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Abstract 

 

In this study, some infinite sums related to the generalized k-Fibonacci numbers have been obtained 

by using infinite sums related to classic Fibonacci numbers and generalized Fibonacci numbers in 

literature. 

 
Keywords: Generalized k-Fibonacci numbers, k-Fibonacci numbers, sums of integer number sequences 

 

 

Genelleştirilmiş k-Fibonacci sayılarıyla ilgili bazı sonsuz toplamlar 
 

Kemal USLU1*, Mustafa TEKE2 

 

Özet 

 

Bu çalışmada, literatürdeki klasik Fibonacci sayıları ve genelleştirilmiş Fibonacci sayıları 

kullanılarak genelleştirilmiş k-Fibonacci sayılarıyla ilgili bazı sonsuz toplamlar elde edilmiştir. 

 

 Anahtar Kelimeler : Genelleştirilmiş k-Fibonacci sayıları, k-Fibonacci sayıları, tam sayı dizilerinin 

toplamları 

 

1. Introduction 
 

The well-known Fibonacci sequence and the golden ratio with the many interesting features have 

been attracted attention of theoretical physics, engineerings, architects, orthodontics as much as 

mathematicians [1-3-4-6-8-9]. Numerous features of this interesting number sequence have been 

found over time [2-4-11]. Different number sequences, such as the Pell and Lucas number 

sequences that relate to Fibonacci sequence, have been discussed along with studies on Fibonacci 

sequence, and their different generalizations have been mentioned [2-4-5-7-10-11-12]. Similarly, 

Falcon and Plaza introduced the k-Fibonacci sequence, which is a generalization of these number 

sequences, giving the classic Fibonacci sequence and the classic Pell sequence for k=1 and k=2, 

respectively. For any integer number k≥1, the kth Fibonacci sequence {Fk,n}n∈ℕ is defined 

recurrently by 

)1(,1,,1, += −+ nFkFF nknknk                                                       (1.1) 

where Fk,0 =0, Fk,1 =1. The solution of the equation (1.1) is 
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where the roots of characteristic equation of (1.1) are 
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in [11], for any integer number k≥1, the generalized kth Fibonacci sequence {Gk,n}n∈ℕ, which are a 

generalization of k-Fibonacci sequence is defined recurrently by 

)1(,1,,1, += −+ nGkGG nknknk ,                                                (1.3) 

where Gk,0 =a, Gk,1 =b, a and b are real numbers. The solution of the equation (1.3) is 

 

,
)()(

21

2112
,

rr

rarbrarb
G

nn

nk
−

−−−
=                                                 (1.4) 

 

where the roots of characteristic equation of (1.3) are 
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1, 2121 −==+ rrkrr  [11]. 

In this study, based on the some infinite sums of the Fibonacci numbers and generalized Fibonacci 

numbers [3] and [13] is investigated counterparts in the generalized k-Fibonacci numbers. 

 

2. Main Results 
 

In this section, we obtain some results related to the generalized k-Fibonacci numbers by using [3-

10-13].  

 

Theorem 2.1. For generalized k-Fibonacci numbers, the equality named Cassini formula 

)()1(. 222

,1,1, aabkbGGG n
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Proof: From the (1.4), we can write 
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By using relations 1, 2121 −==+ rrkrr , we have 
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From the (1.3), we have equations 1,1 2

2

21

2

1 +=+= krrkrr . If we use these relations in the last 

eqution, then we obtain 
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From the relation 4)( 2

21 +=− krr , we get the he following equation 
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,1,1,
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nknknk aabkbGGG −−−=−+−  
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Theorem 2.2. For generalized k-Fibonacci numbers, the equality 




= +−



=

−
−−+









+
+

+
=

2 1,,1,

22

2
1 ,

)1(
)(

111

n nknknk

n

n nk GGG
aabkb

akbkkb

k

G
                      (2.2)  

holds. 

Proof: We can write the equality 
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By using Cassini formula s

sksksk aabkbGGG )1)((. 222

,1,1, −−−=−+−  for generalized k-Fibonacci 

numbers in above equality, we have 
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On the other hand, it is obvious from equation (1.3) 
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If the limits of both sides of the last equation are taken for n→∞, then we have 
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From equation (1.4), we write 

.
)()()()(

111
lim

1

21

1

12

21

2112

21

2 1,1,

,


















−−−

−
+

−−−

−
−









+
+=














++→



= +−

 nnnnn
s sksk

sk

rarbrarb

rr

rarbrarb

rr

abkbkGG

G
 

.

)()(

)()(

111
lim

1

1

2
12

1

1

21

1

2
121

21

2 1,1,

,















































































−−−

−

+























−−−

−

−








+
+=















+

+

→



= +−


n

n

n

n

n
s sksk

sk

r

r
arbarbr

rr

r

r
arbarbr

rr

abkbkGG

G
 

It is obvious that 0lim
1

2 =








→

n

n r

r
from r₂< r₁. Thus we have 










+
+=

















= +− abkbkGG

G

s sksk

sk 111

2 1,1,

, . 

If the limits of both sides of equation (2.3) are taken for n→∞, then we have 
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From the last equation, we can write 
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Theorem 2.3. For n≥2, the equality 
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Theorem 2.4. For n≥2, the equality 
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Theorem 2.5. For generalized k-Fibonacci numbers, the equalities 
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From the equation (1.3), we have 
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From Cassini formula for generalized k-Fibonacci numbers, we obtain 
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Theorem 2.6. For generalized k-Fibonacci numbers, the equality 
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holds.  

Proof: From the equation (1.3), we can write 
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If the limits of both sides of the last equation for n→ ∞ are taken and necessary arrangements are 
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Theorem 2.7. For generalized k-Fibonacci numbers, the equality 
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holds. 

Proof: From the equation (1.3), we can write 
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If the limits of both sides of the last equation are taken for n→∞, then we can write 
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3. Conclusions 
 

In the presented study, it has been obtained some infinite sums related to generalized k-Fibonacci 

numbers.  By using this study, Sums related to Pell and Jacobsthal numbers can be research.  
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