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1. Introduction 

Owing to the serious safety issue of the high center of gravity, a 

rollover can cause dangerous accidents for commercial or sport 

utility vehicles. Many rollover control systems for these vehicles 

have been proposed in recent years [1–3]. Besides, the road angle 

is an important factor in rollover. The static rollover stability is 

controlled through increasing of the vehicle’s geometric roll re-

sistance. However, this geometric roll design might not be ade-

quate in height of the center of gravity (CG) vehicles such as trucks. 

Therefore, angular momentum of a flywheel can be used as a a 

direct roll control technique for stabilization of roll motion instead 

of increasing of the vehicle’s geometric roll resistance [4,5]. There-

fore, consisting of CMG can perfectly provide the stability of an 

inverted pendulum-like high CG vehicles [5]. 

This article introduces a new rollover controller method that uti-

lizes the rotational kinetic energies of the flywheels to stabilize a 

heavy vehicle under continuous load in the direction of gravity. 

The rollover preventing the performance of the flywheels for a 

heavy trailer (an inverted pendulum problem) is investigated at a 

high road bank angle risk. Flywheels can provide motion control 

at broadband excitation frequencies because the flywheel speed 

can exert counter-thrust on any vehicle that can overcome destabi-

lizing forces [6,7]. Recently, various studies based on the gyro-

scopic moment of inertia of a rotating flywheel have eliminated 

unwanted movements on structures by various methods [5–7]. The 

kinetic energy of a flywheel stabilizer offers weight and volume 

savings and an unresponsive ride compared to conventional anti-

roll controllers [5,7]. The oscillating motion of the gimbal keeps 

the mass of the vehicle in stable constant periodic motion in the 

upright position [5]. Therefore, the angular momentum of a fly-

wheel can stabilize vehicles against constant forces.  

2. Model Setup 

The flywheels can rotate freely around the axis of rotation inside 

the gimbals mounted under the trailer as shown in Figures 1-3. The 

numerical characteristics of the vehicle model and stabilizers used 

in the study are shown in Table 1. To ignore the unwanted reaction 

torques, the vehicle is composed of two gyroscopic flywheels and 

a reaction wheel.  The reaction wheel is assumed to have a rota-

tional speed ̇ against damping torque (𝑐̇) whilst gyroscopes’ 

flywheels move in opposite orientations to each other to maintain 

the sprung mass in a stable upright position. The road bank angle, 

 is excited to the axle of the trailer having stiffness (k) and damp-

ing (c) in torsional along the roll direction as seen in Figure 4. In 

the vehicle, the precession of a gimbal is used as the proportional 
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input control, P whilst the output control is the torque to remain 

the gimbal stable as shown in Figure 5.  Besides, the reaction 

wheel is controlled by an acceleration to eliminate the damping 

torque for sprung stability taking the sprung’s rollover velocity as 

the input of the controller. 

 
Table 1. Model parameters of the physical system. 

Gravity acceleration (m/s2) 9.80665  

Mass centroid length of the sprung (m) 1.786  

Sprung mass (kg) 13663.869  

Reaction wheel’s rotary inertia (kg.m2) 58.128 

Flywheel’s rotary inertia of gyroscope, 
(kg.m2) 

58.128 

Flywheel’s inertia of gyroscope (kg.m2)  30.822 

Gimbal’s principal moment inertia of gy-
roscope (kg.m2) 

20.255 

Gimbal’s moment inertia of gyroscope, 
(kg.m2) 

19.633 

Gimbal’s moments inertia of gyroscope 
(kg.m2) 

2.461 

Gimbal’s mass moment inertia of reac-
tion wheel (kg.m2) 

19.633 

Mass inertia of the sprung (kg.m2) 16099.476 

Rotating speed of each gyroscope’s fly-
wheel (rad/s) 

180-1689 

Road bank angle (rad) /8 

Equivalent stiffness coefficient of sus-
pensions against rotation. (N.m/rad) 

25000 

Equivalent damping coefficient of sus-
pensions against rotation. (N.m.s/rad) 

10000 

  

 
Fig. 1. Trailer model with gyros and reaction wheel 

 

 
Fig. 2. Reaction wheel and gyros in sprung with the centroid (G) 

 

 

 

 

 

 

 

 

 

Fig.3. Gyroscope with the inertias (Igx, Igy, Igz, Ip, Io) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4. Rollover position of vehicle, joining a suspension 

 

 

 

 

 

 

 

 

 

 

Fig. 5. Controller schematic diagram 
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3. Motion Equations and Derivation of Relations 

A trailer sprung mass with two gyroscopes and the reaction 

wheel is given in Figures 1 and 2. To obtain the kinetic energy of 

the whole system, let us write the kinetic energy of each part of the 

model as follows.  

𝑇𝑔𝑦𝑟𝑜𝑠𝑐𝑜𝑝𝑒 =
1

2
𝐼𝑜[�̇�2 + (�̇� 𝑐𝑜𝑠 𝜃)2] +

1

2
𝐼𝑝(Ω +

�̇� 𝑠𝑖𝑛 𝜃)2 +
1

2
𝐼𝑔𝑥(�̇� 𝑐𝑜𝑠 𝜃)2 +

1

2
𝐼𝑔𝑦(�̇� 𝑠𝑖𝑛 𝜃)2 +

1

2
𝐼𝑔𝑧�̇�2;  

(1) 

 

𝑇𝑟𝑒𝑎𝑐𝑡𝑖𝑜𝑛 𝑤ℎ𝑒𝑒𝑙 =
1

2
𝐼𝑟(̇ + �̇�)2 +

1

2
𝐼𝑦�̇�2; (2) 

 

𝑇𝑠𝑝𝑟𝑢𝑛𝑔 𝑚𝑎𝑠𝑠 =
1

2
𝑚𝑏[(𝐿�̇� 𝑠𝑖𝑛 𝜑)2 + (𝐿�̇� 𝑐𝑜𝑠 𝜑)2] +

1

2
𝐼𝑏𝑥�̇�2.  

(3) 

 

Therefore, the total energy of the stabilizers and trailer can 

be given as follows:  

 

𝑇𝑡𝑜𝑡𝑎𝑙 = 2𝑇𝑔𝑦𝑟𝑜𝑠𝑐𝑜𝑝𝑒 + 𝑇𝑟𝑒𝑎𝑐𝑡𝑖𝑜𝑛 𝑤ℎ𝑒𝑒𝑙 + 𝑇𝑠𝑝𝑟𝑢𝑛𝑔 𝑚𝑎𝑠𝑠.  (4) 

 

Flywheels and gimbals are placed in the sprung rotation center 

for the minimum potential energy of the trailer as stated below. 

 

𝑉 = 𝑚𝑏𝑔𝐿 𝑐𝑜𝑠 𝜑 +
1

2
𝑘( − )2. (5) 

 

Dissipation energy (D) is as seen in Equation (6):  

 

𝐷 =
1

2
𝑐(̇ − ̇)2.  (6) 

 

The equations of motion of the trailer model can be obtained 

by the Lagrangian method with the help of the following equa-

tions:  

 

𝑑

𝑑𝑡
(

𝜕𝑇𝑡𝑜𝑡𝑎𝑙

𝜕�̇�
) −

𝜕𝑇𝑡𝑜𝑡𝑎𝑙

𝜕𝜃
+

𝜕𝐷

𝜕�̇�
+

𝜕𝑉

𝜕𝜃
= 2𝑇𝑐; (7) 

 

𝑑

𝑑𝑡
(

𝜕𝑇𝑡𝑜𝑡𝑎𝑙

𝜕�̇�
) −

𝜕𝑇𝑡𝑜𝑡𝑎𝑙

𝜕𝜑
+

𝜕𝐷

𝜕�̇�
+

𝜕𝑉

𝜕𝜑
= 0. (8) 

 

Thus, the differential Lagrangian equations representing the 

motions of the vehicle are obtained as follows: 

 

(𝐼𝑜 + 𝐼𝑔𝑧)�̈� + (𝐼𝑜 − 𝐼𝑝 + 𝐼𝑔𝑥 − 𝐼𝑔𝑦)�̇�2 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃 −

𝐼𝑝Ω�̇� 𝑐𝑜𝑠 𝜃 = 𝑇𝑐;            
(9) 

 

(2𝐼𝑜 𝑐𝑜𝑠2 𝜃 + 2𝐼𝑝 𝑠𝑖𝑛2 𝜃 + 2𝐼𝑔𝑥 𝑐𝑜𝑠2 𝜃 + 2𝐼𝑔𝑦 𝑠𝑖𝑛2 𝜃 +

𝐼𝑟 + 𝐼𝑏𝑥 + 𝐼𝑦 + 𝑚𝑏𝐿2)�̈� +  4(𝐼𝑝 − 𝐼𝑜 + 𝐼𝑔𝑦 −

𝐼𝑔𝑥)�̇��̇� 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 + 2𝐼𝑝Ω�̇� 𝑐𝑜𝑠 𝜃 − 𝑚𝑏𝑔𝐿 𝑠𝑖𝑛 𝜑 +

𝑐(�̇� − ̇) + 𝑘(𝜑 − ) + 𝐼𝑟̈ = 0; 

(10) 

3.1 Amplitudes and Flywheel Speed Derived from Reduced 

Equations 

 

For the zero amplitude (0, 𝑠𝑖𝑛 =   𝑎𝑛𝑑 𝑐𝑜𝑠 = 1)  

oscillation of the trailer, suppose that the acceleration of the rolling 

motion of the trailer at the equilibrium point of oscillation has a 

value so small that it can be neglected (̈ 0) at the constant 

road bank angle. Also, the gimbal's kinetic energy is zero when it 

has zero precession in its approximate equilibrium position (𝜃0,
𝑠𝑖𝑛 = , 𝑎𝑛𝑑 𝑐𝑜𝑠 𝜃 = 1). Therefore, the higher power velocity 

terms ( ̇ 0 and 𝜃 ̇ 0) for the balance point at approximately 

zero angle for the gimbal can be neglected.  After that, Equations 

(9) and (10) are simplified by using these assumptions in the dif-

ferential motion equations of the mathematical model as folows: 

 

(𝐼𝑜 + 𝐼𝑔𝑧)�̈� − 𝐼𝑝Ω�̇� = 𝑇𝑐;     (11) 

 

 2𝐼𝑝Ω�̇� − 𝑚𝑏𝑔𝐿𝜑 + 𝑐�̇� + 𝑘𝜑 = 𝑘 − 𝐼𝑟̈.   (12) 

 

Let's assume that the following harmonic movements must oc-

cur to prevent the rollover caused by the gravitational force acting 

on the center of gravity of the trailer (5).   

 

𝜃(𝑡) = −𝜃0 𝑠𝑖𝑛(𝑡);  (13) 

 

𝜑(𝑡) = 𝜑0[1 − 𝑐𝑜𝑠(𝑡)].   (14) 

 

To obtain a small roll vibration (𝜑0 ≈ 0 𝑎𝑛𝑑  𝑐𝑜𝑠 𝜑0 =
1 𝑎𝑛𝑑 𝑠𝑖𝑛 𝜑0 = 𝜑0) Equations (11) and (12) can be reduced 

into the following form for  = −𝐼𝑟̈ = 𝑐�̇� and 𝑇𝑐 = 𝑃𝜃; 

 

(𝐼𝑜 + 𝐼𝑔𝑧)2𝜃0 − 𝐼𝑝Ω𝜑0 = −𝑃𝜃0  (15) 

 

−2𝐼𝑝Ω𝜃0 𝑐𝑜𝑠(𝑡) − 𝑚𝑏𝑔𝐿𝜑0[1 − 𝑐𝑜𝑠(𝑡)] +

𝑘𝜑0[1 − 𝑐𝑜𝑠(𝑡)] = 𝑘.   
(16) 

 

Hereby, one can obtain the the gimbal’s, the sprung’s roll am-

plitudes, and the frequency by solving above equations as follows 

 

𝜃0 = −
𝑘

2𝐼𝑝Ω
;   (17) 

 

𝜑0 =
𝑘

−𝑚𝑏𝑔𝐿+𝑘
; (18) 

 

 = √
(𝑚𝑏𝑔𝐿−𝑘)𝑃

2(𝐼𝑝Ω)
2

−(𝑚𝑏𝑔𝐿−𝑘)(𝐼𝑜+𝐼𝑔𝑧)
. (19) 

Equation (18) shows that the amplitude of sprung’s roll regards 

to the torque of torsional spring. In addition to this, Equation (17)  

and (19) can be rearranged as 
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Ω = −
𝑘

2𝐼𝑝𝜃0
; (20) 

 

𝑃 = 2 [
2(𝐼𝑝Ω)

2

𝑚𝑏𝑔𝐿−𝑘
− 𝐼𝑜 − 𝐼𝑔𝑧]. (21) 

 

 

Figure 6 was plotted utilizing Equations (20) and (21). These 

above equations are used to determine the minimum flywheel 

speed required for a given oscillation amplitude (0) of the gimbals. 

From the angular frequency scan in Figure 6, the required flywheel 

speed increases when operating at low frequencies. Besides, it can 

be deduced that as the oscillation amplitude of the gimbal increases, 

the required speed of the flywheel and the P-gain decrease to keep 

the sprung mass in balance.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6. Variation of flywheel speed and P-gain of the controller concern-

ing angular frequency  

 

4. Simulations of Numerical Solutions 

Lagrange’s equations are solved by using MATLAB. The prop-

erties of physical model are given in Table 1. Numerical simula-

tions were obtained using the step size of 0.01 s, and zero initials 

for motion. Figure 7 shows that as a function of the flywheel speed, 

the vehicle and gyro recover from instability after a certain angular 

momentum. Above the speed of 210 rad/s for the flywheels on the 

gyroscopes placed under the vehicle, the sprung and gimbals were 

balanced and the oscillation amplitude gradually decreased.  

 
Fig. 7. The flywheel speed, Ω scan for  = 0.5 rad/s 

 

If the Figure 7 obtained from Equation (21) is used to make the 

oscillation of the sprung at a certain frequency close to zero, the 

optimum selected flywheel speed is determined as 210 rad/s. As 

can be seen from Figure 8, in order to operate at low flywheel 

speeds, a high frequency band should be chosen. 

 
Fig. 8. The angular frequency,  scan for Ω = 210 rad/s 

 

For different speeds of flywheels, figures 9 to 11 compare simula-

tions of MATLAB (Solutions of Lagrange equations) and Re-

curDyn. As a result, with higher amplitude gimbal oscillations, the 

required flywheel speeds in the gyroscopes are lowered, so that 

sprung can be balanced with less angular momentum or kinetic en-

ergy. On the other hand, the stability performance of the gyro-

scopes can be achieved by increasing the flywheel speeds. The be-

low comparisons agreed well with the amplitudes in Equations 

(17-19). 
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Fig. 9. Comparison of CAE software and the Lagrangian theoretical 

results with Ω = 1689 rad/s, P = 22478 and  = 0.5 rad/s  for 

0=0.10 rad  

 
Fig. 10. Comparison of CAE software and the Lagrangian theoretical 

results with Ω = 1126 rad/s, P = 9985 and  = 0.5  rad/s  for 

0=0.15 rad  

 
Fig. 11. Comparison of CAE software and the Lagrangian theoretical 

results with Ω = 844 rad/s, P = 5613 and  = 0.5  rad/s  for 

0=0.20 rad  

5. Conclusions 

It is seen that there is a correlation between P-gain and oscilla-

tion frequency at a constant flywheel speed of the gyroscope. The 

results of the RecurDyn simulation and the MATLAB results of 

the Lagrangian equations are almost the same. There is also a cor-

relation between the flywheel speed and the precession amplitude 

of the gyroscope. If higher amplitude precessions are allowed, the 

required flywheel speeds in gyroscopes can be reduced, thereby 

balancing the sprung with less angular momentum or kinetic en-

ergy. However, the stability of the gyroscope should also be con-

sidered when choosing the precession amplitude of the gimbal. Be-

cause after a certain amplitude, vibrations at different frequencies 

come into play, affecting the stability of the gyroscope and may 

cause the sprung mass to rollover.  

 

Nomenclature 

c : equivalent damping coefficient of suspensions 

against rotation. (N.m.s/rad) 

D : vehicle’s dissipation function 

g : gravitational acceleration (m/s2) 

G : mass center of sprung (m) 

Ibx : mass inertia of the sprung (kg.m2) 

Igx, Igy, Igz  : gimbal’s principal moment inertia of gyroscop

e (kg.m2) 

Io : flywheel’s inertia of gyroscope (kg.m2) 

Ip : flywheel’s rotary inertia of gyroscope (kg.m2) 

Ir : reaction wheel’s rotary inertia (kg.m2) 

Iy : gimbal’s mass moment inertia of reaction whe

el (kg.m2) 

k : equivalent stiffness coefficient of suspensions 

against rotation.(N.m/rad) 

L : mass centroid length of sprung (m) 

mb : mass of sprung (kg) 

P : proportional gain of controller 

Tc : torque exerted to gimbal as a control output (N.

m) 

Tgyroscope  : each gyroscope’s kinetic energy 

Treaction wheel : reaction wheel’s kinetic energy 

Tsprung mass : kinetic energy of the sprung 

Ttotal : vehicle’s total kinetic energy 

(X, Y, Z) : coordinates 

V : vehicle’s potential energy 

 : road bank angle (rad) 

 : gimbal’s precession (rad) 

0 : gimbal’s amplitude of precession (rad) 

 : torque exerted to reaction wheel (N.m) 

 : sprung’s roll angle (rad) 

0 : amplitude of roll angle (rad) 

̈  : rotational acceleration of reaction wheel (rad/s
2) 

 : rotating speed of each gyroscope’s flywheel (r

ad/s) 

 : frequency of harmonic motion (rad/s) 
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