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ABSTRACT

In this paper, we compute explicitly the oscillation constant for certain half-linear second order differential equations
having different periodic coefficients. If the periods of these functions are coincide, our result reduce to Dosly and
Hasil’s result, which were published in Annali di Matematica 190 (2011) 395-408. Finally some examples are also
given to illustrate the result.
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1. INTRODUCTION for ®(x) = |x[P~2x, p>1. Wheere T, c are
continuous functions and r(t) > 0 was introduced for the
first time in [1] and called half-linear differential
(r(t)cb(x’))' + (D) =0 (1.1) equation. The name half-linear equation was introduced in

An equation of the form
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[2]. Since the linear Sturmian theory extends verbatim to
half-linear case (for details, we refer to Section 1. 2 in [5]),
we can classify Equ. (1.1) as oscillatory or non-oscillatory.

Actually, we are interested in the conditional oscillation of
half-linear differential equations with different periodic
coefficients. We say that the equation

r@®x) +c)x=0 (1.2)

with positive coefficients is conditionally oscillatory if
there exists a constant y, such that Equ. (1.2) is oscillatory
for all y >y, and non-oscillatory for all y <y,. The
constant y, is called an oscillation constant of this
equation.

Considerable effort has been made over the years to extend
oscillation constant theory of half-linear differential
equation Equ. (1.1), see [3,4,6,7,8,9] and reference
there in. For example it is well known that Cauchy-Euler
differential equation

x" + tlzx =0 (1.3)

(which is special case p =2, r(t) =1 and ¢(t) :ti2 of
Equ. (1.1)) is oscillatory if y > %, non-oscillatory if
y < i. Additionally x(t) = avt + bvtlogt is the general
solution of Equ. (1.3) and non-oscillatory for y = i.

In 2000 Elbert and Schneider [6] considered the
half-linear Euler differential equation

N LY
(e(x") + 7 P =0 1.4)
and showed that Equ. (1.4) is non-oscillatory if and only if
p-1\P
r=r=(5)"

In 2008 Hasil [7] considered the half-linear differential
equation of the form

(rO®x)) + yctff)

where r,c are a-periodic positive functions and showed
that Equ. (1.5) is oscillatory if y > K and non-oscillatory
if y < K, where K is given by

1 a 1-p 1 a
K=qP <Ej0 rl_q(r)dr) (EJO C(T)d‘[)

for p and q are conjugate numbers, i.e., %+3 = 1. Ifthe

®(x) =0 (1.5)

-1

functions r,c are positive constants, then Equ. (1.5)
reduce to the half-linear Euler equation Equ. (1.4), whose

@) + (p— DT~ (w) = 0,01 () = Jul"2u, q = pi

oscillatory properties were studied in detail [6] and
references given therein.

In 2011 Dosly and Hasil [4] considered the Equ. (1.5) for
r and ¢ are a-periodic positive functions defined on
[0,00) and showed that Equ. (1.5) is non-oscillatory if and
only if y < ¥, where y,. is given by

aly,
(foarl‘q(t)dt)p_l Jy e(®)dt '

Our goal is to find explicit oscillation constant for Equ.
(1.5) with periodic coefficients which have different
periods. We point out that the main motivation of our
research comes from the papers [4,7], where the
oscillation constant is computed for Equ. (1.5) with the
periodic coefficients which have same a-period. But in
that papers the oscillation constant is not obtained for the
periodic  functions having different periods and
consequently the number of the least common multiple of
these periodic coefficients is not defined. Thus in this paper
we investigate the oscillation constant for Equ. (1.5) with
periodic coefficients which have different periods. For the
sake of simplicity, we usually use the same notations with
the papers [4,7].

2. PRELIMINARIES

V< Vrc=

First, we start this section with the recalling the concept of
half-linear trigonometric functions [5] . Consider the
following special half-linear equation of the form

(@(x)) + (p— Do) =0 (2.1)

and denote by x = x(t) its solution given by the initial
conditions x(0) = 0,x’(0) = 1. We see that the behavior
of this solution is very similar to that of the classical sine
function. We denote this solution by sin,t and its

. . . 4 .
derivative (sin,t) = cos,t . These functions are

2m, — periodic, where m, = 2”(,,) and satisfy the
psin(=
P

half-linear Pythagorean identity
|Sinpt|p + |cospt|p =1, teR . (2.2)

Every solution of Equ. (2.1) is of the form x(t) =
Csin,(t + @), where C, ¢ are real constants, that is it is
bounded together with its derivative and periodic with the
period 2m,. The function u = ®(cos,t) is a solution of
the reciprocal equation to Equ. (2.1);

-1

which is an equation of the form as Equ. (2.1), so the functions u and u’ are also bounded.
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Let x be a nontrivial solution of Equ. (1.1) and we consider the half-linear Priifer transformation which is introduced using the
half-linear trigonometric functions

x(t) = p(O)sinyp(t), x' () = r179(t) p(t)cos,e(t), (2.3)

where p(t) = ’i/lx(t)llﬁ7 + ra(t)[x'(t)|? and Priifer angle ¢ be a continuos function defined at all points where x(t) = 0.
Then ¢ satisfies the following differential equation

1 tPc(t
o' = n rl—q(,t)|cosp(p|lJ - LD(cosp(p)sinp(p + pT(l) |sinpg0|p

which plays the fundamental role in this paper.

Next, we briefly mention about principal solution of non-oscilatory equation Equ. (1.1) [3], which is defined via the minimal
solution of the associated Riccati equation

w'+c(®) + (p— Dri7(®)w|? =0, (2.4)
where w(t) = r(t) Z(g((f))))- Non-oscillation of Equ. (1.1) implies that there exists T € R and a solution W of Equ. (2.4) which

is defined on some interval [Ty,00). W called the minimal solution of among all solution of Eq. (2.4) and it satisfies the
inequality w(t) > Ww(t) where w is any other solution of Equ. (2.4) which is defined on some interval [T,,,%) and then % is
o (%' (1)

the principal solution of Equ. (1.1) via the formula w(t)=r(t) EOL

3. MAIN RESULTS

We need the following two lemmas for proving the main theorem of this paper.

LemmalLet ¢ = ¢, + @, + @3 + M, (Where M is a suitable constant )be a solution of the equation
=9+t

where

!

1
91 =r9(0)]cosyp 7,

@y = —% ¢(cosp(p)sinp(p

, @
Tt

with r,c are positive defined functions which have different g;, 8, —periods, respectively and

|sinp<p|p

1 t+p1 1 t+& 1 t+f3;
a(t) = [—f @,(s)ds + —f @,(s)ds + —f @3 (s)ds],
Bl t E t r/jZ t
where ¢ is one of the periods S; or 8,. Then 8 is a solution of
1 1
0'(t) = ?[R|cosp9|p - d>(cosp9)sinp9 + C|sinp9|p] +0 (t_2>
where
1 p1 1 ( ) 1 B2 ( )
Rz—fr_qrdr, C=—jcrdt
B1Jo B.(P—1) Jg

and (1) —0(t) =0(1) ast > ».

Proof Taking derivative of 6(t), we have
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1 (t+h t+& 1 [tth
0'(t) = [ﬁlf ", (s)ds +ff @', (s)ds +ﬁzf <p'3(s)ds]

1 t+B1 1 1 t+& 1
= ITJ- ;rl—q(s)|cosp(p(s)|pds — Ef 3 @ (cospgo(s)) sin, @(s)ds
1 Je t

1 t+f3; ( )
+EJ; ( s Ds |smp(p(s)| ds.

Using integration by parts, we get

t+ﬂ1 t+f
9'(t) = [s’ltf rl-q(r)|cosp(p(r)|pd‘r — %J; (] (cospw(r)) sin,@(r)dt

1 fHﬂz c(v)
(

+E ) - |smp<p(1')| dt

1 (t+B1 1 +B1 P
_[sTf =3 r174(7) |cos, ()| drds
1J¢ s

t+& 1 t+&
+ E.ft S—zfs (] (cosp<p(r)) sin,@(1)drds

1 t+ﬁ21 t+f3; C(T)
- — sin,@(t)| dtds .
Z) = Geplmeol

By using the fact, ftHTf(s)ds = fOTf(s)ds forany T —periodic function and half-linear Pythagorean identity, the expressions

rl—Q(r)|cosp<p(r)|p, (cosp<p(r)) siny (1), ( )|smp<p(r)|

are bounded. Thus we get

1 t+B1 » 1 t+&
0'(t) = J 179 (1) |cospp(D)| dr — —f o) (coqu)(r)) siny(1)dt
Bat Sty
1 t+p, c
L J ()
Bt (p
We can rewrite this equation as

|smp<p(r)| dt+0 ( ! )

, _ 1 t+B, ~ » 1 t+& .
0'(t) = Ejt r179(7)|cos,0(0)| dr — 5_]; o) (cos,,@(t)) sin,6(t)dt

1 (B (1)
+Ejt o= )|smp9(t)| dt

1 t+f, ~ ) ,
+E-I; r q(r){lCosp¢(1)| — |cos,0(0)| }dr

_%J“f {d> (cosp<P(T)) sin, (1) — @ (cospﬁ(t)) sinpa(t)} dr
t

+$[+ﬁz (pC(T) {Isinyo @ - |sin,,9(t)|p}dr+o(tl2)_

By using the definition of R and C, we get

o'(t) = %[R|cosp0(t)|p -0 (cospe(t)) sin, () + C|sinp0(t)|p]
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+B1
+—J;t rl_q(r){|cosp<p(r)|p - |cosp9(t)|p}d1'

_%J-Hf {qb (cosp¢(r)) sin,o(t) — @ (cospe(t)) sinpa(t)} dr
t
) t+ﬁ2@0(+)1){|smp<p(r)|” ~Jsin0(®[ }ar + 0.

And using the half-linear trigonometric functions, we have

(@
||cosp<p(‘r)|p - |cosp9(t)|p| <p Us() |<D(cosps)(cosps)’|ds < (constant)|p(t) — 6(t)|,
t

(@)
|<D (coqu)(r)) sinyp(t) — @ (cospa(t)) sin,,B(t)| < U( ) [[@(cosp,s)(sinys)|'|ds
o(t

< (constant)|p(r) — 6(t)|
and

||sinpqo(‘r)|1[J - |sinp0(t)|p| < (constant)|p(t) — 6(t)|.
By the mean value theorem we can write

0(0) = 91(t2) + 92(8) + 5 (85)
for t; € [t,t + B1), t, € [t, t + €], t5 € [t, t + B,]. Thus
19 = 601 < I3 (@) = 91 (2] + 192(2) ~ 92(6)] + Ipa(®) = 9a(e)] <o ().
This implies that
()~ 001 < 0(7) ast » o, p(x) ~ () = o(1).
Hence we get
o' (t) = %[R|cosp9(t)|p — & (c0s,6(0)) sin,6(6) + C|sin, 6’| +0 (tlz) .

The computation of oscillation constant in Equ. (1.5) is based on the following lemma.

Lemma 2 Suppose that 6 is a solution of the differential equation

0'(t) =~ [R|cos, 00" — @ (cos,8(6)) sin,0(2) + C|sin,8(0)]” !
®) —?[ |cos,0()|" — (cosp (t))smp (6) + C|sin,8(0)| ]+0 7)
where R,C are as in Lemma 1.

p-1
It (J7rri-ade) [ c(t)dt > B2 Byyy, then 6(t) » 0 ast - oo.

it ([ r-aae) P Pl th is bounded for |
, ) t) Jy 2 e@®)dt < By Bayp, then 8(t) is bounded for large t.

Proof Consider the extremal problem
R|x|P — ®(x)y + C|y|P -» min(max), subject to |x|? + |y|? = 1. 3.1
Using method of the Lagrange multipliers, we obtain Lagrange function
L(x,y, ) = R|x|P = )y + Cly|P — A(|x[P + |y[? — 1)

which leads to
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Ly =x[P?[p(R=Dx— (- 1yl =0 (3:2)
and
Ly=-®x) +pe(»)(C-1)=0 3.3)
together with the restriction [x[? + |y|P = 1.
Applying the function @~ to Equ. (3.2) and Equ. (3.3), we get
pPR-Dx—(p—-1Dy=0
—x+ o (p)@dH(C-Ny=0

Hence A1 must be a root of the equation

1/mp—1\P1
¢(A—R)(A—c)—5(7) . (3.4)
Denote
. 1mp—1\1
FQ) =d(A-R)@A-C), 1= _<_)
p\p
we have

d
aF(A) =1=RP?[(p-DA-0+@-R)I

Hence A, = %R + p’%lc is minimum point and F(1,) = —A|R — C|? < 0 is minimum value. This means that Equ. (3.4) has
two real roots A, < A, < Apax. Moreover,

PRI =1 Apn =0

O(R)C>1 Apgr >0

D(R)C <1 Apin < 0 < Apgse
Multiplying Equ. (3.2) by x, Equ. (3.3) by y and adding the obtained equations, we get

R|x|P — ®d(x)y + Cly|P = A

Hence (Comin Yimin)s Amin) and ((omaxs Ymax)» Amax) are extremum for the function in Equ. (3.1). Let Opnin, Omars be
determined by

€0S Omin = Xmin,» SINOmin = Ymin
€0S Omax = Xmaxs SN Omax = Ymax-
If Amin > 0, then for large t (when the term o (%) is less than /lme) we have 6'(t) = A"‘T”‘ Hence if (p — 1)®(R)C > yp then
9(t) > oast — .

If Lmin <0< Apax, 0'(t) > 0 when 6(t) is in a right neighborhood of 8,,,, and 8'(t) < 0 when 6(t) is in a left
neighborhood of 6,,;,, for 0,,40x < Omin. Hence if (p — 1)@(R)C > yp, then 6(t) is bounded for large t.

The main result of this paper as follows.

Theorem 1 Let r and ¢ be positive defined functions which have different B;, 8, periods respectively in Equ. (1.5). Then Equ.
(1.5) is non-oscillatory if and only

f_lﬁzyp
(foﬁlrl—Q(t)dt)p_l [P c(e)at

Yy <V« =

where y, = (p%)p.



GU J Sci, 29(1):79-86 (2016) / Adil MISIR, Banu MERMERKAYA 85

Proof Let x is the nontrivial solution of Equ. (1.5) and ¢ is the Priifer angle of Equ. (1.5) given by Equ. (2.3). Then ¢ is the
solution of

1 ) c(), .
o' = - [rl—q(t)|cosp(p|p — @(cospp)sin,p + ;Tl |s1np(p|p].

By the help of Lemma 1the function 6 satisfies the equation
’ 1 p . . P 1
0'(t) = n [R|cosp6(t)| -9 (cospﬁ(t)) sin,0(t) + yC|smp0(t)| ] +o <?),
where R, C is as given in Lemma 1.
Again by Lemma 1 ¢ and 6 are at the same time bounded or unbounded. By the help of Lemma 2 if
Y <V
then 6(t) is bounded for large t and ¢ is bounded, then Equ. (1.5) is non-oscillatory and if
Y > Yo
then 6(t) > w0 ast — o and ¢ is unbounded, then Equ. (1.5) is oscillatory.

Remark 1 If the periods of the functions r,c in Equ. (1.5) are coincide with o —period, which is given in [4] then our
oscillation constants y, reduce to y,. is given in [4] and the main result complies with the result given by [4].

Example 1 Consider the equation Equ (1.5) for p = 2, r(¢t) =

and c(t) = 2 + cos8t
2+cos6t

<< 1 )x’)l N )/2 + cos8tx o (3.5)

2 + cos6t t2
In this case r(t) is positive defined for all t € R and g periodic function and c(t) is positive defined for all t € R and %
periodic function. Thus we can apply Theorem 1 and we obtain an oscillation constant for Equ. (3.5)
nml
431 _1
T [
<f03(2 + cos6t)dt) f04(2 + cos8t )dt

Yo = 16

and Equ. (3.5) is non-oscillatory if and only if y < 1—16

Remark 2 It is well known that if f is any periodic function with period P, then kP (k € N) is also period of the same
function. If we use this fact for the functions r(t) and c(t), we can choose these functions having m-period. In this case we can
apply Theorem 3. 1 in [4] to the above example and we get oscillation constant as

aly, 1

(foarl—q(t)dt)p_l Jy e(®ydt " 16

Yre =

and Equ. (1.5)is non-oscillatoryif and only if y < 1—16

Example 2 Consider the linear equation
N 1+¢
(A-ox') + 5z ¥=0 (3.6)

forp=2,rt)=1—-¢ c(t)=1+¢cand y =§ in Equ (1.5). This equation is non-oscillatory when ¢ > 0 sufficiently small

(oscillation constant in the Equ. (1.3) is y = %). Now, consider the equation

1+/@

((1 + ssint)x’) + 82

=0 3.7)
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with small € > 0 and f periodic with period /71, satisfying |f(t)| < e. Under assumptions on f, Equ. (3.7) is a Sturmian
minorant of Equ. (3.6), since

1+f(t)<1l+4+¢ l4esint=1-—c¢.

i.e., itis also non-oscillation. Equ. (3.7) is a particular case of Equ. (1.5) with
p=2,7@t) =1+esint,c(t) =1+ f(t),y = %,/31 =2m, B, =71
and satisfying all conditions of Theorem 1. Thus we can apply Theorem 1 and we obtain an oscillation constant for Equ. (3.7)

y*—>Z ase—0,.

Consequently for & > 0 sufficiently small we have y = % <y, = % which means Equ. (3.7) is non-oscillatory by Theorem 1.
But it is well known that lcm (2m,+/71) is not defined. Thus, we can not apply the Theorem 3. 1 in [4] for Equ. (3.7).

The important point to note here is that the recent results obtained by P. Hasil in [7] and O. Dosly and P. Hasil in [4] and the
others do not apply to Equ. (1.5) with periodic coefficients having different periods, when the least common multiple of these
periods not defined.
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