(L{g(1);5=0})5().

In which O < a <1.

Proof. We can write
=5 [1F(1)j, 4
S S S S

where 0 <1—a = f# <1, on the other hand from Laplace transform table we know that

g0 =L F(is 1) = [J,2Ne0) (), 19
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and also using the fact that (see [4])
L{D’ f(t);t > s}y =s"F(s)—s"" £ (0), (1.6)

in which 0 < f# <1. From relations (1.4), (1.5) and (1.6) we arrive at

r {S%F(é);s =L s Lig()} - g(0) + g(0)}

= DI g (p) +(L{g(t);s = 0}) o(1),

in which g(¢) = I J, (2vtx )f (x )dx and fractional derivation is considered in the Caputo sense. The final result
0

will be obtained as below

SN _ 1 [ &g® .
LU P 1) r(a)l.(t_r)ladr+(L{g(t),s 0})8().

Which can be re written in the form

L FCs = IU&J (2H)f(x>dxj .
s s ¢ TaWr(t-1)
+(L{g(t);s =0})5(0).
Definition.1.5. Laguerre differential equation is defined as
" +(1=x)y" +ny=0; y(0)=n!,
which can be solved by using Laplace transform .Let us assume that

Liy () =LiL, (x);=F(s),

taking Laplace transform of Laguerre differential equation we obtain
1.1,
F(s)=—(1-2)"=L{L,(x)}.
S A
Lemma.1.6. (Schouten-Vanderpol) Consider a function f () which has the Laplace transform F'(s) which is

analytic in the half plane Re(s)>c . If g(s) is also analytic for Re(s) >c , then the inverse of F'(g(s)) is as

follows
-1 . T 1 e —q(s)r s
L {F(q(s));s —)t}:J-f(z') — I e "% ds |dr.
0 2727 c—i®

Special case: g(s) = Js ;

! {F(\/;); s>t = 2“1/E jrf(r) exp(—%)dt.
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Proof: See [6].

Lemma.1.7. Let X be an absolutely continuous random variable assuming non — negative

values, f(¢) its density and F'(s) its Laplace transform ( in such case F'(0)=1 ( F(s)>0

and F (S) <0 for real ).The knowledge of F'(s)on the non — negative real line allows us to obtain some real
moments of f(¢) through fractional integral and derivative of the @ - th order of F'(s) . Many other expected values

may be found from F(s) or F (s).

The following relations hold true

1= B0 = [ (o)t = ral—a)Ii(S) ds, O<a<l
Civay_ [ -1 T F(s)ds
2-E(X )_lt f(t)dt_r(l_a)! o O<axl
a T a a OOI_Fv(s)
3-E(X ):.([t f(t)dtzr(l_a)£ —ds, 0<a<l
4-E(X"" )= Tr’”“‘ f(t)dt = F((i);) T F(:L(S)ds, O<ac<l.
Proof : 1- By definition we have
1 F(s) T oaif —u —
T ! ! {j foydeyds =—— j f(t){j s e ds\dt,

which is equivalent to

1 F(S) a-— 1 a-1
" a)j ds jt S()dt = E(X“™).
2- We have
_1 i F'(S)ds < a d 2 st B 1 o0 . [e's) »
F(l—a) _([ 5@ F(l a) _([S {g.([e f(t)dt}ds = F(l——a) _(‘)‘S {.([te f(t)dl}ds,

changing the order of integrals we get

-1 J- ¢ F' (S)ds

o) —jt f()dt = E(X?).

3- Regarding the definition of Laplace transform we know that

a J‘l F(S)

T —(a+l) T . _st
im0~ 103 s,

changing the order of integrals and again using definition of Laplace transform the result will be obtained as following
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« TI‘F(S)dFF(lOi a)T(ﬁ(z)—f(t))@ “‘ds]

rd-a)y s

_ F(l )r( a)j t° £ (t)dt j t° f(t)dt = E(X®).

4-By definition we have
% o (n) % n o
! jF )gg =1 fs~ 0 J‘e"”f(t)dt ds
rl-a)y s I'l-a)s, os"
0

s [( 1) jt" "f(t)dt}d

1 O017(17)(5) (_l)n ° n i —a _—st nOO n+a-1 n a
[ dszr(l_a)gtf(t)us e dsjdtz(—l) -([t f)dt=(=1)"E(X").

rl-a)y s°

changing the order of integrals we get

Example.1.8. Evaluate the following integral

;'j :T/;z erfc(\/_s)ds

_ o
Solution. Let F'(s)=e stz/zerfc(ﬁ S) , then regarding table of Laplace transform (see [8]) we have

F(s)= f(%) = L{f ()= % ;1> s},

one can prove that the function f'(¢)is a probability density function because

V2 e [ [ V2 e V2 N
= 7 >0 dt = “dt = V2
="z ’!f(’” Vodz ¢ odr V20

now by using first part of the previous lemma for & = 0.5, we can write

—0' 5712 2 o) 1 _iz
J.—erfc( s)ds = I—e 207 dt,
N Sy 7
which can be evaluated by making a change of variable t* = u as below
7
—0'23‘2/2 22 5
j ¢ erfe(-Ls)ds = j 207 dt =T
s A2 N Jo 4
Definition.1.9. The Fourier transform of the function f (x ) is defined as following

Fl@)=Fif x> == | f(eds.

provided that the integral exists. The inverse of Fourier transform is
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FYF(a);a > x}= ﬁTF(a)e’”"da.

Definition.1.10. The finite Fourier sine transform of f* (x ) in 0 <x <L is defined by

nwx dx |
L

Fn) =2 [f @sin

where 7 is an integer. The function f* (x ) is then called the inverse finite Fourier sine transform of F, (1) and is
given by
nwxx

.

Similarly the finite Fourier cosine transform of f* (x ) in 0 <x <L is defined by

f (@)=Y F,(msin

nwx dx |
L

Fm) == [1 (x)c0s

171

where 7 is an integer. The function f* (x ) is then called the inverse finite Fourier cosine transform of F, (1) and is

given by
£ () =2 F.(0)+ X F (m)cos 7%
2 p L
Lemma 1.11.The following relation holds true
> e? t [1+x
L ()P (x)= J, (= .
Z; (ORK) J2(1-x) Gy

Proof. We know the generating function of Legendre polynomials as below

> 1
t"P(x) = —F/——,
zo V1-26c+1

1
substituting ¢ = 1 —— in the above relationship we will have

p

Lo, ! P
(=)' P(x) = - :
= \/I—Zx(1—1)+(1—1)2 VP! =2p(p=+(p=D
p p

one can rewrite the above relationship as below

1 1
J2(1-x) \/(p_1)2+ 1+x

| 1
> —(1-—)"P
n:Op( p) n(X)

27 T 4(1-x)

1 1
on the other hand using definition 1.5 we know that L{L (¢); p} =—(1——)"and
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t
1 [1+x e?
L{J (=, |—¢ =
{0(2,/1 x)p} \/ T

(P ") 4(1-x)

therefore if we take inverse Laplace transform of both sides of the above equation, we will have
t
e’ I+x
o( )

J2(1-x)

S L (0P, (x) =

2 One dimensional Laplace transform of certain special functions

The Bessel functions of the second kind, denoted by ¥, (x) or N (X ) are solutions of the Bessel differential

equation that have a singularity at the origin X =0 . These are called Neumann or Weber functions as well. The Bessel
functions are also valid for complex arguments X , and an important special case is that of a purely imaginary
argument. In this case, the solutions to the Bessel equation are called the modified Bessel functions (or occasionally the
hyperbolic Bessel functions) of the first and second kind, and are defined by any of these equivalent alternatives

I, (x)=i"J,(ix),K (x)— i““"HY (ix), @2.1)

o Doy _ . : : .
in which " (x)=J ,(x )+iY ,(x) is Hankel function, and J, (x ),Y ,(x) are Bessel functions of the first and

second kind.
Lemma.2.1. The following relationship holds true
CosS E
L{K,(fx);x > s} = ——=. (2.2)

2 2
-8

Proof. By the integral representation of modified Bessel function K,(/x), we have
K,(fx)= j cos(Bx sinh 0)d6. 2.3)
0
This leads to
LK, (B0} = | [ [ cos(Bxsinh 49)610} e dkx. 2.4)
o\ o

By changing the order of integrals we have

L{K,(Bx)} = T(Tcos(ﬂx sinh Q)e_sxdx] do T N (,BZinh 0)2.:10. (2.5)

It leads us to the following relationship

LK, ()} = | 49

ﬁZ
0 scosh® O(1+5—"— tanh 0)
s?

2.6)

2 2
)
At this point, let us introduce a change of variables © = ﬂ— tanh @, we get
A)
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LK, (Bx)} =

[ 2 _ 2
tan™! utanh@
K
}ﬂZ _S2

1
finally by using the fact that tanh> @ =1— ——— and some easy calculations one gets
cosh” @
+o0
LB =St 1 LB st s
tan 1- 5 tan | ——— | o5 2
S cosh™ @ S B
LiK,(px)} = = = -
\/,BZ—SZ \/,BZ—SZ \/,BZ—SZ
0

Example.2.2. Show that
T r
K,(Bx)dx =—.
o=

Solution. It suffices 1730l et p =0 in lemma 2.1 to get the result.

Lemma.2.3. Assume |Re(v )| <1,x >0, then we have the following integral representation
2% 1
N, (x)=- —I cos(xcosht——vr)cosh(vt)dt,
Ty 2
in special case v =0, we have
2 o0
Ny(x) = —;Icos(x cosht)dt.
0

Proof. See [5].

Lemma.2.4. The following relationship holds true

b ln(sJ_r\/s2 +1)
L{Ny(x)} == —————.

T s +1
Proof. From lemma 2.3, we have

N,(x)= —gj.cos(x cosht)dt.
4 0
This leads to

2 0 o0 .
L{N ,(x );x —>s}=——j[jcos(x cosht)dt]e x|
75\
Changing the order of integrals we get

L{Ny(x);x = s} = 2 J. [J. cos(xcosh t)e‘sxdx]dt __2 I —
a Ty ST+

2
0 cosh” ¢

Consequently we get the following relationship

173
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27 dt
L{NO(X);X—M}:—;I o , (2.13)
0 ssinh® #(~——coth®7-1)
s
>+1
by a change of variables # = coth? , we have
s
5 +00
coth” | Y5+ coiny
2 s
L{N,(x);x > s}=—— , (2.14)
4 \/s2 +1
0

finally by using the fact that coth’t =1+ and some easy calculations we have

sinh’¢
[.2 " /o2 /o2
coth | Y2 +1,/1+ . 12 coth™ vs +l —coth™' coth™ vso+l
LIV} 2 s sinh” ¢ 2 s 2 s
X = —— = —— = —— s
’ 4 \/s2+1 4 \/52+1 4 \/s2+1
0
by some manipulations we get finally
2 sinh™' (s
L{N,(x)} = ——2—(). (2.15)
T s +1

Now let sinh™'s =z and e” =  to get the relationship y > —2xy —1= 0,it is provided that

y =x £x’+1,

and consequently it means that

) ln(s J_r\/sz+l)
L{No(x)}:_; \/2—+1 .
S

Lemma.2.5. ( Bobylev-Cercignani) Let F(p) be an analytic function having no singularities in the cut plane C \ R_.

Assume that F'(p)=F (1_7) and the limiting value
FH@)=limF@e™). F'()=F ()
exist for almost all
(i) F(p)=0() for |p| —oand F(p) =0(|p|71) for |p| — 0 ,uniformly in any sector
|argp| <m-n,x>n>0;
(ii) there exists & > 0 such that for every 7 —& < ¢ <,

F(re*)

eL'(R,), |F(re™)|<a(r),
1+r

where a(r) does not depend on ¢ and a(r)e™” e L'(R,) forany & >0 . Then, in the notation of the problem,

FO)=LIF©)=— [InlF (r)le"dn,
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Proof. See[6].

Example.2.6. Using the previous lemma let F'(s) = \/Ee_ﬁ , one can check that F'(s) satisfies the conditions of

lemma. Hence ,we may easily find the inverse of /() by using the formula
_ 17 . N~
LYF ()t} = £ (&) =— [ Im[lim F(ne™)}e "dn,
Via 0 (=
substituting in the above formula leads to

L' fse 0y = lojz\/;cos Jnedn,
4 0

making a change of variable 77 = 41 and using table of integrals, we have

© 1
L%¢k4%ﬂ=§j&hm2&kwwu= T (2t-T)e *.
7y (1)

3 Main results

The dynamic behavior of an overhead power wire which is connected to elecric locomotives by the panthograph can be
simulated by a fractional wave partial differential equation which contains a term that shows the instant forces pushed
towards the wire in certain moments.

Problem.3.1. Consider the following fractional PDE which describes the vibrations of an overhead wire under the
power of an electric locomotive as a pantograph

o*u  ,0u
w ¢ 22
ot Ox
under the following initial and 175oundary conditions
u(x,0)=u,(x,0)=0, 0<x<L
u(0,6)=u(L,t)=0, >0 '

+ - 5(1—1), 0<x<L,0>1,05<a<]l, (6.1)
oV V

(6.2)

Solution. We solve this fractional PDE by using joint Laplace-Fourier finite sine transform. Taking Laplace transform

of (6.1) with respect to t we have

ZazU(xap)_l_ a 675)6

> 6.3
ox’ oV 3

p*U(x,p)=c

now taking finite Fourier sine transform of the above relationship with respect to x we get

2 2 2 J
o nrt - a 2nmV w oL
p*U(n,p)=¢’ {— 7 U(n,p)}+pV (V2n272'2+p2L2)[1_(_1) e’ ], (6.4)
one can rewrite the above equation as below
— 2nrVa 0 2L
U(nap): Vz ) D) [1_(_1) e’ ] (6.5)
2, 2 nrw e CNHTT
pL(p +T)(P + I )
By using lemma 1.6 we have
- 1 15 1 1
Ll{ 2.2 _2 ’p_>t}= .J-e m{ 5 2 o2 5 o z}dn, (66)
2a cnrw 27i 0 2a 2ier [ C N T 2a 2iarn cnrw
L Te s Mo T

from (6.5), (6.6) and convolution theorem for Laplace transform we have
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g i n L
LU (n,p)ip >t} = jsm( B -o-(-1) H( -&- )%
me 7 14
o0 1 1
e - dnd &,
_!- { o 2nln? o znzﬂ_z} ndé&
ne + B e + iz

taking inverse finite Fourier sine transform, the result will be

u(x,t)= —Lzz‘;iﬂ ism ’”L”‘ jsm( Tt —EN-H (¢t —§—§)]x

n=l 0

i 1 1

-<

_[e it 2.2 2 2.2 2}d'7d§‘
0 2a 2ia7r+c nrw 772056721'0:7[_{_ nrw

n-e L2 L2

Problem.3.2. Let us consider the following non homogenous time fractional PDE

0”u ou
— —ﬂa—+,uu+_[h(§)d§, xeR0>1,0<a<l, u(x,0)=x« 6.7)
¢
Solution. ( Joint Laplace - Fourier transform ) Taking Laplace transform with respect to t of (6.7). We have,

s“l_](x, §)—Kks* = ﬁ%—U(x,S) + ,uﬁ(x,s) + H(s) ,
X s

in which E(x s) = L{u(x,t);t = s}. Now taking Fourier transform with respect to x we have

s*U(w,s)— x5 N228(w) = iAwl (w, )+ 1l (w,5) 27 5(W)H(S)
T(w.5)=2ms(wy )y arsw) s ! ©658)
’ s(s* = (u+iwl)) (s —(u+iwd))’ '

and consequently

H(s) 1 1 1
U(w,s) =278(w){ (sa—(ynw/i))}”\/ﬂg(w){sl“’sa—(yﬂwz)}’ (6.9)
O(w,s) =y 2m8 00 (s L)L, (6.10

s s —(u+iwd)

in which U(w, s) = F {(7 (x,5); x > w}. Now invert U (w, s) with respect to s, w respectively. By using Schouten-

Vander pol theorem we know that

L—I{Sa - (/Jl+ lw//t) s —> t} — Z(t) — %J‘e(/—lﬂwﬁ)ﬂ (.[ ~tn —ﬂ]a cosarm Sin((Sin aﬂ_)z_na)dn)dﬁ’
0

also we know that

LY

k H(s), &« 0 B
T T Ty T HOE =90

which can be rewritten as below
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Lok H(s) | .
L {(Sl_“+ S )'(s“—(,u+iw/1))’s_)t}

o)y (t-o)do

I

Ho) (Je P ([e e e sin((sin ax)tn®)dn)d f)do
4 0 0

Now invert the above relation ( 6.10 ) with respect to W . By using the definition of inverse Fourier transform we can
write

u(x,t)= T e ™S (w) {j #(0) % (T eHrvnp (T e "M AT gin((sin )ty )dn)d f)d ot dw
which can be ev;lated and sim(;liﬁed afterochange ofir?tegrals as following
u(x,t)= j‘gé(o)% (T e’ (T e s (W)(T e "M s sin((sin aerr) e )dn)dw)d B)d o
o 0 0 —0 0
u(x,t)= j¢(0') % (Te “ (Te g e eoseT gin((sin ) Tn” )(Te T S dw ) n)d B o
Finally, we get 0 C h

u(x,t)= %jg]ﬁ(a)(]ge Hp (Te (=g mmeosan ¢in((sin ax)tn®)dn)d B)d o

In case of & = 0.5 one has simply
1 t © © o .
u(x0)=— j #(o)( j e ( j e sin(z )dn)d f)do.
0 0 0

K

where ¢ (o) =

[

&‘

o

4 Conclusion

The paper is devoted to study applications of one dimensional Laplace transforms in details.

One dimensional Laplace transform provides a powerful method for analyzing linear systems. Certain time fractional
wave equations with boundary conditions is solved. The method could lead to a promising approach for many
applications in applied sciences.
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