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Some infinite sums related to the generalized k-Fibonacci numbers
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Abstract

In this study, some infinite sums related to the generalized k-Fibonacci numbers have been obtained
by using infinite sums related to classic Fibonacci numbers and generalized Fibonacci numbers in
literature.
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Genellestirilmis k-Fibonacci sayilariyla ilgili bazi sonsuz toplamlar

Kemal USLUY", Mustafa TEKE?

Ozet

Bu calismada, literatiirdeki klasik Fibonacci sayilari ve genellestirilmis Fibonacci sayilar
kullanilarak genellestirilmis k-Fibonacci sayilariyla ilgili baz1 sonsuz toplamlar elde edilmistir.

Anahtar Kelimeler : Genellestirilmis k-Fibonacci sayilari, k-Fibonacci sayilari, tam say1 dizilerinin
toplamlart

1. Introduction

The well-known Fibonacci sequence and the golden ratio with the many interesting features have
been attracted attention of theoretical physics, engineerings, architects, orthodontics as much as
mathematicians [1-3-4-6-8-9]. Numerous features of this interesting number sequence have been
found over time [2-4-11]. Different number sequences, such as the Pell and Lucas number
sequences that relate to Fibonacci sequence, have been discussed along with studies on Fibonacci
sequence, and their different generalizations have been mentioned [2-4-5-7-10-11-12]. Similarly,
Falcon and Plaza introduced the k-Fibonacci sequence, which is a generalization of these number
sequences, giving the classic Fibonacci sequence and the classic Pell sequence for k=1 and k=2,
respectively. For any integer number k>1, the kth Fibonacci sequence {Fkn}nen is defined
recurrently by

I:k,n+1 = ka,n + I:k,n—11 (n 2:I') (11)

where Fyo =0, Fx1 =1. The solution of the equation (1.1) is
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Fkn = rl — r2 ' (12)
’ h-n
f1,2 2
where the roots of characteristic equation of (1.1) are r, = K+ ; +4 , 1, = k ; +4 [2]. Later,

in [11], for any integer number k>1, the generalized kth Fibonacci sequence {Gkn}nen, Which are a
generalization of k-Fibonacci sequence is defined recurrently by
Gk,n+1 = ka,n +Gk,nfll (n Z1) ’ (13)

where Gko =a, Gk1 =b, a and b are real numbers. The solution of the equation (1.3) is

_ (b - arz)rln B (b - arl)rzn
n-rn '

Gyn (1.4)

k2 2
where the roots of characteristic equation of (1.3) are rlz—kJr l2< +4, r, :_k l2< +4 and

n+r,=k, rr,=-1[11].
In this study, based on the some infinite sums of the Fibonacci numbers and generalized Fibonacci
numbers [3] and [13] is investigated counterparts in the generalized k-Fibonacci numbers.

2. Main Results

In this section, we obtain some results related to the generalized k-Fibonacci numbers by using [3-
10-13].

Theorem 2.1. For generalized k-Fibonacci numbers, the equality named Cassini formula
Gy naGinn —GFn = (1" (b* —abk —a®) (2.1)
holds.
Proof: From the (1.4), we can write
6 G gt | b= ar)r" —(b—ar)r," | (b—ar)r™ —(b—ar)r,” | | (b—ar)r" —(b—ar)r) ’
k,n-1"~"k,n+1 k,n rl _ r2 "1 _ r2 r1 _ r.2

- (b —ab(r, +r,) +a’nr,)(nr,)"'r7 — (b* —ab(r, +r,) + a’nr,)(nr,) "' +
2(b* —ab(r, +r,) +a’rr,)(nr,)"
(rl o r2)2

Gk,n—l'Gk,n+l - Gl<2n = |:

By using relations r, + r, =k, r,r,=-1, we have

[— (b* —abk —a®)(-1)"'r} — (b* —abk —a*)(-1)"*r + 2(b* —abk — az)(—l)“]
(rl - I’2)2 .

From the (1.3), we have equations r” =kr, +1, r/ =kr,+1. If we use these relations in the last

eqution, then we obtain

2 _
Gk,n—l'Gk,nJrl _Gk,n -

(b® —abk —a®)(-1)"(k(r, +r,) +4)
(rl - I’2)2 .
From the relation (r, —r,) =k’ + 4, we get the he following equation
Gy n1-Gina — Gin = (B> —abk —a®)(-1)".

2 _
Gk,n—l'Gk,m—l _Gk,n -
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Theorem 2.2. For generalized k-Fibonacci numbers, the equality

= 1 k+1 1 (-)"
+(b*—abk —a*)y ———F 2.2
;Gkn ( kb bkz +a j ( ); Gkn 1Gk nGk n+l ( )

holds.
Proof: We can write the equality

Zn:( 1 _ Gk,s J _ i(ek,s—le,sﬂ _Gk2,5 ]

s=2 Gk,s Gk,sfle,SJrl s=2 Gk,sfle,SGk,s+1

By using Cassini formula G, ,G,,, -G, =(b’>—abk —a*)(-1)° for generalized k-Fibonacci
numbers in above equality, we have

n G n 2_ _ 2 _1\s
Z( 1 G, JZZ(@ abk —a?)(-1) J 23)
s=2 Gk,s Gk,s—1Gk,s+1 s=2 Gk,s—le,sGk,s+1
On the other hand, it is obvious from equation (1.3)
Z[ Gy ]:gi(Gk,s+l—Gk,51]:1i( 11 ]
s=2 Gk,s—le,s+l k s=2 Gk,s—le,s+1 k s=2 Gk,s—l Gk,s+l
Z _— | = — — + —_ + .4 —
s=2 Gk,s—le,s+1 k Gk,l Gk,3 Gk,Z Gk,4 Gk,n—l Gk,m—l
n Gy 1 (1 1 j 1 1
z — == =+ - + .
s=2 Gk,s—le,s+l k b bk +a Gk,n Gk,n+1

If the limits of both sides of the last equation are taken for n—co, then we have

2 G, . 1 (1 1 j 1 1
Yl |=lim=|| =+ + .
s=2 Gk,s—le,s+1 n—e k b bk +a Gk,n Gk,n+1

From equation (1.4), we write

= Gy . 1((1 1 r—r, n—r,
Z : = Ilm v P - n n + n+l n+l )
s=2 Gk,s—le,s+1 n-= K b bk+a (b - arz)r1 - (b - ar1)r2 (b - arZ)rl - (b - arl)rz

n-n

% [(b —ar)-(b- arl)(:zJ ]

2 1 (1 1 j
>, lim =|| =+ -~
sz(Gkqum] o ki\b  bk+a n—r,
n+1
rl"{(b ar,)—(b— arl)(:zj }
1

n
It is obvious that lim (ij =0from r,< r;. Thus we have
r,

i Gk,s _ l[l i 1 j
s=2 kas,le’SJrl k b bk +a

If the limits of both sides of equation (2.3) are taken for n—oo, then we have

+
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( J i{(bz _abk —a?)(-1)*
Gk S le s+l s=2 Gk,s—le,sGk,SJrl
From the last equation, we can erte

( j [ Guo (b7 —abk —a?)(-1)"
k n 1Gk,n+l Gk,n—le,nGk,nJrl

( Gy (b*—abk - az)(—l)”j
Gk n 1Gk n+l Gk,n—le,nGk,nJrl

i L =l+1(1+ 1 j+(b2—abk a)z L
n=1 Gk,n b k b bk+ n=2 Gkn 1GknGkn+l

1 k+1 1 = (-1
= + +(0*—abk —a®)) | ————2——|.
“Z;{GMJ bk bk * -+ ak ( )Z(Gk,n—le,nGk,m-lJ

Thus we obtain

1M
7\
XG) -
S
N—
Il
2|
i
L

n=2

Theorem 2.3. For n>2, the equality

=2\ Gk n1Ck (bzkz +abk)

holds.
Proof: We can write the equality

§=2 C-:'k s Gk s+l s=2 Gk sGk s—le s+l

From the equation (1.3), we have

Z( 1 ]_ “ E[GK,M—GM j_;i( 11 J
s=2 Gk,s—le,s+1 s=2 k Gk,sGk,s—le,s+l k s=2 Gk,sGk,s—l Gk,sGk,s+l
- == — + — et -
s=2 Gk,s—le,s+1 k Gk,le,Z Gk,ZGk,3 Gk,2Gk,3 Gk,3Gk,4 Gk,nGk,n—l Gk,nGk,n+1

Z”: 1 _1 1 1 _1 1 B 1
2\ Gy 510k 511 k (C R C I C I C k| b(kb+a) Ch C

If the limits of both sides of the last equation are taken for n—oo, then we can write

. 1 .1 1 1
lim > ———— |=lim = - .
=*'s=2 Gk,s—le,s+l e K b(kb + a) Gk,nGk,n+l

By considering lim 1t 0, we obtain

4 k,n>~k,n+1
s=2 Gkvs,le’SJrl b2k2 +abk .

Theorem 2.4. For n>2, the equality

>
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i 1 N i 1 _ 1
n=1 Gk,nsz,nJrZGk,mS n=1 Gk,nsz,mle,mS bk (kb + a)2 (kzb +ak + b)

holds.
Proof:

n n 1
[ P
;(Gk sszs+ZGk s+3 j g(ek,ssz,sﬂGk,sﬁ% J

_Z( ks+1 )_{_i( Gk,s+2 ]
G Gk s+1Gk25+2Gk,s+3 s=1 Gk,ssz,s+16k,s+ZGk,s+3

From the equation (1. 3) we can write the following equality
_ _Z( k S+2 ZGk,s J"'li( Gk;+3 - Gk,s+1 ]
G Gk s+le s+ZGk,s+3 k s=1 Gk,sGk,s+IGk,s+ZGk,s+3

1
Z{G Gk25+le,s+2 Gk,s+1Gk2,s+ZGk,s+3J

1 ( 1 1 J { 1 1 J
v 2 - 2 o 2 - 2
k Gk,le,ZGk,3 Gk,ZGk,3Gk,4 Gk,nGk,nJrle,nJrZ Gk,n+1Gk,n+ZGk,n+3
Thus we obtain

s 1 . 1 1 1 1
Z 2 + Z 2 =7 2712 - 2
s=1 Gk,sGk,s+2Gk,s+3 s=1 Gk,sGk,s+1Gk,s+3 k b(kb + a) (k b + ak + b) Gk,n+le,n+ZGk,n+3
If the limits of both sides of the last equation are taken for n—oo, then we can write

- 1 - 1 . 1 1
Z 2 + Z 2 = lim 271, 2 - 2 :
s=1 Gk,sGk,s+ZGk,s+3 s=1 Gk,sGk,s+le,s+3 N bk(kb + a) (k b + ak + b) ka,n+1Gk,n+2Gk,n+3

By considering Iim[ 1 :I =0, we obtain
e ka,n+1Gk,n+ZGk,n+3

3| (RS 0 (R S :
s=1 Gk,ssz,s+2Gk,s+3 s=1 Gk,SGI(Z,S+le,S+3 bk(kb+a)2(k2b+ak+b).

Theorem 2.5. For generalized k-Fibonacci numbers, the equalities

n G
) Gy = bH(k +ﬂJ

s=1 k,s
G _1\s
by et KR 2 ork—a )Z G
Gk,n b Gk sGks -1

hold.
Proof: a)

G — G Gk,n-*—le,n b H k s+l
ot “ Gk,nGk,n—l Gk 1 k S

From the equation (1.3), we have
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kG, . +G, , (G,
kn+1 bH( . . lJ bq(k+ Gkk 1]'

k,s

Gk nl _ (Gk,m—l _ Gk,n ]4‘( Gk,n _ Gk,n—lJ_i_ _”+(Gk,3 _ Gk,Z]_I_ Gk,2

Gk n Gk,n Gk,n—l Gk,n—l c-;k,n—z Gk,z Gk,l Gk,l
C-:'k nl _ % i i Gk,s+1 _ Gk,s _ bk +a n Zn: C-:'k,s+1Gk,s—l _sz,s
Gk,n Gk,l s=2 Gk,s Gk,s—l b s=2 Gk,sGk,s—l

From Cassini formula for generalized k-Fibonacci numbers, we obtain

G _1\s
k,n+l bk +a (bZ abk a )z ( 1) )
Gk,n Gk sGk,s—l

b)

Theorem 2.6. For generalized k-Fibonacci numbers, the equality

0 G _1\"
D CHIY (R S S S 12 K o+ (" —abk - a)ZL
n=1 Gk,n+1Gk,n+2 bk +a kb bk n=2 Gk n 1Gk nGk n+l

holds.
Proof: From the equation (1.3), we can write

Zn:( Gk,s j:i{GkHZ_kaMj n { 1 _ k }
s=1 Gk,s+le,s+2 s=1 Gk s+le s+2 s=1 k s+l Gk s+2
Z — = — + et _

s=1 Gk,s+l Gk,s+2 Gk,Z Gk,S k 3 k 4 Gk 4 Gk,n+1 Gk,n+2

z{i_k]=1_k+(l_k)(1+ 1]
s=1 Gk,s+l Gk,s+2 Gk,z Gk,n+2 Gk,3 Gk,4 Gk,n+1

n G n
Z( s j: 1k +(1_k)( 11 1% 1]
s=1 Gk,s+le,s+2 Gk,2 Gk,n+2 Gk,n+1 Gk,l Gk,z s=1 Gk,s

If the limits of both sides of the last equation for n— oo are taken and necessary arrangements are
made, then we write

0 G n
g S Y PR SR, SIS S S S ST
s=1 Gk,s+le,s+2 = bk +a Gk,n+2 Gk,n+l b bk+a s=1 Gk,s

By considering lim { K } =0 and lim { 1-k j =0, and from the theorem 2.1, we obtain
k,n+2 o k,n+1

N—o0

00 G _ n
O [ R S B 12 k +(0” —abk —a )Z B e
n=1 Gk,n+le,n+2 bk +a kb bk Gk n le nGk n+l
Theorem 2.7. For generalized k-Fibonacci numbers, the equality
ES G 2 _ © _1\n 2 Y
Z kst | _ 21 i+k 2k+1+ : k +(1—k)Z (-1)"(b° —abk —a“)
i\ G nGyns ) k“+1 kb bk“+ak bk“+ak+b = CH C I C

holds.
Proof: From the equation (1.3), we can write
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Gk,s+3 = ka,s+2 + Gk,s+l
Gk,s+3 = k(ka,s+1 + Gk,s) + Gk,s+l

Gk,s+3 = (k2 +l)Gk,s+1 + ka,s'

From the last equation, it is obvious

C-;k s+3 ka s

—_ =" 2.4
k?+1 (2.4)

By using the equaiton (2.4) in the following equation, we have

i Gk,s+l _ 1 i Gk,s+3_ka,s _ 1 i 1 _ K
Gk,sGk,s+3 k2+1 s=1 Gk,sGk,s+3 k2+1 s=1 Gk,s Gk,s+3

s=1

Gk,s+1 =

From the last sum, we can write

Z = > — + — oo —
Gk,sGk,s+3 k +1 Gk,l Gk,4 Gk,Z Gk,S Gk,n Gk,n+3

s=1

[ 1 1 1k Kk Kk ]
+ + - - - +
Gk,l Gk,Z Gk,3 Gk,n+1 Gk,n+2 Gk,n+3

: Gk,s+1 _ 1
;[GksGkSJrSJ_kZ-'—l l: . 1 1 1 1
Cr +(1-k) (Z J—( —+ j

TGk ) (G G Gis

n G n
Z[ s J: 1 I{1+1+1_1_ 1 1}("—1)[ZLJ
Gk,sGk,s+3 k +1 Gk,l Gk,z Gk,3 Gk,n+1 Gk,n+2 Gk,n+3 s=1 Gk,s

s=1

$ Guw L L fi1 1 11 1) 0
GiGysa) k*+1| |b bk+a bk*+ak+b G,,, Gir, Gynas e O

s=1

If the limits of both sides of the last equation are taken for n—oo, then we can write

0 G n
z(&}.m;k(h L, 1 1 1 1 j_(k_l)(ziy
GGz ) ™k®+1l (b bk+a bk+ak+b G, Gy, Gins pr CHIN

s=1

=0 and from the Theorem 2.1, we obtain

By considering lim =0, lim =0, lim
n—e k,n+1 n—e k,n+2 n—>e k,n+3
K K K
b bk+a bk*+ak+b

i[ Gk,n+l ]_ 1
) o ((_1\"(h2 _ a2
T\ GunGuna) K +1) g g kL, 21 b3 (-1)" (b? — abk —a?)
kb bk°+ak =% CH C RN C

) G 2 _ LS _N"(h2 _ Y
Z knsd | 21 i+k : k+1+ : K +(1_k)z (-D"(b° —abk —a“)
GGz ) k“+1| kb bk“+ak bk“+ak+b = CH C I C

n=1

3. Conclusions

In the presented study, it has been obtained some infinite sums related to generalized k-Fibonacci
numbers. By using this study, Sums related to Pell and Jacobsthal numbers can be research.
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