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1 INTRODUCTION

Embedding of finite metric spaces into Euclidean spaces or normed spaces or even into trees with
shortest path metrics has been a century-long adventure which led to some very interesting insights. To
name one beautiful result, the Schonberg's theorem, a finite metric space (X;d;j,i,j = 1, ...,n) can be
embedded into R™ if and only if the quadratic form

n
F(xy . xy) = z (d2 + d2; — d2)x; x;
ij=2

is positive semi-definite and of rank m (Blumenthal, 1970), (Matousek, 2010).

It seems that, by the difficulty and the general impossibility of exact isometric embeddings and by
demands from computer and informatics sciences, the trend switched to embeddings with distortions
and deep theorems resulted from this inquiry as for example the famous theorem of Bourgain which
asserts that an n —point metric space can be embedded in £, with distortion O (logn) (Bourgain, 1985).

We consider in this note another interesting version of the embedding question where arbitrary
(finite) weighted graphs (with shortest path metrics) are allowed as target spaces. The goal is to find
embeddings (also called “realizations™) with the constraint that the total weight of the ambient graph
should be as small as possible. There is a rich literature also on this subject. It is proven that any finite
metric space has an optimal realization in a graph G in the sense that the total weight of G is minimal
among all realizations (Dress, 1984), (Imrich and Simoes-Pereira, 1984). The actual construction of
optimal realizations is a rather difficult problem even for metric spaces with a small number of points
(Koolen and Lesser, 2009), (Sturmfels and Yu, 2004). A constructive algorithm was given in (Varone,
2006) which works well in many cases. As a finite metric space is itself a complete weighted graph, the
question amounts to minimizing the total length of the ““connecting threads" between the nodes. In this
note we want to make this approach precise and define a "hands-on" procedure to construct realizations
with stepwise decreasing total weights with the help of some simple operations, or "moves", on a given
weighted graph. This somewhat naive approach yields nevertheless for metric spaces with few points
(up to five) optimal realizations and in any case realizations with considerable reduction of the total
weight (for metric spaces with any number of points).

We define a notion of "tightness" for weighted graphs and it seems that with the help of the moves
we define one can embed a given finite metric space into a tight graph which might be a candidate an
optimal embedding.

2.PRELIMINARIES

Definition 2.1 Let G = (V,E) be a finite graph with vertex set VV and edge set E. We assume G to be
simple in the sense that it is unoriented, there are no loop-edges and there is no more than one edge
between any two different vertices. If G is connected there is at least one path joining any two vertices
P and Q. If there is an edge between two vertices P and Q, we will denote this edge by [PQ] or ([QP])
and say that the vertices P and Q are 1-connected. If there is an edge joining each pair of vertices, G is
called a complete graph.

Definition 2.2 A weighted graph G = (V, E,w) is a graph G with a positive-valued function w on the
set E of the edges. We will denote the weight w([PQ])of the edge [PQ] by wpq. Given two vertices P
and Q of a weighted graph G and a path of edges starting at P and ending at @, the sum of the weights
of these edges is called the weight of the path. The total weight W (G) of a weighted graph G is the sum
of the weights of its edges.

Definition 2.3 A finite metric space X, is a set {P,,...,B,} together with a distance function
d( P, P;) =:d;; (i,j = 1,..,n) suchthat d;; = dj;, d;; = 0, d;; is positive whenever i # j and the d;
's satisfy the triangle inequality d;; + d;;, = dj; for each triple of indices i, j, k.

We define the quantity A; j as
A= djj + dic — dyc, (2.1)
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and call it the “"excess" of the triangle [P;P; P, ] at the vertex P;.
The triangle inequality is equivalent to the non-negativity of the A; j;'s.

Note that a finite metric space X,, can be viewed as a weighted complete graph whose weights
satisfy the triangle inequality. We will henceforth identify X,, with the associated complete weighted
graph. The total weight of X,, is then

W(X,) = Zn: dij -

i<j

We recall that the vertex-set of any weighted graph has a natural metric, called the shortest-path
metric. Given two vertices P and Q of a weighted graph G and a path of edges starting at P and ending
at @, the sum of the weights of these edges is called the weight of the path; The distance between the
vertices P and Q is defined as the minimum of the weights of the paths between these vertices. A path
realizing this minimum is called a shortest path between P and Q. Note that, the distance between two
1-connected vertices P and @ might be less than the weight wp, as there could be a path between P and
Q with weight less than the weight of the edge [PQ]. We will however assume that this should not be
happen, so that in weighted graphs we consider below, the edges should be shortest paths between their
endpoints. This is a convenient and not restrictive assumption for our purposes and to our knowledge
there is not a separate term for such weighted graphs. To avoid a cumbersome terminology we don't
want to introduce one either. In such a weighted graph we can use consistently the notation wp, for the
distance (weight of the shortest path) between P and Q, whether they are 1-connected or not.

We can consider "“triangles" [PQR] also in weighted graphs where the ““edges" of the triangle might
be any specified shortest paths between the vertices. We define the excess of such a triangle at P
similarly as Apgr= wpq + wpr — wog. We will use this mostly for cases where @ and R will be
1 —connected to P.

Definition 2.4 Let X,, = {Py, ..., B,} be a finite metric space and let G,, be a weighted graph (not
necessarily complete) withm > n vertices Q;, i = 1, ..., m. An isometric embedding of X,, (or weight-
preserving embedding of X,,) into G,, isamap f from the vertex set of X,, into the vertex set of G,,
such that the weight of the shortest path between f (P;) to £ (P)) in G, equals d;;. i.e. Wrpof(pj) = d;j.

In other words, we have
dij =w([f(PDQ;, D) +w([Q;, Qi) + -+ w([Q F(POD,

where f(P;)Q;, Qy, - Q;, f (P;) is ashortest path between f(P;) to f(P;) in G,,. (The shortest path need
not be unique.)

If £(P;) and f(P;) are 1-connected in G, then by our general assumption above the edge [f (P;)f (P;)] is
a shortest path between the vertices f(P;) and £ (P;) and the weight of the edge [f (P;)f (P;)] equals d;;.

We will study the problem of embedding of a finite metric space (or the associated complete
weighted graph) into a weighted graph G such that the total weight of G is minimal among all possible
ambient weighted graphs into which the given metric space is embeddable. We will call such an
embedding an optimal embedding (or realization).

The case for n = 2 is trivial. We will first consider n = 3 case in detalil.
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3 OPTIMAL EMBEDDING of X5
Let X; be a metric space with 3 vertices P;, P, and P; and let G, be the weighted “Y”’-space as
shown in Figure 1.

P ) Q-
L] L] L]
4 Waq
dia dy3
‘(?1
Wy
L] L] L]
P das By Q:;
Figure 1
Let f(P;) = Q;. The weight preservation condition gives
Wig+Wap = dyy,
Wig+ Wy = dyg,
Wos +Wy3 = dys,

1 1
Wiy = E(du +diz3 —dy3) = EA123’

1 1
Wy = 5 (dqp +dpz — dy3) = 54213,

1

W34 = E(d13 +dyz —dqp) = §A312

The mapping described above is called the “A — Y”transform. (In case of a degenerate X5 the “Y”’-
space also degenerates.) The total weights of X5 and G, are respectively

W(X3) =diz +di3+dys

and
1
W(Gy) = Wiy + Woy + W3y = > (diz +dy3 +dz3)
hence
w(G,) 1
W(Xs) 2

We give a direct proof that the A — Y transform is minimal.

Proposition 3.1 The A — Y transform is an optimal embedding.
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Proof Let the (non-degenerate) X5 be embedded into a minimal weighted graph G, with Q,, Q,, @5 being
the images of P,P,,P;. As the total weight of the previous special Y is

%(d12 + di3 + d,3), the total weight of G can be at most that much. The length of the shortest path

between Q; and Q, has to be equal to d;,, which we assume to be realized by Q; Ry R, -** Ry Q5.
Likewise, let Q; S; S, -+ S; Q5 be a shortest path with length d, 5. If these paths were edge-disjoint, then
the graph G would have a total weight of at least d;, +d;3. But, since di; +d3 >

%(d12 + dy3 + d;3), this would contradict the minimality of G. Hence, some initial segment of these

paths must coincide and let us assume R; = S;,R; = S,,...,R; = S; and Ry 1 # Sp4q. Since G is
minimal, the length of the path S; S;,4 --- @3 can be at most

1 1
> (dyz +dy3 +dy3) —dyz = 5 (dy3 + d33 — dy3).

But then, the length of the path Q; R; ‘- R; would be at least

1 1
dqiz — > (dy3 +dy3 —dyip) = > (dy2 + dy3 — dy3).

If the length of the path Q; R, -+ R; would be more than this value, than the length of the path R; --- Q,
would be less than

1 1
diz =5 (dip +diz —dp3) = 5 (diz + dp3 — dy3).

This however would create a path Q, -+ R; -+ Q5 with length less than

1 1
E(du +dy3 —dy3) + Z(d13 + dy3 — dyz) = dy3,

contradicting the embedding assumption that the shortest path between Q, and Q5 must have length d5.
Consequently, the length of the path Q; R, -+ R must be exactly % (d1y + dy3 — dy3). In that case, for
the path Q; --- Q3 to have the correct length, the path S, --- Q3 must have (not at most, but exactly) the
length % (d13 + dy3 — dq3). This brings us to the “Y” graph (with the middle vertex R, = S; ) and there
can't be any other unused edges of G so that we get G = "Y"".

4 SOME TOTAL-WEIGHT-DECREASING MOVES

Let X,, = {P,, ..., P, } be a finite metric space and f: X,, = G,, be an isometric embedding of X,
into a weighted graph G,, with m > n vertices. We call the vertices f(P;) as ~primary nodes™" with
respect to this embedding while the remaining ones are called “auxiliary nodes”.

Note that the ambient graph is itself a metric space hence we can talk of the distances between
auxiliary nodes too. By abuse of notation we will use d for both metrics. We will rename these vertices
and denote them by P; (i =1, ...,n) again. Such an embedding can be interpreted as a process of
adjoining new vertices to the complete graph X, discarding some edges or adding new edges within the
enlarged vertex set and assigning weights to the new edges such that the distances d;; are still preserved
as lengths of shortest paths, with the proviso that if an edge [P;P;] of X is retained, then it is still a
shortest path between P; and P; in G.

We will now define two basic operations (say, “moves”) on the ambient graph G, which will convert
the weighted graph G into another weighted graph G’, together with an isometric embedding of X into
G' with the aim of reducing the total weight.

i) First move: (Joining edges)

Let Q; be a vertex of G and let us consider some (or all) of the vertices 1-connected to Q;, say Ry, ..., R;.
Letx = ming < jcks z}{% (inRj + Woir, — ijRk)} and assumea_c > 0. (Recall that WR; Ry is the weight
of a shortest path between R; and R;..) Now we apply the following process: Delete all the edges from
Q; to Ry, ..., R;; introduce a new vertex Q, put an edge between Q; and Q of weight x, and put edges
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from Q to R4, ..., R; with weights Wo.R; — X for j =1,...,1. The new graph G’ satisfies our hypothesis

and the embedding of X,, into G gives an embedding of X,, into G', preserving the primary nodes (but
possibly rendering them no more 1-connected by the presence of the auxiliary node). The total weight
of G is decreased by the amount (I — 1)x.

ii) Second move: (Removing edges)

If an edge of G can be avoided by at least one shortest path between the primary nodes of G
simultaneously (i.e. if we still get an embedding of X,, into G’, where G’ is obtained by deleting an edge
from G), then delete it.

The “A —Y” transform is a consequence of the above moves and can be applied to any triangle
[Q; Q; Qi] with 1-connected vertices in G : If we apply the first move at the vertex Q; and delete
afterwards the edge [Q;Qy], which becomes unnecessary, then we geta A — Y transform. By this move,
the total weight of G will be decreased by half the total weight of the triangle [Q;Q; Q]

We will now exemplify the usefulness of these moves by constructing an isometric embedding of
a four-point metric space X,.

5 AN ISOMETRIC EMBEDDING OF X,

In this section we want to describe an isometric embedding of a four-point metric space which is
known to be optimal among all possible alternatives (Imrich and Simoes-Pereira, 1984).

We want first to propose a definition for being “generic” for a metric space.

Definition 5.1 A finite metric space X,, = {Py, ..., P, } is called generic, if the set of the d;;'s are linearly
independent over the rationals.

We make this assumption only for convenience and it would be worth to clarify the relationship of
this notion with the other genericity notions in the literature. Note that the embeddings of degenerate
cases can be obtained by some kind of limiting process. Now, let X, = {P,, P,, P, P,} be a generic 4-

point space (see Figure 2).

p.\\\

Figure 2

To avoid a mess of indices, we use the abbreviations d;, = a,d.3 = b,dy3 = ¢, dys = d,d3s =
e,di4 = f. The edge-pairs with lengths (a,e),(b,d) and (c, f) are diagonals” and we assume
a+e < b+d < c+ f.One can always arrange this by renaming the vertices and by genericity.

Let us now start with the complete graph X, and apply the first move to the vertex P;. We have x =
min{%(a +b—0), %(a +f—=4d), %(b + f —e)}. By our assumption a+e < b+d < c+f, this
minimum equals %(a + b — ¢). By sticking the ends of edges at P_1, we get the new graph G’ with a

new auxiliary node @ as shown in Figure 3. (In figures below the primary nodes will be denoted by
black vertices.)
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Py
-

L]
P
Figure 3: The graph G
Now we apply the first move at P,. The excess of the triangle [P,Q,P,] at P,is

%(a—b+§+d—%) =2(a+d— f).The excess of [P,Q,Ps] at P, is (a — b + ¢) and the

2
excess of [P,P;P,] at P, is %(c + d — e) so that the sticking length of the edges at P, is min{%(a +
d —f),%(a —b+ c),%(c +d —e)}. By the assumption a+e < b+d < c+ f, this minimum is

%(a +d — f) and we get a new graph G' with a new auxiliary node Q, as shown in Figure 4.

a+b—c Ze—a—d+
2 . 2

Figure 4 : The graph G"

We now apply the first move at the vertex P; of the graph G"'. The excesses at P; (of the triangles
[P3Q1Q2], [P3Q2P] and [P3Q,P,]) are 2(b —a+c),5(c —d +e) and - (b + e — f). The minimal
excess is % (b + e — f) and we get a new graph G'"" with a new auxiliary node Q5 as shown in Figure 5.
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Q0 - . "
. \{ﬂ*\q-: - &
. C -
e+ f—b—d . %_E',’—""’Iﬂ
2 ¥ 0
o ';ﬂt-.- -
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-1

I}ﬁ (2

I =
3

Figure 5 : The graph G""

As a last application of the first move we stick the ends of the edges at P,. The excesses are
%(d —a+ f),%(e —b+f) and %(d + e — ¢), the last one being the minimum. We now get a graph
G'"" with a new auxiliary node Q, as shown in Figure 6.

2e4+2f—a—b—d—e P1

2

Figure 6 : The graph G""

We can now apply the second move and delete the edges Q;Q, and Q,Q5 in the graph G"""’ as they
can be avoided by shortest paths between the primary nodes. The resulting graph G with 8 vertices (4
primary and 4 auxiliary) is shown in Figure 7.
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Figure 7: The graph G
Its total weight W (Gg) equals ¢ + f the sum of the long “diagonals” of X,. The ratio

W(Gs)
W(Xy)
+b+c+d+e+fis less than -since a+b+d+e>c+ f for the generic case (and <
generally) Non-generic cases where

a+e=b+d<c+f,

c+f

NIH ||

ila+e<b+d=c+fand
iilate=b+d=c+f
are depicted in Figures 8, 9 and 10.

All of these isometric embeddings of X, are optimal.

6 SIMULTANEOUS MOVES

In the example of the four-point metric space above, we sequentially applied several times the first
move (of joining the edges); but this could have been done also simultaneously.

Proposition 6.1

Let X,, = {P,, ..., B,} be a generic finite metric space, regarded as a complete weighted graph G. Let
G' be the graph obtained from G by applying the first move at the vertex P, G"' the graph obtained from
G’ by applying the first move at P,, and G ™ the graph obtained from G ™= by applying the first move
at P,. Let, on the other hand, G* be the graph obtained from G by applying the first move at all vertices
Py, ..., B, simultaneously (in the obviously understood sense, creating the auxiliary points
Q; simultaneously and defining the weight Wo,q, t0 be Wpp; = Xi = Xj, where x; is the sticking length

at Py, i.e.2; = Milyu; s i1t {% (Wp,p, + Wp,p, — Wp,p,)}. Then, the graphs G™ and G* are the same
(isometric) weighted graphs.

This proposition can be proven by a straightforward (but somewhat tedious) check.

Note that after applying the simultaneous first move, there will be n, or possibly fewer, edges to be
deleted by the second move.

Using this property we could obtain the optimal representation of X, instantly: We would get from
Figure 2 by simultaneous moves directly Figure 6 by virtue of

141



A. Hiimeyra Bilge et. al / Anadolu Univ. J. of Sci. and Tech. - B - Theoretical Sci. 3 (2) - 2015
1 1 1 1
mm{z(a +b— c),z(a+f— d)’i(b +f—-e)}= E(a +b—0),

o1 1 1 1
mm{z(a+c—b),§(a+d—f),i(c+d—e)} =E(a+d—f),

etc. by our assumption a+e < b+d < c+ f. Then, applying the second move (removing the
edges), we would get the Figure 7, the optimal representation.

7 CLASSIFICATION OF GENERIC 5 —POINT METRIC SPACES

In this section we will classify 5 —point metric spaces by the possible sets of triangle excess to
obtain the 3 types of optimal graphs given in (Koolen and Lesser, 2009).

Let A,p. be the minimal excess at node a and i be a node different from a, b and c. The following
relations among triangle excess can be checked easily by using the definition.

Aapi = Bape= Achi = Acai= Biac — Aive= Bbac — Dpai (7.1a)
Aaci = Dape= Bpei — Dpai= Biab — Bive= Acab — Acai (7.1b)

Thus if Ay is the minimal excess at node a then, A.;,; and A.,;, cannot be minimal at node c, Ap;
and Apq. cannot be minimal at node b and A;,. and A;,;, cannot be minimal at node i. Putting a = 1,
b =2,c =5andi = 3,4 we can see that the sets of possible minimal excess' at nodes 2, 3, 4 and 5 are

Node 2: {A213, Da1a, D334},
Node 3: {A314, D324, D335, Agys),
Node 4: {A413, Asz3, Aszs, Dyssh,
Node 5: {As13, As1a, Aszal

Without loss of generality, we may assume that the nodes are labeled so that A;,3> A;,4. Then, by
using the relations

Agpi = Bapj= Bpaj — Bpai= Diaj — Dipj= Bjpi — Djair (7.2)

witha =1,b = 2,i = 3,j = 4, we can see that A,,4, Az14, Asyz Cannot be minimal. Thus the set of
possible minimal excess's is reduced to

Node 2:  {A,13,A534}
Node 3:  {A334,A335, Asss}

Node 4:  {A413,0425, D435}
Node 5:  {As;3,As514, As3a}

First, assume that A,5, is minimal at node 2. Applying (7.1a) witha = 2,b = 3,c =4andi =15
we can see that As,,, As.s, A3 @and A, cannot be minimal but there is no further restriction at node
5. The 3 alternatives at node 5 give the types E, E, and E; of Table 1.

Ey: Aqps™ Dyzs— Agps— Ayps— Aggs.
Ei: Aqp5— Apzs— Asps— Ayps— Asqy.
E3: Aqps— Az Azps— Ayps— Agay.

Now, let A,,5; be minimal at node 2. This condition gives no restriction on the set of minimal
excess's at node 3. If A5, is minimal, then applying (7.1a) witha = 3,b = 2,c = 4and i = 1,5 we can
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see that A4,5 cannot be minimal. If A4;3 is minimal then As3, and Asq4 cannot be minimal, while if
A435 isminimal then Ag; 3 and As5, cannot be minimal. These two alternative give respectively the cases
C; and A, of Table 1.

Cii Diz5= Ayq3— Agzpy— Ayq3— Agys,

Agr Agps— D13 Azps— Ayzs— Asyg.

If Az,5 is minimal, then applying (7.1a) witha = 3, b = 2,c = 5and i = 1,4 we can see that A,35
can not be minimal. Then, if A4;3 iS minimal, it can be seen that at node 5, the only possibility is the
minimality of Ag,5. On the other hand, if A,,5 is minimal there is no further restriction at node 5. This
gives the cases C,, B;, A, and D;.

Cyi D15 Az13— Azps— A3~ Asys,
By: Agp5— Azi3— Azas— Aurs— Asyz,
Ayt Dia5— Bp13— Azps—= Agas— Asyy,
Dy: Aqp5— Az13—= Azps— Agos— Aszy.

Finally, if A;,s is minimal, then applying (7.1a), with we can see that A, is the only alternative
at node 4 and As, 5 is the only alternative at node 5. This gives the case C; of Table 1.

C3: Aqps— Api3— Agys— Agg3— Aggse

Table 1: Minimal Excesses at node i

Type 1 2 3 4 5
Aq Agye Ariz Agon Ayac Acqy 5 edges removed
A, Ajos Dyiz  Dgoe Agoe Dcqs 3 edges removed
B, Aiye Ariz Agoe Ayoe Acqs 2 edges removed
C; Aoe Ayia Agon Augs Acqs 3 edges removed
C, Aiye Ariz  Agoe Auqs Acqs 2 edges removed
Cs Agye Ariz Agse Auqs Acqs 3 edges removed
D, Ajos Dris  Dgoe Agoe Acay 3 edges removed
E; Agye Apas  Agoe Ayoe Acqy 3 edges removed
E, Ajos Doz Dgoe  Agoe Acq 3 edges removed
E; Agye Apas  Agoe Ayoe Acay 2 edges removed

We will now show how to arrive at the three classes of generic 5 —point spaces of (Koolean and
Lesser, 2009). The table above is a guide how to do the joining and removing operations on a given
5 —point graph. We will now illustrate this on the types A,, A, and B;. These will yield the types (a),
(c) and (b) of (Koolean and Lesser, 2009). In a similar vein, all the remaining cases in our table can
easily be seen to result in one of the three types of [5].

Type A;:

Given a generic 5 —point metric space Xz = {P;, P,, P;, P,, Ps} of type A;, applying first the
simultaneous joining move we get the graph G in Fig.8. The information on the excesses given in the
first row of the table enables us to remove all the "diagonals” of the "pentagon™. (Notice that the excesses
at the auxiliary nodes Q; of G vanish and at each Q; we remove the diagonal causing this vanishing.)
We thus get the graph G’ in Fig.9 which is of class (a) of (Koolean and Lesser, 2009).
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P,

Figure 9 : The graph G’
Type A,:
Given a generic 5-point metric space Xz of type A,, applying first the simultaneous joining move
we get again the graph G in Fig.8. The information on the excesses given in the second row of the table
enables us to remove the "diagonals” Q; Q3, Q;Q4, Q2 Qs, giving the graph G’ in Fig.10.

Py F;
/.
h °0s
P
oz — o o (¥
E}:\ / Q4
(2.’50
.
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Figure 10: The graph G’
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We now apply the A — Y transform to the triangle [Q,Q5Q,] and get the graph G"’, shown in Fig.11,
which can also be drawn as in Fig.12.

P, 3
-

N\

@500,
G____Hu ogl P
(2['?\

(2:59

Py Q
L]

Py

Figure 11: The graph G"'

P] Q| Q-’; P-'J
L] o o L]
(21/
L] L=
P,
L] ] O .v:} L]
P, (2 s Qs Py
Figure 12

One can easily compute that Ag_g.0,= 2(Ap,p,p, — Ap.p,p,), Which is positive by the minimality
of App, p, and the genericity assumption, so that we can apply the joining move at [QsQ3Q,] to obtain
the final graph G, shown in Fig.13. This graph belongs to class (c) of (Koolean and Lesser, 2009).

P] Q| Q-’; P-'J
L] a ] =] L]
i
- il o EJ,‘
Py
P ()2 s (3 Py

Figure 13: The graph G'"
Type By:

Given a generic 5 —point metric space X5 of type B,, applying first the simultaneous joining move
we get again the graph G in Fig.8. The information on the excesses given in the third row of the table
enables us to remove the "diagonals” Q; Qs and Q,Qs, giving the graph G’ in Fig.14.
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Figure 14: The graph G’

Now we apply the A — Y transform to the triangles [Q;Q4Qs] and [Q,Q5Q,], obtaining the graph
G'"' in Fig.15. This graph can also be drawn as in Fig.16, which belongs to the class (b) of (Koolean and

Lesser, 2009).
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Figure 16
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3 (dia+das—dia—das)

- i
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S(dia+das—dia—das)

Figure 17: The graph G with weights

An advantage of our approach is that we can explicitly give the weights of the ambient graph by
stepwise applying the shortening rules. As an example we show them on Fig.16. (In Figs.13 and 16, the
guadrangles are "parallelograms™ with respect to weights.)
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