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ABSTRACT  

 
In this study, we show an application of Archimedean copulas for meteorological data, which may be of 
interest in its own right. Hence we take monthly lowest and highest air temperature records from 1951 to 

2005 in Tehran, and then we investigate a suitable family of Archimedean copulas to fit this data. Then 

we characterize the interval of suitable, and also the best copula parameter. Moreover, basic properties of 
Archimedean copulas will be presented. 
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1. INTRODUCTION 

Copulas are a powerful tool in multivariate statistics. If 

copula functions are used for modeling dependence 

between random variables, there is an immediate and 

obvious need to test whether the model can actually 

describe the data at hand accurately enough or not.  

Archimedean copulas are very easy to construct, many 

parametric families belong to this class and have great 

variety of different dependence structures, hence many 

authors are working with these copulas, and also most of 

them investigate the bivariate case. Emura et al. [8], 

worked on goodness-of-fit testing procedure for 

Archimedean copulas (AC) models and they extended the 

existing method, which is suitable for the Clayton model, 

and also to the general AC models. Many other authors 

worked on Archimedean copulas like, Genest and 

MacKay [11,12], Nelsen [18] etc. There are many 

references concerning the statistical inference of copulas. 

In estimation of the right copula, different approaches 

have been established: Joe and Xu [17] estimate a 

parametric family by maximum likelihood. For the class 

of Archimedean copulas, Genest and Rivest [10] 

developed a semiparametric estimator.  

In this study, we use monthly lowest and highest air 

temperature records from 1951 to 2005 in Tehran-Iran 

[16] (650 data) and to investigate the right copula for    
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modeling of this data, we concentrate on the method by 

Genest & Rivest [10] and also Çelebioğlu [2].  

This paper is structured as follows: Section 2 introduces 

the family of Archimedean copulas and their properties. In 

Section 3 we see goodness-of-fit tests for parametric 

families of Archimedean copulas and determine which 

copula is suitable to use. In Section 4, some conclusions 

are given. 

 

2. ARCHIMEDEAN COPULAS – BASIC 

PROPERTIES, SOME WELL KNOWN FAMILIES 

One of the most important classes of copulas is known as 

Archimedean copulas. There are a number of reasons why 

these find a wide range of applications in practice. These 

copulas are very easy to construct and many parametric 

families belong to this class. Archimedean copulas allow 

for a great variety of different dependence structures and 

all commonly encountered Archimedean copulas have 

simple closed form expressions. In addition, the 

Archimedean representation allows us to reduce the study 

of a multivariate copula to a single univariate function. 

Now basic properties of Archimedean copulas are 

presented below. More information could be found in 

Nelsen [18]. 

Definition 2.1. Let    be a continuous, strictly decreasing 

function from ,   -  to [0,   ] such that  ( )   . The 

pseudo-inverse of    is the function   ,  - given by, 

 ,  -( )  {
 (  )( )          ( )

                   ( )     
 

Definition 2.2. Copulas of the form   (   )  

 ,  -( ( )   ( ))  for every     in ,   - , are called 

Archimedean copulas, and the function   is called a 

generator of the copulas. If  , -     we say that   is a 

strict generator. In this case,  ,  -      and  (   )  

   ( ( )   ( ))  is said to be a strict Archimedean 

copula. 

Example 2.3. Assume  ( )     ( )  for   ,   -  
Since  , -   , the inverse is given by     ( )  
    (  )  and therefore, 

  (   )     ( ,(    )  (    )-)     ∏(   ) . 

Thus ∏    an Archimedean copula and   ( )     ( )   is 
its generator. 

Recall the Archimedean axiom for the positive real 

numbers:  

If     be positive real numbers, then there exists an 

integer   such that     . An Archimedean copula 

behaves like a binary operation on the interval ,   -, in 

that the copula   assigns to each pair     in   a number 

 (   ) in I (see [18]). Archimedean copulas feature some 

algebraic properties which build the content of the next 

theorem [18]. 

Theorem 2.4. Let   be an Archimedean copula with 

generator  . Then: 

1.   is symmetric; i.e.,  (   )     (   )  for all     

in,   -  

2.   is associative, i.e.,  ( (   )  )     (   (   )) 
for all       in ,   -. 

3. If       is any constant, then    is also a generator of 

 . 

From the third property we can see that a generator     

uniquely determines an Archimedean copula only up to a 

scalar multiple. Now we recall some important families of 

Archimedean copulas, and their graphs, which can be 

suited to our aim (see Nelsen [18]). 

1. Clayton family 

This family of copulas  firstly was discussed by Clayton 

[3],  after Cox and Oakes [7], also Cook and Johnson [5,6] 

used it. Genest and MacKay [11,12] call this the 

generalized Cook and Johnson family; Hutchinson and 

Lai [15] call it the Pareto family of copulas, while Genest 

and Rivest [10] call it the Clayton family. This family is 

as below, 

  (   )     ([ 
           ]

  

     ) 

   
 

 
(     )        ,    )  * +   

 

Figure 1. Scatterplots for Clayton copula,     (left) and       (right),      . 
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2. Frank family 

This family first appeared in Frank [9] in a non-statistical 

context. Some of the statistical properties of this family 

were discussed in Nelsen [18]. Copulas of this family are 

as below: 

   (   )  
 

 
  (  

(      )(      )

     
)   

     (
      

     
)         (    )  * + 

 

                   Figure 2. Scatterplots for Frank copula,     (left) and       (right),      . 

 

3. Ali- Mikhail- Haq  family 

This family is derived algebraically and we can see it in 

Ali M.M. et. al. [1]. This family of copulas has the 

functional form and generator, respectively: 

  (   )  
  

   (   )(   )
 

      
   (   )

 
        ,    )

 

                Figure 3. Scatterplots for Ali-M-Haq family,     (left) and       (right),      . 

 

4. Copulas family of  4.2.12 

This family hadn’t name and in Nelsen [18] is numbered 

as 4.2.12. Copulas of this family are as the following: 

  (   )  (  [( 
    )    (     ) ]

 

 )
  

 

         (
 

 
  )

 

        ,   )  

 

See Figure 4.
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                 Figure 4. Scatterplots for the family 4.2.12 ,       (left) and      (right),      . 

 

5. Copulas family of  4.2.16 

This family hadn’t name and in Nelsen [18] and is 

numbered as 4.2.16. Copulas of this family are as below: 

  (   )  
 

 
.  √     /     

          (
 

 
 
 

 
  )  

and      .
 

 
  / (   )        ,   )  

 

             Figure 5. Scatterplots for the family 4.2.16,        (left) and      (right),      . 

 

6. Plackett family 

Plackett family [19] copulas have been widely used both 

in modeling and as alternatives to the bivariate normal for 

studies of power and robustness of various statistical tests 

(Conway [4], Hutchinson and Lai [15]). Copulas of this 

family are as below (see Figure 6): 

  (   )  
(  (   )(   ))  √(  (   )(   ))

 
     (   )

 (   )
              ,   ) 
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                Figure 6. Scatterplots for Plackett family,      (left) and         (right),      . 

 

7. Gumbel’s family 

This family of copulas was first discussed by Gumbel 

[13], hence many authors refer to it as the Gumbel’s 

family. However, because Gumbel’s name is attached to  

another Archimedean family (4.2.9 in Nelsen’s book 

[18]), this family also appears in Hougaard [14], 

Hutchinson and Lai [15] refer to it as the Gumbel-

Hougaard family. Copulas  of  this family are as the 

following: 

  (   )     . ,(    )
  (    ) -

 

 /              (    )
         ,   )    

 

                     Figure 7. Scatterplots for Gumbel family,     (left) and      (right),      . 

 

3. DATA DESCRIPTION AND RESULTS 

To find a relationship in the series of our data (monthly 

lowest and highest air temperature, on the other hand, 

finding (     ), in each series, first any two ordered data 

has been subtracted, then the new data is arranged, finally 

it has been divided to total data sample size plus one, as 

below (see [2,10]):  

   
 (  )

   
          

 (  )

   
                 

where    is the lowest,    is the highest air temperature 

records and  (  )  (  ) are the rank (in ascending order) 

of data. Our resulted data (  and  ) will be in interval 

(0,1). Figure 8 shows scatterplots of the result data.  
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Figure 8. Scatterplots of air temperature data  

By using relation √ 
 

, (  number of data), (see Çelebioğlu 

[2]), we divided the range of two variables uniform 

transformation into 5 intervals each, therefore      , 

and              
           thus copulas family will be suit 

if,             
  (where    ∑

(         )
 

    
 ). To find a 

suitable family of Archimedean copulas with special 

parameter, for the all seven copula families mentioned 

earlier, Matlab software has been used and we calculated 

   test statistic value, which the results are summarized in 

Table1. Moreover, we will separately discuss about the 

selected family.  

 Frank family 

As we can see in Figure 9 and Table 1, for   values less 

than 7.7 the related function is decreasing and for more 

than 7.7, it is increasing and minimum value is in the 

point    = 7.7. Thus, this family is suitable with      
         and the best value for   is 7.7, which value of 

the related    is 23.781. For this point we see observed 

and expected matrix as below, 

 

 
 

 

 

4. CONCLUSION 

For monthly the lowest and highest air temperature 

records from 1951 to 2005 in Tehran, we investigated a 

suitable family of Archimedean copulas to fit this data. 

Hence we analyzed seven well-known families of 

Archimedean copulas and we saw that, only Frank family 

is suitable for this data with the best parameter value 7.7 

with the related           .  
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                                             Figure 9. Graph of (    ) in Frank family. 

 

Table 1. Calculated    for all seven copula families. 
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