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Mecit Kerem UZUN!?

A COMPARISON THEOREM FOR SPECTRAL SEQUENCES

ABSTRACT

We give a comparison result for two first quadrant spectral sequences that are isomorphic at every
point other than the bottom horizontal line and the one that is the source of the map vanishes on that
line. This situation comes out naturally when comparing niveau spectral sequences related to certain
homology theories and an example is given here.
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SPEKTRAL DIiZiLER iCIN BIR KARSILASTIRMA TEOREMI

(/4

Bu c¢alismada alt yatay dogru hari¢ esyapisal, o dogru iizerinde ise fonksiyonun kaynagi olan
spektral dizinin sifir oldugu iki birinci bolge spektral dizisini karsilastirdik. Bu durum burada da bir
orneginin verildigi gibi baz1 homoloji teorilerine ait niveau spektral dizilerini karsilastirirken dogal bir
bigimde ortaya ¢ikmaktadir.

Anahtar kelimeler: Homolojikal Cebir

1 INTRODUCTION

When showing certain relations between two homology theories related to a scheme X that is of
finite type over a ground field k, it is sometimes easier to compare niveau spectral sequences (Bloch,
1974) related to these homology theories since the F; terms in niveau spectral sequence consist of
homology groups of a point on X.

In this short paper we prove a comparison theorem for two first quadrant spectral sequences where
all terms are isomorphic other than the bottom horizontal line and we also assume that one of the spectral
sequnce vanishes on that line. This situation arises when we compare higher Chow groups (Bloch,
1984) and étale cohomology. But one might expect that it can also arise in other situations. This result
was previously noticed by experts but we are giving here a written proof. It was also proved and used
in authors Ph.D thesis (Uzun, 2013).
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2. Comparison Theorem

Theorem 1. Let E = @ E; , and E = @ E; ;, be two first quadrant spectral sequences that strongly
converge to H, and H, respectively. Assume E; , = 0 for all a and and we haveamap p : E - E of
spectral sequences such that

1 .1 rl
pa,b ’ Ea,b - Ea,b

is an isomorphism for b > 1. Then we have a long exact sequence

jag L2 jag L2
= Hpy1 = Efpq0 = Hy » Hy = Efg = Hyq -

PROOF. Consider the following commutative diagram
Eg+r,b—r+1 - Eg,b - Ecrl—r,b+r—1
1 p£+r,b—r+1 l pg,b l pg—r,b+r—1 (*)

or or or
Ea+r,b—r+1 - Ea,b - Ea—r,b+r—1

Note that injectivity of pf, , and the surjectivity of pf,,. ,_,., implies injectivity of pj1'. Also
surjectivity of p[, , and injectivity of pj;_,. ,4,_, implies surjectivity of pj;*. Using this and applying
induction on r we see that for all n € Z*, py,, is surjective if b > 1 and injective if b > n — 1. This
implies pgp : Eq — Egy issurjective if b > 1.

Now we look at the kernel of pg, for b = 1. Consider the following commutative diagram

0 - EX?' - EX

b—-1,2b
b+1 b+1
i L pap L paZp-1.20
rb+1 rb+1 rb+1
Ea+b+1,0 E Ea—b—1,2b

From the above calculations we see that both pb’r1 and p2*+1_ 1,2p are isomorphisms. This implies

the kernels of the right horizontal maps are isomorphic. Since E2}? = ker(d)}") and E}? =

ker(d3ph)/Im(d5} .1 o) we have the following exact sequence
Elfpii0 = Eb+2 ~ EgF? -0

and since the first map is the same as d31} . , its kernel is E2}2,, ,. This gives the following exact
sequence
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mb+2 mb+1 b+2 mb+2
0 - Ea+b+1,0 - Ea+b+1,0 - Ea,b - Ea,b -0

If we write the above diagram () for the " sheet where r > b + 2, the left hand side vanishes
for both spectral sequences. This implies for co terms

=b+2 =b+1 ® =oo
0 = Egih10 = Eaipr10 2 Eap = Eqp =0

Finally if we look at the case a = 0 we get
Ul Etﬁl,o - EII;I%,O - Egp = E((fb -0

e OO _ pa+b+2
since Eqyp+1,0 = Egipi1o0

Let F,H, and Fpﬁq denote the corresponding filtrations of H, and Hq respectively. Convergenge
gives us the following commutative diagram with exact rows

0 = Fp_1Hg = BHq = Eglgp =0

! pg_l Lpj L ppig—p

0 - F,_4H, = F,H; = E

pa-p 0

For p = 0, the left hand group vanish. Therefore ker(pg) = ker(pg4) Which is isomorphic to ker, =
Eg:ll‘o/l?‘ﬁl_o. Also since pg’, is surjective, we have an isomorphism FOHq/(EC‘}Ill'O/Eﬁl_O) = FoH,.
Combining this with the above commutative diagram we get

0 - FoHg/kery — FiH,/kery > Eiy_ 1 — 0

Log Lpg L piga

0 - FH, - FH, - Ef_4-0

The upper row is still exact. Also since ker, injects into ker(p;), we still have commutativity. The
left hand map is an isomorphism which implies as before ker(p3) = ker(p5%,—1) which is isomorphic

i Fq+1 - ~ (F Foo /(FAtl [Feo
to kery = EJ, 1 o/Ed{ o Noting kery = (EZ,, o/Eq0)/(Edi1o/Eqo), we see that

(FiHg/kerg)/kery = FiHy/(El, 1 0/Eq%10) = FiHg

Applying the same method gives ker(pd ™'t Fy_1Hy = Fy_qHy ) = E2,10/EQ1,- Finally we
look at the following commutative diagram with exact rows
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0 » F,_1Hy - H; - O
q-1
1 pg L pg l
0 >F,4H;, > H; > ES% = 0

By snake lemma we find ker(p,) = ker(p™") = E2,,/EQ 1, and coker(p,) = EZ, . This
gives Us exact sequnces

0 = Eg10 = Egiio = Hqg > Hy = Egp =0

forall g = 0. Since ng’o inject into Eé,o we can combine these to get the desired long exact sequences.

3. An Application

Let X be a smooth variety of pure dimension d over a perfect field k and n be invertible in k. The
main application of the above result is comparing higher Chow groups and étale cohomology using
cycle class map (Geisser and Levine, 2001) with the following indices.

pg+c.j: CHd+C(X’j; Z/n) - H,th—j+2c(X’ Z/n(d + ¢))

e

Here j is and integer and ¢ = cd(k) — 1 where cd (k) denotes the cohomological dimension of k.
The reason of interest for these indices is that when j = ¢ the Poincaré duality identifies the right hand
group with the étale fundamental group modulo n. Hence calculating the kernel and cokernel of this
map is of interest for understanding the class field theory of X. We have the following result using Thm.
1 and Beilinson-Lichtenbaum conjecture.

Theorem 2. Let the notation be as above. We have a long exact sequence

. d—j
c > KHE,,, > CHY™(X,j; Z/n) > H (X, 2/n (d + ©))

, d—j
~ KH.,| - CHW(X,j — L,Z/n) > Hy 72 (X, 2/n (d + 0)) > -

PROOF. See Theorem 8(b) in (Uzun, 2016).
Here K Hff) denotes the Kato homology (Kato, 1986) and using known vanishing results on Kato
homology (Jannsen and Saito, 2003; Jannsen and Saito, 2009; Saito and Kerz, 2012), one can show that

the cycle class map is an isomorphism under certain assumptions as in Prop. 13 and Thm. 14 in (Uzun,
2016).
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