
Advances in the Theory of Nonlinear Analysis and its Applications 6 (2022) No. 4, 433–450.
https://doi.org/10.31197/atnaa.1079951
Available online at www.atnaa.org

Research Article

Identifying inverse source for Diffusion equation with
Conformable time derivative by Fractional Tikhonov
method

Ha Vo Thi Thanha, Hung Ngo Ngoca, Phuong Nguyen Duc∗a

aFaculty of Fundamental Science, Industrial University of Ho Chi Minh City, Ho Chi Minh, Vietnam

Abstract

In this paper, we study inverse source for diffusion equation with conformable derivative:

CoD
(γ)
t u−∆u = Φ(t)F(x) where 0 < γ < 1, (x, t) ∈ Ω× (0, T ).

We survey the following issues: The error estimate between the sought solution and the regularized solution
under a priori parameter choice rule; The error estimate between the sought solution and the regularized
solution under a posteriori parameter choice rule; Regularization and Lp estimate by Truncation method.
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1. Introduction

In this article, for the equation

CoD
(γ)
t u(x, t)−∆u(x, t) = Φ(t)F(x), x ∈ Ω, t ∈ (0, T ) (1)
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accompanied with boundary conditions

u(x, t)|x∈∂Ω = 0, t ∈ (0, T ), (2)

and the initial condition

u(x, 0) = u0(x), x ∈ Ω, (3)

and later final condition

u(x, T ) = ℓ(x), x ∈ Ω, (4)

The function u = u(x, t) represents a concentration of contaminant at a position x and time t. CoD
(γ)
t is

the symbol of representation the conformable time derivative with order γ ∈ (0, 1) (see Khalil et al. [1]):
for a given function G : [0,∞) → R, the Conformable fractional of order γ ∈ (0, 1] is defined by

CoD
(γ)
t G(t) = lim

ρ→0

G(t+ ρt1−γ)−G(t)

ρ
, (5)

for all t > 0. For some (0, t0), t0 > 0 and the limt→t+0
CoD

(γ)
t G(t) exists, then

CoD
(γ)
t G(t0) = lim

t→t+0

CoD
(γ)
t G(t).

Equations with fractional derivatives and inverse problems to them appear in different branches of science and
engineering. Fractional calculus has many applications in the real world interested [2–6]. There are many
types of fractional derivatives: Riemann-Liouville, Caputo, Conformable, Grunwald-Letnikov fractional
operators, . . . (see [7–15] and references therein). Each defines fractional derivatives with properties that
are advantageous in certain applications. Many properties of Conformable fractional can be found more
details in [16],[17] and references therein. Consider the inverse source problem (1). By the definition of
Hadamard [18] a problem is well-posed if it satisfies: the existence, the uniqueness, and the stability of the
solution. This implies that if one of the three properties is not satisfied, the problem is ill-posed. According
to our research experience, the stability property of the sought solution is most often violated. Therefore,
to overcome this difficulty, a regularization method is required. We do not know observe the data Φ, ℓ, and
using approximate data Φϵ, ℓϵ satisfies

∥ℓ− ℓϵ∥L2(Ω) + ∥Φ− Φϵ∥L∞(0,T ) ≤ ϵ. (6)

where ϵ > 0 is the noise level. There are a lot of research results for an inverse source problem of a
time-fractional diffusion equation. To do that, during the past decades, a lot of technical developments by
mathematicians around the world: Quasi-Reversibility method, see [19], Quasi-Boundary Value method,
which readers can see in [20, 21], the Landweber iterative method (see [22, 23]), the Fractional Landweber
method (see [24]), a Tikhonov regularization method (see [25]), a Fourier truncation method (see [26]).
However, the object of this topic is to restore the source function F(x) of the problem (1) by the Fractional
Tikhonov method. Daniel Gerth introduced this method, see [27]. The fractional Tikhonov method is like
being in the middle between the Quasi-Boundary Value method and the classical Tikhonov method (see
[28]).

The next sections of the paper are divided into 3 sections. Section 2 provides the preliminary results to
be used in this article, In Subsection 2.1, it gives the formula of source function F(x), in Subsection 2.2, we
have the ill-posedness of problem (1)-(4) and the conditional stability is shown in Subsection 2.3. In Section
3, we consider the Fractional Tikhonov method by choosing a priori parameter choice (Subsection 3.1), an a
posteriori parameter choice rule (Subsection 3.2). In Subsection 3.3, we receive the regularization and error
in Lp.
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2. Preliminaries

Definition 2.1. Let ⟨·⟩ be an inner product in L2(Ω). The notation ∥ · ∥X stands for in the norm in
the Banach space X. We denote by Lp(0, T ;X), 1 ≤ p ≤ ∞, the Banach space of real-valued functions
u : (0, T ) → X measurable, providing that

∥u∥Lp(0,T ;X) =

( T�

0

∥∥u(t)∥∥
p
dt

) 1
p

< ∞, for 1 ≤ p < ∞,

and

∥u∥L∞(0,T ;X) = ess sup
t∈(0,T )

∥u(t)∥X , for p = ∞.

We begin this subsection by introducing a few properties of the eigenvalues of the operator ∆, see [30].
We have the following equality

∆ej(x) = −λjej(x), x ∈ Ω; ej = 0, x ∈ ∂Ω, j ∈ N,

where
{
λj

}∞
j=1

denotes the set of eigenvalues of ∆ satisfying

0 < λ1 ≤ λ2 ≤ . . . ≤ λj ≤ . . . ,

and limj→∞ λj = ∞. For any m ≥ 0, we also define the space

H m(Ω) =
{
u ∈ L2(Ω) :

∞∑
j=1

λ2m
j

∣∣〈u, ej〉∣∣2 < +∞
}
,

then H m(Ω) is a Hilbert space endowed with the norm

∥u∥H m(Ω) =
( ∞∑

j=1

λ2m
j |
〈
u, ej

〉
|2
) 1

2
.

Lemma 2.2. Let Φ,Φ are positive constants such that Φ ≤ Φ ≤ Φ. Let choose ϵ ∈
(
0,

Φ

4

)
, we obtain

Φ

4
≤
∣∣Φϵ(t)

∣∣ ≤ B
(
|Φ|, |Φ|

)
. (7)

Proof. The proof is completed in [28].

Lemma 2.3 (See [29]). The following inclusions hold true:

Lp(Ω) ↪→ D(As), if − d

4
< s ≤ 0, p ≥ 2d

d− 4s
,

D(As) ↪→ Lp(Ω), if − 0 < s ≤ d

4
, p ≤ 2d

d− 4s
· (8)
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2.1. The formula of source term F
In this subsection, we introduce the mild solution of the following initial value problem

CoDγ
t u(x, t)−∆u(x, t) = Φ(t)F(x), x ∈ Ω, x ∈ (0, T ),

u(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T ],

u(x, 0) = u0(x), x ∈ Ω.

(9)

Using the separation of variables to yield the solution of (9). Suppose that the exact u is defined by Fourier
series

u(x, t) =
∞∑
j=1

uj(t)ej(x), with uj(t) =
〈
u(·, t), ej(·)

〉
. (10)

From (10), we get

uj(t) =
∞∑
j=1

[
exp

(
− λjt

γγ−1
)
u0,j +

〈
F(·), ej(·)

〉 t�

0

ςγ−1 exp
(
− λj

(
tγ − ςγ

)
γ−1

)
Φ(ς)dς

]
ej(x).

Letting t = T and u0,j = 0, we get

ℓj(x) = uj(T ) =
∞∑
j=1

[〈
F(·), ej(·)

〉 T�

0

ςγ−1 exp
(
− λj(T

γ − ςγ)γ−1
)
Φ(ς)dς

]
ej(x). (11)

From (11), it gives

F(x) =
∞∑
j=1

〈
ℓ(·), ej(·)

〉
T�
0

ςγ−1 exp
(
− λj(T γ − ςγ)γ−1

)
Φ(ς)dς

·

this implies that

F(x) =
∞∑
j=1

〈
ℓ(·), ej(·)

〉
ej(x)

T�
0

ςγ−1 exp
(
− λj(T γ − ςγ)γ−1

)
Φ(ς)dς

· (12)

2.2. The ill-posedness of inverse source problem

Theorem 2.4. The inverse source problem is ill-posed.

Proof. Defining a linear operator L : L2(Ω) → L2(Ω) as follows:

LF(x) =
∞∑
j=1

[ T�

0

ςγ−1 exp
(
− λj(T

γ − ςγ)γ−1
)
Φ(ς)dς

]〈
F(·), ej(·)

〉
ej(x) =

�

Ω

k(x, ξ)F(ξ)dξ, (13)

whereby

k(x, ξ) =

∞∑
j=1

( T�

0

ςγ−1 exp
(
− λj(T

γ − ςγ)γ−1
)
Φ(ς)dς

)
ej(x)ej(ξ).
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Due to k(x, ξ) = k(ξ, x), we know L is self-adjoint operator. Next, we are going to prove its compactness.
Let us define LN as follows

LNF(x) =
N∑
j=1

( T�

0

ςγ−1 exp
(
− λj(T

γ − ςγ)γ−1
)
Φ(ς)dς

)〈
F(·), ej(·)

〉
ej(x). (14)

It is easy to check that LN is a finite rank operator. Then, from (13) and (14), we have:

∥∥LNF − LF
∥∥2

L2(Ω)
=

∞∑
j=N+1

( T�

0

ςγ−1 exp
(
− λj(T

γ − ςγ)γ−1
)
Φ(ς)dς

)2∣∣〈F(·), ej(·)
〉∣∣2

≤ Φ
2

∞∑
j=N+1

( T�

0

ςγ−1 exp
(
− λj(T

γ − ςγ)γ−1
)
dς
)2

︸ ︷︷ ︸
V2
γ

∣∣〈F(·), ej(·)
〉∣∣2. (15)

We consider the integral Vγ =
T γ�
0

ςγ−1 exp
(
− λj(T

γ − ςγ)γ−1
)
dς as follows, by denoting ςγ = ω, using the

variable transformation method, we get

Vγ =
1

γ

T γ�

0

exp
(
− λj(T

γ − ςγ)γ−1
)
dς ≤ 1

λj

(
1− exp

(
− λjT

γγ−1
))

≤ 1

λj
· (16)

Combining (15) and (16), one has

∥∥LNF − LF
∥∥2

L2(Ω)
≤ Φ

2
∞∑

j=N+1

1

λ2
j

∣∣〈F(·), ej(·)
〉∣∣2. (17)

This implies that
∥∥LNF−LF

∥∥
L2(Ω)

≤ Φ

λN
∥F∥L2(Ω). Therefore, ∥LN −L∥L2(Ω) → 0 in the sense of operator

norm in L (L2(Ω);L2(Ω)) as N → ∞. L is a compact operator. Next, the singular values for the linear
self-adjoint compact operator L are

Λj =

T�

0

ςγ−1 exp
(
− λj(T

γ − ςγ)γ−1
)
Φ(ς)dς, (18)

and in the L2(Ω) space, eigenvectors ej are an orthonormal its basis. From (13), the inverse source problem
(1) can be rewritten as an operator equation

LF(x) = ℓ(x), (19)

and by Kirsch ([18]), we conclude that problem is ill-posed. We will make the following assumptions

ℓk(·) = ek(·)√
λk

· The source term corresponding to ℓk is

Fk(x) =
∞∑
j=1

〈
ℓk(·), ej(·)

〉
ej(x)

T�
0

ςγ−1 exp
(
− λj(T γ − ςγ)γ−1

)
Φ(ς)dς

=
ek(x)

√
λk

T�
0

ςγ−1 exp
(
− λk(T γ − ςγ)γ−1

)
Φ(ς)dς

·
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If the final data ℓ = 0 then F = 0, ℓ and ℓk have estimated:

∥ℓk − ℓ∥L2(Ω) =
∥∥∥ek(·)√

λk

∥∥∥
L2(Ω)

=
1√
λk

, which leads to lim
k→+∞

∥ℓk − ℓ∥L2(Ω) = lim
k→+∞

1√
λk

= 0. (20)

Estimates errors between Fk and F is given as follow

∥∥Fk −F
∥∥

L2(Ω)
=

1√
λk

( T�

0

ςγ−1 exp
(
− λk(T

γ − ςγ)γ−1
)
Φ(ς)dς

)−1

≥ 1

Φ
√
λk

( T�

0

ςγ−1 exp
(
− λk(T

γ − ςγ)γ−1
)
dς

)−1

=

√
λk

Φ
· (21)

From estimation above, we receive

∥∥Fk −F
∥∥

L2(Ω)
≥

√
λk

Φ
, this leads to lim

k→+∞

∥∥Fk −F
∥∥

L2(Ω)
> lim

k→+∞

√
λk

Φ
= +∞. (22)

Combining (20) and (22), we conclude that the inverse source problem is ill-posed.

2.3. Conditional stability of source term f

Theorem 2.5. Let M > 0, s > 0 and we have been working under the assumption that ∥F∥H m(Ω) ≤ M,
one has

∥F∥L2(Ω) ≤ C(m,M)∥ℓ∥
m

m+1

L2(Ω), (23)

whereby

C(m,M) =
(
|Φ|
∣∣1− exp(−λ1T

γγ−1)
∣∣)− m

m+1M
1

m+1 . (24)

Proof. Using the Hölder inequality, form now on, for a shorter,

S(λj , γ,Φ) =

T�

0

ςγ−1 exp
(
− λj(T

γ − ςγ)γ−1
)
Φ(ς)dς,

we have

∥F∥2L2(Ω) =

∞∑
j=1

∣∣∣〈ℓ(·), ej(·)〉S(λj , γ,Φ)

∣∣∣2 = ∞∑
j=1

∣∣〈ℓ(·), ej(·)〉∣∣ 2
m+1

∣∣〈ℓ(·), ej(·)〉∣∣ 2m
m+1∣∣S(λj , γ,Φ)

∣∣2
≤
[ ∞∑
j=1

∣∣〈ℓ(·), ej(·)〉∣∣2∣∣S(λj , γ,Φ)
∣∣2m+2

] 1
m+1

[ ∞∑
j=1

∣∣〈ℓ(·), ej(·)〉∣∣2] m
m+1

≤
[ ∞∑
j=1

∣∣〈F(·), ej(·)
〉∣∣2∣∣S(λj , γ,Φ)
∣∣2m ] 1

m+1 ∥ℓ∥
2m
m+1

L2(Ω). (25)

From (25), we have∣∣S(λj , γ,Φ)
∣∣2m ≥ |Φ|2m

∣∣S(λj , γ)
∣∣2m ≥ |Φ|2m|λj |−2m

∣∣1− exp
(
− λjT

γγ−1
)∣∣2m, (26)
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and this inequality leads to

∞∑
j=1

∣∣〈F(·), ej(·)
〉∣∣2∣∣S(λj , γ,Φ)
∣∣2m ≤

∞∑
j=1

λ2m
j

∣∣〈F(·), ej(·)
〉∣∣2

|Φ|2m
∣∣1− exp(−λ1T γγ−1)

∣∣2m · (27)

Combining (26) and (27), we get

∥F∥2L2(Ω) ≤
(
|Φ|
∣∣1− exp(−λ1T

γγ−1)
∣∣)− 2m

m+1 ∥F∥
2

m+1

H m(Ω) ∥ℓ∥
2m
m+1

L2(Ω) ≤ [C(m,M)]2∥ℓ∥
2m
m+1

L2(Ω). (28)

3. The Fractional Tikhonov method

Due to singular value decomposition for compact self-adjoint operator K, as in (13). If the measured
data ℓϵ and ℓ with a noise level of ϵ satisfy∥ℓ − ℓϵ∥L2(Ω) ≤ ϵ then we can present a regularized solution as
follows:

F ϵ
β(ϵ)(x) =

∞∑
j=1

∣∣S(λj , γ,Φ
ϵ)
∣∣2ξ−1

[β(ϵ)]2 +
∣∣S(λj , γ,Φϵ)

∣∣2ξ 〈ℓϵ(x), ej(x)〉ej(x), 1

2
≤ ξ ≤ 1, (29)

Fβ(ϵ)(x) =

∞∑
j=1

∣∣S(λj , γ,Φ)
∣∣2ξ−1[

β(ϵ)
]2

+
∣∣S(λj , γ,Φ)

∣∣2ξ 〈ℓ(·), ej(·)〉ej(x), 1

2
≤ ξ ≤ 1, (30)

and β(ϵ) is a parameter regularization.

Case 1: If ξ = 1
2 then the Fractional Tikhonov is called the Quasi-Boundary Value Method.

Case 2: When ξ = 1, it is the classic Tikhonov method.

3.1. An a priori parameter choice

Afterwards, the estimation for
∥∥F(·) − F ϵ

β(ϵ)(·)
∥∥

L2(Ω)
is established by our next Theorem and show

convergence rate under a suitable choice for the regularization parameter. To do this, we need the following
lemma

Lemma 3.1. For constants z ≥ λ1 and 1
2 ≤ ξ ≤ 1, we have

G1(z) =
z

A2ξ + βz2ξ
≤ B(ξ, A)β

− 1
2ξ . (31)

where B(ξ, A) are independent on β, z.

Proof. For
1

2
< ξ < 1, from (31), solve the equation G′

1(z) = 0, we can know that

z0 = A(2ξ − 1)
− 1

2ξ β
− 1

2ξ .

Replacing the z0 into equation (31), we see that

G1(z) ≤ G1(z0) ≤ B(ξ, A)β
− 1

2ξ in which B(ξ, A) =
A1−2ξ(2ξ − 1)

− 1
2ξ

2ξ
· (32)
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Lemma 3.2. Let the constant z ≥ λ1 and 1
2 ≤ ξ ≤ 1, one has

G2(z) =
β2z2ξ−m

A2ξ + β2z2ξ
≤

(2ξ)−1
(
(2ξ −m)

2ξ−m
2ξ A−mm

m
2ξ
)
β

m
ξ , 0 < m < 2ξ,(

A2ξλm−2ξ
1

)−1
β2, m ≥ 2ξ.

(33)

Proof. The proof is completed in [31].

Theorem 3.3. Let F be as (25) and the noise assumption (6) holds. Then, we have the following estimate:

� If 0 < m < 2ξ, by choosing β(ϵ) =
( ϵ

M

) ξ
m+2

then∥∥F(·)−F ϵ
β(ϵ)(·)

∥∥
L2(Ω)

is of order ϵ
m

m+2 . (34)

� If m ≥ 2ξ, by choosing β(ϵ) =
( ϵ

M

) ξ
ξ+1

then∥∥F(·)−F ϵ
β(ϵ)(·)

∥∥
L2(Ω)

is of order ϵ
ξ

ξ+2 . (35)

Proof. By the triangle inequality, we know∥∥F(·)−F ϵ
β(ϵ)(·)

∥∥
L2(Ω)

≤
∥∥Fβ(ϵ)(·)−F ϵ

β(ϵ)(·)
∥∥

L2(Ω)︸ ︷︷ ︸
A1:=Q1+Q2

+
∥∥F(·)−Fβ(ϵ)(·)

∥∥
L2(Ω)︸ ︷︷ ︸

A2

. (36)

inwhich

Q1 =
∞∑
j=1

∣∣S(λj , γ,Φ
ϵ)
∣∣2ξ−1

[β(ϵ)]2 +
∣∣S(λj , γ,Φϵ)

∣∣2ξ 〈ℓϵ(x)− ℓ(x), ej(x)
〉
ej(x),

Q2 =

∞∑
j=1

∣∣S(λj , γ,Φ
ϵ)
∣∣2ξ−1

[β(ϵ)]2 +
∣∣S(λj , γ,Φϵ)

∣∣2ξ −
∣∣S(λj , γ,Φ)

∣∣2ξ−1[
β(ϵ)

]2
+
∣∣S(λj , γ,Φ)

∣∣2ξ 〈ℓ(·), ej(·)〉ej(x),
A2 =

∞∑
j=1

( ∣∣S(λj , γ,Φ)
∣∣2ξ−1

[β(ϵ)]2 +
∣∣S(λj , γ,Φ)

∣∣2ξ − 1∣∣S(λj , γ,Φ)
∣∣
)〈

ℓ(·), ej(·)
〉
ej(x). (37)

The proof falls naturally into some steps.
Step 1: Estimation for ∥Q1∥L2(Ω), we receive Because of estimation (16), and

∣∣∣ T�

0

D(λj , T, γ)Φ
ϵ(ς)dς

∣∣∣ ≥ Φ

4

1− exp(−λ1T
γγ−1)

λj
.

From now on, for a shorter, by denoting

Φ

4

(
1− exp

(
− λ1T

γγ−1
))

= A(Φ, λ1, T, γ).

Next, from (3.1), we know that

∥Q1∥L2(Ω) ≤
∞∑
j=1

∣∣∣B(|Φ|,|Φ|)
λj

∣∣∣2ξ−1

[β(ϵ)]2 +
∣∣∣A(Φ, λ1, T, γ)

λj

∣∣∣2ξ
〈
ℓϵ(·)− ℓ(·), ej(·)

〉
ej(x)

≤
∞∑
j=1

∣∣B(|Φ|, |Φ|)∣∣2ξ−1
λj

[β(ϵ)]2λ2ξ
j +

∣∣A(Φ, λ1, T, γ)
∣∣2ξ 〈ℓϵ(·)− ℓ(·), ej(·)

〉
ej(x)

≤ ϵ
∣∣∣B(|Φ|, |Φ|)∣∣∣2ξ−1

sup
j∈N

λj

[
[β(ϵ)]2λ2ξ

j +
∣∣A(Φ, λ1, T, γ)

∣∣2ξ]−1

. (38)
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Applying the Lemma 3.1, it gives

∥Q1∥L2(Ω) ≤ ϵ [β(ϵ)]
− 1

ξ

(∣∣B(|Φ|, |Φ|)∣∣2ξ−1
B
(
ξ, A(Φ, λ1, T, γ)

))
. (39)

Step 2: Next, Q2 have seen estimate

Q2 =

L1︷ ︸︸ ︷
∞∑
j=1

[β(ϵ)]2
∣∣S(λj , γ,Φ

ϵ − Φ)
∣∣2ξ−1(

[β(ϵ)]2 +
∣∣S(λj , γ,Φϵ)

∣∣2ξ) ([β(ϵ)]2 + ∣∣S(λj , γ,Φ)
∣∣2ξ)〈ℓ(·), ej(·)〉ej(x)

+

L2︷ ︸︸ ︷
∞∑
j=1

∣∣S(λj , γ,Φ
ϵ)
∣∣2ξ ∣∣S(λj , γ,Φ)

∣∣2ξ (∣∣S(λj , γ,Φ
ϵ)
∣∣−1 −

∣∣S(λj , γ,Φ)
∣∣−1
)

(
[β(ϵ)]2 +

∣∣S(λj , γ,Φϵ)
∣∣2ξ) ([β(ϵ)]2 + ∣∣S(λj , γ,Φ)

∣∣2ξ) 〈
ℓ(·), ej(·)

〉
ej(x) . (40)

From (40), we have estimate for
∥∥L1

∥∥
L2(Ω)

and
∥∥L2

∥∥
L2(Ω)

∥L1∥L2(Ω) ≤
∞∑
j=1

[β(ϵ)]2
∣∣S(λj , γ,Φ

ϵ − Φ)
∣∣2ξ−1(

[β(ϵ)]2 +
∣∣S(λj , γ,Φϵ)

∣∣2ξ) ∣∣S(λj , γ,Φ)
∣∣2ξ−1

〈
ℓ(·), ej(·)

〉
ej(x)

S(λj , γ,Φ)

≤

∣∣Φϵ − Φ
∣∣2ξ−1

L∞(0,T )∣∣Φ∣∣2ξ−1

∞∑
j=1

〈
ℓ(·), ej(·)

〉
ej(x)

S(λj , γ,Φ)
≤

∣∣Φϵ − Φ
∣∣2ξ−1

L∞(0,T )∣∣Φ∣∣2ξ−1
∥F∥L2(Ω). (41)

∥L2∥L2(Ω) ≤
∞∑
j=1

∣∣S(λj , γ,Φ
ϵ)
∣∣2ξ−1 S(λj , γ,Φ

ϵ − Φ)(
[β(ϵ)]2 +

∣∣S(λj , γ,Φϵ)
∣∣2ξ)

〈
ℓ(·), ej(·)

〉
ej(x)∣∣S(λj , γ,Φ)
∣∣

≤
∞∑
j=1

S(λj , γ,Φ
ϵ − Φ)∣∣S(λj , γ,Φϵ)

∣∣
〈
ℓ(·), ej(·)

〉
ej(x)∣∣S(λj , γ,Φ)
∣∣

≤
4∥Φϵ − Φ∥L∞(0,T )

Φ

∞∑
j=1

〈
ℓ(·), ej(·)

〉
ej(x)∣∣S(λj , γ,Φ)
∣∣ ≤

4∥Φϵ − Φ∥L∞(0,T )

Φ
∥F∥L2(Ω). (42)

Combining (40) to (42), we see that

∥Q2∥L2(Ω) ≤

∣∣Φϵ − Φ
∣∣2ξ−1

L∞(0,T )∣∣Φ∣∣2ξ−1
∥F∥L2(Ω) +

4∥Φϵ − Φ∥L∞(0,T )

Φ
∥F∥L2(Ω)

≤ 2∥Φϵ − Φ∥L∞(0,T )max
{ 1

|Φ|2ξ−1
,
4

Φ

}
∥F∥L2(Ω). (43)
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Step 3: Next, we have to estimate ∥A2∥L2(Ω), we get

∥∥A2

∥∥2
L2(Ω)

≤
∞∑
j=1

( ∣∣S(λj , γ,Φ)
∣∣2ξ−1

[β(ϵ)]2 +
∣∣S(λj , γ,Φ)

∣∣2ξ − 1∣∣S(λj , γ,Φ)
∣∣
)2∣∣〈ℓ(·), ej(·)〉∣∣2

≤
∞∑
j=1

(
[β(ϵ)]2∣∣S(λj , γ,Φ)

∣∣([β(ϵ)]2 + ∣∣S(λj , γ,Φ)
∣∣2ξ)

)2∣∣〈ℓ(·), ej(·)〉∣∣2,
≤

∞∑
j=1

[β(ϵ)]4(
[β(ϵ)]2 +

∣∣S(λj , γ,Φ)
∣∣2ξ)

∣∣〈ℓ(·), ej(·)〉∣∣2∣∣S(λj , γ,Φ)
∣∣2

≤
∞∑
j=1

[β(ϵ)]4λ−2m
j(

[β(ϵ)]2 +
∣∣S(λj , γ,Φ)

∣∣2ξ) λ
2m
j

∣∣〈ℓ(·), ej(·)〉∣∣2∣∣S(λj , γ,Φ)
∣∣2

≤ sup
j∈N

∣∣G2(λj)
∣∣2 ∞∑

j=1

λ2m
j

∣∣〈ℓ(·), ej(·)〉∣∣2∣∣S(λj , γ,Φ)
∣∣2 = sup

j∈N

∣∣G2(λj)
∣∣2∥∥F∥∥2

H m(Ω)
. (44)

Hence, G2(λj) has been estimated

G2(λj) =
[β(ϵ)]2λ−m

j

[β(ϵ)]2 +
∣∣S(λj , γ,Φ)

∣∣2ξ ≤
[β(ϵ)]2λ2ξ−m

j

[β(ϵ)]2λ2ξ
j +

∣∣A(Φ, λ1, T, γ)
∣∣2ξ · (45)

With the Lemma 3.2, replace A by A(Φ, λ1, T, γ), G2(λj) can be bounded as follow

G2(λj) ≤

(2ξ)−1
(
(2ξ −m)

2ξ−m
2ξ A−mm

m
2ξ
)
[β(ϵ)]

m
ξ , 0 < m < 2ξ,(

A2ξλm−2ξ
1

)−1
[β(ϵ)]2, m ≥ 2ξ.

(46)

Combining (44) to (46), we conclude that

∥A2∥L2(Ω) ≤

(2ξ)−1
(
(2ξ −m)

2ξ−m
2ξ A−mm

m
2ξ
)
M[β(ϵ)]

m
ξ , 0 < m < 2ξ,(

A2ξλm−2ξ
1

)−1M[β(ϵ)]2, m ≥ 2ξ.
(47)

Next, combining the above three steps, we obtain

∥∥F(·)−F ϵ
β(ϵ)(·)

∥∥
L2(Ω)

≤ ϵ [β(ϵ)]
− 1

ξ

(∣∣B(|Φ|, |Φ|)∣∣2ξ−1
B
(
ξ, A(Φ, λ1, T, γ)

))
+ 2∥Φϵ − Φ∥L∞(0,T )max

{ 1

|Φ|2ξ−1
,
4

Φ

}
∥F∥L2(Ω)

+

(2ξ)−1
(
(2ξ −m)

2ξ−m
2ξ |A(Φ, λ1, T, γ)|−mm

m
2ξ
)
M[β(ϵ)]

m
ξ , 0 < m < 2ξ,(

|A(Φ, λ1, T, γ)|2ξλm−2ξ
1

)−1M[β(ϵ)]2, m ≥ 2ξ.
(48)

Choose the regularization parameter β(ϵ) as follows:

β(ϵ) =


(

ϵ

M

) ξ
m+2

, 0 < m < 2ξ,(
ϵ

M

) ξ
ξ+1

, m ≥ 2ξ.

(49)
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From the selection of β as in the formula (49), we receive

Case 1: If 0 < m ≤ 2ξ then

∥∥F(·)−F ϵ
β(ϵ)(·)

∥∥
L2(Ω)

≤ ϵ
m

m+2

[
ϵ

1
m+2M

1
m+2

(∣∣B(|Φ|, |Φ|)∣∣2ξ−1
B
(
ξ, A(Φ, λ1, T, γ)

))
+ 2ϵ

2
m+2 max

{ 1

|Φ|2ξ−1
,
4

Φ

}
∥F∥L2(Ω) +M

m+1
m+2 (2ξ)−1

(
(2ξ −m)

2ξ−m
2ξ |A(Φ, λ1, T, γ)|−mm

m
2ξ
)]
. (50)

Case 2: If m > 2ξ then

∥∥F(·)−F ϵ
β(ϵ)(·)

∥∥
L2(Ω)

≤ ϵ
ξ

ξ+1

[
M

1
ξ+1

(∣∣B(|Φ|, |Φ|)∣∣2ξ−1
B
(
ξ, A(Φ, λ1, T, γ)

))
+ 2ϵ

1
ξ+1 max

{ 1

|Φ|2ξ−1
,
4

Φ

}
∥F∥L2(Ω) +

(
|A(Φ, λ1, T, γ)|2ξ

)−1
ϵ

ξ
ξ+1M

1−ξ
ξ+1

]
. (51)

3.2. An a posteriori parameter choice

In this subsection, we study an a posteriori regularization parameter choice in Morozov’s discrepancy
principle, readers can see [14]. ∥∥∥∥

∣∣S(λj , γ,Φ)
∣∣2ξ

β2 +
∣∣S(λj , γ,Φ)

∣∣2ξ ℓϵ(·)− ℓϵ(·)
∥∥∥∥

L2(Ω)

= δϵ, (52)

whereby
1

2
≤ ξ ≤ 1, δ > 1.

Lemma 3.4. Let λj > λ1 > 0 and
1

2
≤ ξ < 1, and G3(λj) is defined by

G3(λj) =
Φβ2λ

2ξ−(m+1)
j

β2λ2ξ
j +

∣∣4A(Φ, λ1, T, γ)
∣∣m+1

≤


Φ(2ξ −m− 1)

2ξ|4A(Φ, λ1, T, γ)|m+1

( m+ 1

2ξ −m− 1

)m+1
2ξ

β
m+1

ξ , 0 < m < 2ξ − 1,

Φ
(
|4A(Φ, λ1, T, γ)|2ξλ(m+1)−2ξ

1

)−1
β2, m ≥ 2ξ − 1.

(53)

Proof. The proof is completed in [31].

Lemma 3.5. Assume that

K(β) =

( ∞∑
j=1

( β2

β2 +
∣∣S(λj , γ,Φ)

∣∣2ξ )2∣∣〈ℓϵ(·), ej(·)〉∣∣2
) 1

2

. (54)

If 0 < δϵ < ∥ℓϵ∥L2(Ω), then the following results hold:

(a) K(β) is a continuous function;

(b) K(β) → 0 as β → 0;

(c) K(β) → ∥ℓϵ∥L2(Ω) as β → ∞;

(d) K(β) is a strictly increasing function.
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Lemma 3.6. Let β be the solution of (52), one has

1

β
1
ξ

≤



(
1
2

) 1
2(m+1)

( Φ(2ξ −m− 1)

ξ|4A(Φ, λ1, T, γ)|m+1

) 1
m+1

(
m+ 1

2ξ −m− 1

) 1
2ξ

(δ2 − 2)
1

2(m+1)

(M
ϵ

) 1
m+1

, 0 < m < 2ξ − 1,

8
1
4ξ (Φ)

1
2ξ

(
|4A(Φ, λ1, T, γ)|2ξλ(m+1)−2ξ

1

)− 1
2ξ

(δ2 − 2)
1
4ξ

(M
ϵ

) 1
2ξ
, m ≥ 2ξ − 1.

(55)

which gives the required results.

Proof. Step 1: We receive

δ2ϵ2 ≤ 2
∞∑
j=1

(
β2

β2 +
∣∣S(λj , γ,Φ)

∣∣2ξ
)2∣∣〈ℓϵ(·)− ℓ(·), ei(·)

〉∣∣2
+ 2

∞∑
j=1

(
β2 λ−m

j

∣∣S(λj , γ,Φ)
∣∣

β2 +
∣∣S(λj , γ,Φ)

∣∣2ξ
)2

λ2m
j

∣∣〈ℓ(·), ei(·)〉∣∣
S(λj , γ,Φ)

≤ 2ϵ2 + 2

∞∑
j=1

∣∣Hj

∣∣2λ2m
j

∣∣〈ℓ(·), ej(·)〉∣∣2∣∣S(λj , γ,Φ)
∣∣2 · (56)

From inequalities above, we can see that

Hj =
β2
∣∣S(λj , γ,Φ)

∣∣∣∣β2 +
∣∣S(λj , γ,Φ)

∣∣2ξ∣∣λm
j

≤
Φβ2λ

2ξ−(m+1)
j

β2λ2ξ
j +

∣∣4A(Φ, λ1, T, γ)
∣∣2ξ · (57)

From (57), using Lemma 53, we have

Hj ≤


Φ(2ξ −m− 1)

2ξ|4A(Φ, λ1, T, γ)|m+1

( m+ 1

2ξ −m− 1

)m+1
2ξ

β
m+1

ξ , 0 < m < 2ξ − 1,

Φ
(
|4A(Φ, λ1, T, γ)|2ξλ(m+1)−2ξ

1

)−1
β2, m ≥ 2ξ − 1.

(58)

Because of (58), we know that

δ2ϵ2 ≤ 2ϵ2 + 2


(

Φ(2ξ −m− 1)

2ξ|4A(Φ, λ1, T, γ)|m+1

)2( m+ 1

2ξ −m− 1

)m+1
ξ M2β

2m+1
ξ , 0 < m < 2ξ − 1,

(
2Φ
)2(|4A(Φ, λ1, T, γ)|2ξλ(m+1)−2ξ

1

)−2
M2β4, m ≥ 2ξ − 1.

(59)

From (59), it is very easy to see that

(
δ2 − 2

)
ϵ2 ≤ 2


(

Φ(2ξ −m− 1)

2ξ|4A(Φ, λ1, T, γ)|m+1

)2( m+ 1

2ξ −m− 1

)m+1
ξ M2β

2m+1
ξ , 0 < m < 2ξ − 1,

(
2Φ
)2(|4A(Φ, λ1, T, γ)|2ξλ(m+1)−2ξ

1

)−2
M2β4, m ≥ 2ξ − 1.

(60)

So,

1

β
1
ξ

≤



(
1

2
)

1
2(m+1)

( Φ(2ξ −m− 1)

ξ|4A(Φ, λ1, T, γ)|m+1

) 1
m+1 ( m+1

2ξ−m−1

) 1
2ξ

(δ2 − 2)
1

2(m+1)

(M
ϵ

) 1
m+1

, 0 < m < 2ξ − 1,

8
1
4ξ (Φ)

1
2ξ

(
|4A(Φ, λ1, T, γ)|2ξλ(m+1)−2ξ

1

)− 1
2ξ

(δ2 − 2)
1
4ξ

(M
ϵ

) 1
2ξ
, m ≥ 2ξ − 1.

(61)

The estimation of
∥∥F(·)−F ϵ

β(ϵ)(·)
∥∥

L2(Ω)
is established by our next Theorem.
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Theorem 3.7. Assume the a priori condition and the noise assumption (6) hold, and there exists δ > 1
such that 0 < δϵ < ∥ℓϵ∥L2(Ω). This Theorem shows the convergent estimate between the exact solution and
the regularized solution such that

� If 0 < m < 2ξ − 1, it gives ∥∥F(·)−F ϵ
β(ϵ)(·)

∥∥
L2(Ω)

is of order ϵ
m

m+1 . (62)

� If m ≥ 2ξ − 1, it gives ∥∥F(·)−F ϵ
β(ϵ)(·)

∥∥
L2(Ω)

is of order ϵ
1− 1

2ξ · (63)

Proof. Applying the triangle inequality, we get∥∥F(·)−F ϵ
β(ϵ)(·)

∥∥
L2(Ω)

≤
∥∥F(·)−Fβ(ϵ)∥L2(Ω)︸ ︷︷ ︸

A2

+
∥∥Fβ(ϵ)(·)−F ϵ

β(ϵ)(·)
∥∥

L2(Ω)
. (64)

Case 1: If 0 < m ≤ 2ξ − 1, we have

∥∥Fβ(ϵ)(·)−F ϵ
β(ϵ)(·)

∥∥
L2(Ω)

≤ ϵ [β(ϵ)]
− 1

ξ

(∣∣B(|Φ|, |Φ|)∣∣2ξ−1
B
(
ξ, A(Φ, λ1, T, γ)

))
+ 2∥Φϵ − Φ∥L∞(0,T )max

{ 1

|Φ|2ξ−1
,
4

Φ

}
∥F∥L2(Ω)· (65)

We get

∥A2∥L2(Ω) =
∥∥∥ ∞∑

j=1

( ∣∣S(λj , γ,Φ)
∣∣2ξ−1

[β(ϵ)]2 +
∣∣S(λj , γ,Φ)

∣∣2ξ − 1∣∣S(λj , γ,Φ)
∣∣
)〈

ℓ(·), ej(·)
〉
ej(x)

∥∥∥
L2(Ω)

=
∥∥∥ ∞∑

j=1

[β(ϵ)]2S(λj , γ,Φ)

[β(ϵ)]2 +
∣∣S(λj , γ,Φ)

∣∣2ξ 〈F(·), ej(·)
〉
ej(x)

∥∥∥
L2(Ω)

. (66)

The Hölder inequality gives us the result

∥A2∥L2(Ω) ≤
∥∥∥ ∞∑

j=1

[β(ϵ)]2S(λj , γ,Φ)

[β(ϵ)]2 +
∣∣S(λj , γ,Φ)

∣∣2ξ 〈F(·), ej(·)
〉
ej(·)

∥∥∥ m
m+1

L2(Ω)

×
∥∥∥ ∞∑

j=1

[β(ϵ)]2S(λj , γ,Φ)

[β(ϵ)]2 +
∣∣S(λj , γ,Φ)

∣∣2ξ
〈
F(·), ej(·)

〉∣∣S(λj , γ,Φ)
∣∣m+1 ej(x)

∥∥∥ 1
m+1

L2(Ω)

≤
∥∥∥ ∞∑

j=1

[β(ϵ)]2

[β(ϵ)]2 +
∣∣S(λj , γ,Φ)

∣∣2ξ 〈ℓ(·), ej(·)〉ej(x)∥∥∥
m

m+1

L2(Ω)︸ ︷︷ ︸
Z1

×
∥∥∥∥ ∞∑

j=1

[β(ϵ)]2

[β(ϵ)]2 +
∣∣S(λj , γ,Φ)

∣∣2ξ
〈
F(·), ej(·)

〉∣∣S(λj , γ,Φ)
∣∣m ej(x)

∥∥∥∥ 1
m+1

L2(Ω)︸ ︷︷ ︸
Z2

. (67)
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From (67), using Lemma 3.6, one has

Z1 ≤
(∥∥∥ ∞∑

j=1

[β(ϵ)]2

[β(ϵ)]2 +
∣∣S(λj , γ,Φ)

∣∣2ξ 〈ℓ(·)− ℓϵ(·), ej(x)
〉
ej(x)

∥∥∥
L2(Ω)

+
∥∥∥ ∞∑

j=1

[β(ϵ)]2

[β(ϵ)]2 +
∣∣S(λj , γ,Φ)

∣∣2ξ 〈ℓϵ(·), ej(·)〉ej(x)∥∥∥L2(Ω)

) m
m+1

≤ ϵ
m

m+1 (1 + δ)
m

m+1 .

Next, using the priori condition, we have

Z2 =

∥∥∥∥ +∞∑
j=1

[β(ϵ)]2

[β(ϵ)]2 +
∣∣S(λj , γ,Φ)

∣∣2ξ
〈
F(·), ej(·)

〉∣∣S(λj , γ,Φ)
∣∣m ej(x)

∥∥∥∥ 1
m+1

L2(Ω)

≤
∥∥∥∥ +∞∑

j=1

〈
F(·), ej(·)

〉
|S(λj , γ,Φ)|m

ej(x)

∥∥∥∥ 1
m+1

L2(Ω)

≤
∥∥∥∥ ∞∑

j=1

λm
j

〈
Fj(·), ej(·)

〉∣∣4A(Φ, λ1, T, γ)
∣∣m ej(x)

∥∥∥∥ 1
m+1

L2(Ω)

≤ M
1

m+1∣∣4A(Φ, λ1, T, γ)
∣∣ m
m+1

· (68)

Combining (66) to (68), we conclude that

∥∥F(·)−Fβ(ϵ)(·)
∥∥

L2(Ω)
≤ ϵ

m
m+1 (1 + δ)

m
m+1

M
1

m+1∣∣4A(Φ, λ1, T, γ)
∣∣ m
m+1

· (69)

Combining (65) to (69), we know that∥∥F(·)−F ϵ
β(ϵ)(·)

∥∥
L2(Ω)

≤ ϵ
m

m+1M
1

m+1X1(Φ,Φ, δ, B,A), (70)

whereby

X1(Φ,Φ, δ, B,A) = 2ϵ
1

m+1 max
{ 1

|Φ|2ξ−1
,
4

Φ

}( ∥ℓ∥L2(Ω)∣∣4A(Φ, λ1, T, γ)
∣∣
) m

m+1

+
(1 + δ)

m
m+1

|4A(Φ, λ1, T, γ)|
m

m+1

+

(
1

2
)

1
2(m+1)

( Φ(2ξ −m− 1)

ξ|4A(Φ, λ1, T, γ)|m+1

) 1
m+1 ( m+1

2ξ−m−1

) 1
2ξ

(δ2 − 2)
1

2(m+1)

(∣∣B(|Φ|, |Φ|)∣∣2ξ−1
B
(
ξ, A(Φ, λ1, T, γ)

))
.

Case 2: Our next goal is to determine the estimation of
∥∥Fβ(ϵ)(·)−F ϵ

β(ϵ)(·)
∥∥

L2(Ω)
in case m ≥ 2ξ − 1, we

get ∥∥Fβ(ϵ)(·)−F ϵ
β(ϵ)(·)

∥∥
L2(Ω)

≤ ϵ
1− 1

2ξM
1
2ξ

8
1
4ξ (Φ)

1
2ξ

(
|4A(Φ, λ1, T, γ)|2ξλ(m+1)−2ξ

1

)− 1
2ξ

(δ2 − 2)
1
4ξ

(∣∣B(|Φ|, |Φ|)∣∣2ξ−1
B
(
ξ, A(Φ, λ1, T, γ)

))

+ ϵ
1− 1

2ξM
1
2ξ

(
2max

{ 1

|Φ|2ξ−1
,
4

Φ

} 1∣∣4A(Φ, λ1, T, γ)
∣∣1− 1

2ξ

)
· (71)
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Next,
∥∥F(·)−Fβ(ϵ)(·)

∥∥
L2(Ω)

can be bounded as follows

∥∥F(·)−Fβ(ϵ)(·)
∥∥

L2(Ω)
=
∥∥∥ ∞∑

j=1

[β(ϵ)]2

[β(ϵ)]2 +
∣∣S(λj , γ,Φ)

∣∣2ξ 〈F(·), ej(·)
〉
ej(x)

∥∥∥
L2(Ω)

=
∥∥∥ +∞∑

j=1

[β(ϵ)]2S(λj , γ,Φ)

α2 +
∣∣S(λj , γ,Φ)

∣∣2ξ
〈
F(·), ej(·)

〉
S(λj , γ,Φ)

ej(x)
∥∥∥

L2(Ω)

≤
∥∥∥ ∞∑

j=1

[β(ϵ)]2S(λj , γ,Φ)

[β(ϵ)]2 +
∣∣S(λj , γ,Φ)

∣∣2ξ 〈F(·), ej(·)
〉
ej(x)

∥∥∥1− 1
2ξ

L2(Ω)︸ ︷︷ ︸
J1

×
∥∥∥ ∞∑

j=1

[β(ϵ)]2S(λj , γ,Φ)

[β(ϵ)]2 +
∣∣S(λj , γ,Φ)

∣∣2ξ
〈
F(·), ej(·)

〉∣∣S(λj , γ,Φ)
∣∣2ξ ej(x)∥∥∥

1
2ξ

L2(Ω)︸ ︷︷ ︸
J2

. (72)

From (72), repeated application of Lemma 3.6 Part (b) enables us to write J1, it is easy to check that

J1 ≤ (ϵ+ δϵ)
1− 1

2ξ = ϵ
1− 1

2ξ (1 + δ)
1− 1

2ξ .

In the same way as in Z2, it follows easily that

[β(ϵ)]2

[β(ϵ)]2 + |S(λj , γ,Φ)|2ξ
< 1,

we now proceed by induction

J2 ≤
∥∥∥ ∞∑

j=1

〈
F(·), ej(·)

〉
|S(λj , γ,Φ)|2ξ−1

ej(x)
∥∥∥ 1

2ξ

L2(Ω)
≤
∥∥∥ ∞∑

j=1

( λj

|4A(Φ, λ1, T, γ)|

)2ξ−1
λ−m
j λm

j Fj(·)ej(x)
∥∥∥ 1

2ξ

L2(Ω)

≤ |4A(Φ, λ1, T, γ)|
1
2ξ

−1
λ2ξ−m−1
1 M

1
2ξ . (73)

Combining (72) to (73), it may be concluded that∥∥F(·)−Fβ(ϵ)(·)
∥∥

L2(Ω)
≤ ϵ

1− 1
2ξM

1
2ξ

(
(1 + δ)

1− 1
2ξ |4A(Φ, λ1, T, γ)|

1
2ξ

−1
λ2ξ−m−1
1

)
·

Finally, from (70) and (71), we can assert that∥∥F(·)−F ϵ
β(ϵ)(·)

∥∥
L2(Ω)

≤ ϵ
1− 1

2ξM
1
2ξX2(Φ,Φ, δ, B,A).

whereby

X2(Φ,Φ, δ, B,A) =
( 2max

{ 1

|Φ|2ξ−1
,
4

Φ

}
∣∣4A(Φ, λ1, T, γ)

∣∣1− 1
2ξ

)
+

(
(1 + δ)

1− 1
2ξ |4A(Φ, λ1, T, γ)|

1
2ξ

−1
λ2ξ−m−1
1

)

+
8

1
4ξ (Φ)

1
2ξ

(
|4A(Φ, λ1, T, γ)|2ξλ(m+1)−2ξ

1

)− 1
2ξ

(δ2 − 2)
1
4ξ

(∣∣B(|Φ|, |Φ|)∣∣2ξ−1
B
(
ξ, A(Φ, λ1, T, γ)

))
.

The proof is completed by showing that (70) and (71).
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3.3. Regularization and Lp stimate by Truncation method

In this subsection, we assume that ℓϵ is noisy data and satisfied that

∥ℓϵ − ℓ∥Lp(Ω) ≤ ϵ. (74)

Theorem 3.8. Let ℓϵ be as in (74). Assume that F belongs to D(Aζ) for any ζ > 0. Let us gives a
regularized solution as follows. Let us give a regularized solution as follows:

F ϵ
Nϵ

(x) =

Nϵ∑
j=1

〈
ℓϵ(·), ej(·)

〉
ej(x)

|S(λj , γ,Φϵ)|
, and FNϵ(x) =

Nϵ∑
j=1

〈
ℓ(·), ej(·)

〉
ej(x)

|S(λj , γ,Φ)|
· (75)

By choosing

Nϵ = ϵ(h−1)(ζ−m+1), 0 < h < 1, (76)

in which

−ω

4
< p ≤ min

{
0,

(p− 2)ω

4p

}
, 0 ≤ ζ <

ω

4
·

Then we have ∥∥F ϵ
Nϵ

(·)−F(·)
∥∥

L
2ω

ω−4ζ (Ω)
→ 0 when ϵ → 0.

Proof. Since the Sobolev embedding Lp(Ω) ↪→ D(Am), we find that there exists a positive constant,

∥ℓϵ − ℓ∥D(Am) ≤ Cm,p∥ℓϵ − ℓ∥Lp(Ω) ≤ Cm,pϵ. (77)

For ζ > 0, using the triangle inequality, we get∥∥F ϵ
Nϵ

(·)−F(·)
∥∥
D(Aζ)

≤
∥∥F ϵ

Nϵ
(·)−FNϵ(·)

∥∥
D(Aζ)

+
∥∥FNϵ(·)−F(·)

∥∥
D(Aζ)

· (78)

In the following, we first consider the term
∥∥F ϵ

Nϵ
(·)−FNϵ(·)

∥∥
D(Aζ)

for any 0 < ζ <
ω

4
. Indeed, we get

F ϵ
Nϵ

(x)−FNϵ(x)

=

λj≤Nϵ∑
j=1

〈
ℓϵ(·)− ℓ(·), ej(·)

〉
ej(x)

S(λj , γ,Φϵ)
+

λj≤Nϵ∑
j=1

[
|S(λj , γ,Φ

ϵ)|−1 − |S(λj , γ,Φ)|−1
]〈
ℓ(·), ej(·)

〉
ej(x). (79)

From (79), using the triangle inequality (a+ b)2 ≤ 2a2 + 2b2, ∀a, b ≥ 0, we have∥∥F ϵ
Nϵ

(·)−FNϵ(·)
∥∥2
D(Aζ)

≤ 2

λj≤Nϵ∑
j=1

λ2ζ−2m
j

λ2m
j

∣∣〈ℓϵ(·)− ℓ(·), ej(·)
〉
|2

|S(λj , γ,Φϵ)|2
+ 2

λj≤Nϵ∑
j=1

|S(λj , γ,Φ− Φϵ)|2

|S(λj , γ,Φϵ)|2
λ2ζ
j

∣∣〈ℓ(·), ej(·)〉∣∣2
|S(λj , γ,Φ)|2

≤ 2

λj≤Nϵ∑
j=1

λ2ζ−2m+2
j

λ2m
j

∣∣〈ℓϵ(·)− ℓ(·), ej(·)
〉∣∣2

|A(Φ, λ1, T, γ)|2
+

32∥Φϵ − Φ∥2L∞(0,T )

|Φ|2

λj≤Nϵ∑
j=1

λ2ζ
j

∣∣〈ℓ(·), ej(·)〉∣∣2
|S(λj , γ,Φ)|2

≤ 2

λj≤Nϵ∑
j=1

λ2ζ−2m+2
j

∥ℓϵ − ℓ∥2D(Am)

|A(Φ, λ1, T, γ)|2
+

32∥Φϵ − Φ∥2L∞(0,T )

|Φ|2
∞∑
j=1

λ2ζ
j

∣∣〈F(·), ej(·)
〉∣∣2· (80)
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Using the condition (77), we can know that

∥∥F ϵ
Nϵ

(·)−FNϵ(·)
∥∥2
D(Aζ)

≤
2C2

m,pϵ
2

|A(Φ, λ1, T, γ)|2
(Nϵ)

2ζ−2m+2 +
32ϵ2

|Φ|2
∥F∥2D(Aζ)·

Next, we continue to get the following estimate

∥∥F(·)−FNϵ(·)
∥∥2
D(Aζ)

≤
∞∑

λj≥Nϵ

λ−2ζ
j λ2ζ

j

∣∣〈ℓ(·), ej(·)〉∣∣2
|S(λj , γ,Φ)|2

≤
∞∑

λj≥Nϵ

λ−2ζ
j λ2ζ

j

∣∣〈F(·), ej(·)
〉∣∣2

≤
(
Nϵ

)−2ζ
∞∑

λj≥Nϵ

λ2ζ
j

∣∣〈F(·), ej(·)
〉∣∣2 ≤ (Nϵ

)−2ζ∥∥F∥∥2D(Aζ)
· (81)

Since the Sobolev embedding D(Aζ) ↪→ L
2ω

ω−4ζ (Ω), combining (78) to (81), we conclude that∥∥F ϵ
Nϵ

(·)−F(·)
∥∥

L
2ω

ω−4ζ (Ω)
≤ C

∥∥F ϵ
Nϵ

(·)−F(·)
∥∥
D(Aζ)

≤ C
∥∥F ϵ

Nϵ
(·)−FNϵ(·)

∥∥
D(Aζ)

+ C
∥∥FNϵ(·)−F(·)

∥∥
D(Aζ)

≤
√
2CCm,pϵ

|A(Φ, λ1, T, γ)|
(Nϵ)

ζ−m+1 +

(
4
√
2Cϵ

|Φ|
+ C

(
Nϵ

)−ζ
)∥∥F∥∥D(Aζ)

≤ ϵh
√
2CCm,p

|A(Φ, λ1, T, γ)|
+

(
4
√
2Cϵ

|Φ|
+ Cϵζ(1−h)(ζ−m+1)

)∥∥F∥∥D(Aζ)
· (82)
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[8] Jayshree PATİL and Archana CHAUDHARİ and Mohammed ABDO and Basel HARDAN, Upper and Lower Solution
method for Positive solution of generalized Caputo fractional differential equations, Advances in the Theory of Nonlinear
Analysis and its Application, 4 (2020), 279-291.

[9] S. Muthaiah, M. Murugesan, N.G. Thangaraj, Existence of Solutions for Nonlocal Boundary Value Problem of Hadamard
Fractional Differential Equations, Advances in the Theory of Nonlinear Analysis and its Application, 3 (2019), 162-173.

[10] E. Karapınar, H.D. Binh, N.H. Luc, N.H. Can, On continuity of the fractional derivative of the time-fractional semilinear
pseudo parabolic systems, Adv. Difference Equ., (2021).

[11] R.S. Adiguzel, U. Aksoy, E. Karapınar and I.M. Erhan, On the solution of a boundary value problem associated with a
fractional differential equation, Mathematical Methods in the Applied Science, (2020).



H.V. Thi Thanh, H.N. Ngoc, P.N. Duc, Adv. Theory Nonlinear Anal. Appl. 6 (2022), 433–450. 450

[12] H. Afshari and E. Karapınar, A discussion on the existence of positive solutions of the boundary value problems via-Hilfer
fractional derivative on b-metric spaces, Advances in Difference Equations volume 2020, Article number: 616 (2020).

[13] T.N. Thach and N.H. Tuan, Stochastic pseudo-parabolic equations with fractional derivative and fractional Brownian
motion, Stochastic Analysis and Applications, 2021, 1-24.

[14] A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Application of Fractional differential equations. In North—Holland
Mathematics Studies, Elsevier Science B.V.: Amsterdam, The Netherlands, 2006; Volume 204.

[15] I. Podlubny, Fractional Differential Equations, Academic Press, USA, 1999.
[16] T. Abdeljawad, On conformable fractional calculus, J. Comput. Appl. Math., 279 (2015), 57-66.
[17] A. Jaiswad, D. Bahuguna, Semilinear Conformable Fractional Differential Equations in Banach spaces, Differ. Equ. Dyn.

Sys., 27 (2019), no. 1-3, pp. 313-325.
[18] A. Kirsch, An Introduction to the Mathematical Theory of Inverse Problems, Volume 120 of Applied Mathematical Sciences,

Springer, New-York, second edition.
[19] F. Yang, C.L. Fu, The quasi-reversibility regularization method for identifying the unknown source for time fractional

diffusion equation, Appl. Math. Model., 39(2015)1500-1512.
[20] N.A. Triet and Vo Van Au and Le Dinh Long and D. Baleanu and N.H. Tuan, Regularization of a terminal value problem

for time fractional diffusion equation, Math Meth Appl Sci, 2020.
[21] N.D. PHUONG, Nguyen LUC, Le Dinh LONG, Modifined Quasi Boundary Value method for inverse source biparabolic,

Advances in the Theory of Nonlinear Analysis and its Application 4 (2020) 132-142.
[22] F. Yang, Y.P. Ren, X.X. Li, Landweber iterative method for identifying a spacedependent source for the time-fractional

diffusion equation, Bound. Value Probl., 2017(1)(2017)163.
[23] F. Yang, X. Liu, X.X. Li, Landweber iterative regularization method for identifying the unknown source of the time-

fractional diffusion equation, Adv. Differ. Equ., 2017(1)(2017)388.
[24] Y. Han, X. Xiong, X. Xue, A fractional Landweber method for solving backward time-fractional diffusion problem, Com-

puters and Mathematics with Applications, Volume 78 (2019) 81–91.
[25] H.T. Nguyen, Dinh Long Le, V.T. Nguyen, Regularized solution of an inverse source problem for a time fractional diffusion

equation, Applied Mathematical Modelling 000 Vol (2016), pages 1–21, doi: 10.1016/j.apm.2016.04.009.
[26] N.H. Tuan, L.D. Long, truncation method for an inverse source problem for space-time fractional diffusion equation,

Electron. J. Differential Equations, Vol. 2017 (2017), No. 122, pp. 1-16, ISSN: 1072-6691. URL: http://ejde.math.txstate.edu
or http://ejde.math.unt.edu.

[27] D. Gerth and E. Klann, R. Ramlau and L. Reichel, On fractional Tikhonov regularization, Journal of Inverse and Ill-posed
Problems, 2015.

[28] X. Xiong, X. Xue, A fractional Tikhonov regularization method for identifying a space-dependent source in the time-
fractional diffusion equation, Applied Mathematics and Computation 349 (2019) 292-303.

[29] N. Duc Phuong, Note on a Allen-Cahn equation with Caputo-Fabrizio derivative, Results in Nonlinear Analysis, 2021.
[30] A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional Differential Equations, Volume 204

(North-Holland Mathematics Studies), Elsevier Science Inc. New York, NY, USA.
[31] L.D. Long, N.H. Luc, Y. Zhou and C. Nguyen, Identification of Source term for the Time-Fractional Diffusion-Wave

Equation by Fractional Tikhonov Method, Mathematics 2019, 7, 934; doi:10.3390/math7100934.


	Introduction
	Preliminaries
	The formula of source term F
	The ill-posedness of inverse source problem
	Conditional stability of source term f

	The Fractional Tikhonov method
	An a priori parameter choice
	An a posteriori parameter choice
	Regularization and estimate by Truncation method


