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Abstract. In this article, the exact solutions of the (1+1)-dimensional dis-
tributed long wave(DLW) equation, a fractional partial differential equation in

conformable sense, which is a nonlinear partial differential equation, are given.

The analytical solutions revealed with the auxiliary equation method are also
seen to satisfy the equation with the aid of the Mathematica program.

1. Introduction

Partial derivative differential equation models may not correspond exactly to
events occurring in nature when they contain derivatives with integer order. Par-
tial differential equations with fractional derivatives are more likely to correspond
exactly to events in nature than equations with integer derivatives. The reason for
this is that fractional order computation provides an easier expression with nonlin-
ear partial differential equations for the parameters that occur during the physical
event compared to integer computation.

There are several methods on analytical solutions of fractional partial differential
equations for Conformable[10], Riemann-Liouville and Caputo fractional derivative
approaches. Some of these methods are tangent hyperbolic method[11], explicit
equation method[7-8], homotopy analysis method[1], elliptic function method[6],
F-expansion method[3,5,13], auxiliary equation method[4], new extended direct al-
gebraic method[12]. In this article, analytical solutions of the (1+1)-dimensional
distributed long wave (DLW) equation are examined which is a fractional partial
differential equation. Analytical solutions of the equation were obtained by using
the auxiliary equation method.
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2. Preliminaries

The auxiliary equation method was introduced by Jiong and Sirendaoreji[9] to
find analytical solutions of partial differential equations. The work to find analytical
solutions of partial differential equations by Jiong and Sirendaoreji[9] can be given
as follows. They used the ordinary differential equation of the form

(2.1)
dz

dξ
=

√
az2(ξ) + bz4(ξ) + cz6

to find partial differential equations. In another study conducted in 2008,

(2.2) (
dz

dξ
)2 = az2 + bz3 + cz4

With the help of the ordinary differential equation, analytical solutions have
been obtained for the generalized Whitham-Broer-Kaup, Zakharov, Schrodinger
equations, which are nonlinear partial differential equations [2]. The ordinary differ-
ential equation given by (2.2) contains more analytical solutions than the ordinary
differential equation given by (2.1).

We give the application of the auxiliary equation method to any partial differ-
ential equation below from [2]. The general form of a nonlinear partial differential
equation can be written as

(2.3) Q(
∂u

∂x
,
∂u

∂x
,
∂2u

∂x2
, ...) = 0

Using the equation given by (2.3), applying the wave transform

(2.4) ξ = x+mt

we get a differential equation

(2.5) G(U,Uξ, Uξξ, Uξξξ, ...) = 0

where u(x, t) = U(ξ)and m is the velocity of the wave. The integer value of n is
found with the help of the derivative of the highest order and the nonlinear term
from the highest order in the obtained equation. Using n in

(2.6) U(ξ) =

n∑
i=0

aiz
i(ξ)

the analytical solution of equation (2.5) is investigated in this form. Here, the
coefficients ai(i = 0, 1, 2, ..., n) will be determined in the following sections. From
the solutions of the differential equation given by (2.2), z(ξ) can be obtained. The
equation obtained contains the powers of z(ξ). By arranging this equation according
to the powers of the term z(ξ), an equation system is obtained by equalizing the
coefficients of the terms to zero. By solving this system of equations, the coefficients
a, b, c,m, ai are determined. After determining these coefficients, the analytical
solutions of the partial differential equation are obtained with the help of Table 1.
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3. Analytical Solutions of The Fractional Order (1+1) Dimensional
DLW Equation

In this section, analytical solutions of the fractional order (1+1) dimensional
DLW equation, which is a no linear fractional partial differential equation, are
obtained using the auxiliary equation method. Conformable fractional order (1+1)
dimensional DLW equation is given in the form

(3.1)
∂pu
∂tp + u∂u∂x + ∂v

∂x = 0
∂pv
∂tp + ∂u

∂x .
∂v
∂x + 1

3
∂3u
∂x3 = 0

Let

u(x, t) = u(ξ), v(x, t) = v(ξ)

where m is the speed of wave. Applying wave transform

ξ = x+m
tp

p

to equation (2.7), the equation system

(3.2)
muξ + uuξ + vξ = 0
vξ + (uv)ξ + 1

3uξξξ = 0

is obtained. By making the necessary adjustments in equation (2.8), we get

(3.3)
2mu+ u2 + 2v = 0
3mv + uv + uξξ = 0

From the first equation in the system (2.9) the value of v is

(3.4) v = −mu− 1

2
u2

By substituting this value in the second equation in (2.9) we get

(3.5) −6m2u− 9mu2 − 3u3 + 2uξξ = 0

From the relation between the highest order derivative term uξξ and the highest
order nonlinear term u3 in the ordinary derivative differential equation in (2.11),
n = 1 is obtained. In this case, the analytical solution of equation (2.11) is investi-
gated as

(3.6) u(ξ) = a0 + a1z(ξ)

The equation system

z0(ξ) : −6m2a0 − 9ma2
0 − 3a3

0

z1(ξ) : −6m2a1 − 18ma0a1 − 9a2
0a1 + 2aa1

z2(ξ) : −9ma2
1 − 9a0a

2
1 + 3a1b

z3(ξ) : −3a3
1 + 4a1c

is obtained by the coefficients of the powers of z(ξ) from the algebraic equation
obtained by substituting the equation given by (2.12) in the differential equation
(2.11). The solution sets of this system are

(3.7) a0 = 0, a = 3m2, b = 3a1m, c =
3a2

1

4

(3.8) a0 = −2m, a = 3m2, b = −3a1m, c =
3a2

1

4
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(3.9) a0 = −m, a =
−3m2

2
, b = 0, c =

3a2
1

4

By substituting the solution set given in (2.13) and the z(ξ) values given in Table
1 in the equations (2.12) and (2.10), the analytical solutions of the DLW equation
given by (2.7) are as follows:

u1,2(x, t) = − 4m sech2(ω)
4−(1±tanh(ω))2

v1,2(x, t) = −8m sech4(ω)
(4−(1±tanh(ω))2)2 + 4m sech2(ω)

4−(1±tanh(ω))2

u3,4(x, t) = 4m csch2(ω)
4−(1±coth(ω))2

v3,4(x, t) = −8m csch4(ω)
(4−(1±coth(ω))2)2 −

4m csch2(ω)
4−(1±coth(ω))2

u5,6(x, t) = −m sech2(ω)
1±tanh(ω)

v5,6(x, t) = m2 sech2(ω)
1±tanh(ω) −

m2 sech4(ω)
2(1±tanh(ω))2

u7,8(x, t) = m csch2(ω)
1±coth(ω)

v7,8(x, t) = −m
2 csch2(ω)

1±coth(ω) −
m2 csch4(ω)

2(1±coth(ω))2

u9,10(x, t) = −m(1± tanh(ω))
v9,10(x, t) = m2(1± tanh(ω))− 1

2m
2(1± tanh(ω))2

u11,12(x, t) = −m(1± coth(ω))
v11,12(x, t) = m2(1± coth(ω))− 1

2m
2(1± coth(ω))2

u13,14(x, t) = 12a1m
2e±2ω

−9a1m2+(e±2ω−3a1m)2

v13,14(x, t) = − 12a1m
3e±2ω

−9a1m2+(e±2ω−3a1m)2 −
12a1m

4e±2ω

(−9a1m2+(e±2ω−3a1m)2)2

where

ω =

√
3m

2
(x+

mtp

p
)

Similarly, using the solution given by (2.14), the analytical solutions u(x, t) of the
DLW equation given by (2.7) are obtained as:

u15,16(x, t) = −2m+ 4m sech2(ω)
4−(1±tanh(ω))2

u17,18(x, t) = −2m− 4m csch2(ω)
4−(1±coth(ω))2

u19,20(x, t) = −2m+ m sech2(ω)
1±tanh(ω)

u21,22(x, t) = −2m− m csch2(ω)
1±coth(ω)

u23,24(x, t) = −2m+m(1± tanh(ω))
u25,26(x, t) = −2m+m(1± coth(ω))

u27,28(x, t) = −2m+ 12a1m
2e±2ω

−9a1m2+(e±2ω−3a1m)2

By using analytical solutions u(x, t) in the equation given by (2.10), analytical
solutions v(x, t) are obtained. From the solution set given by (2.15),

u29,30(x, t) = −m+
m cosh(ω2 sec(ω2 ))

√
2

the analytical solution is obtained. Similarly, by substituting the obtained ana-
lytical solution in the equation given by (2.10), the analytical solution v(x, t) is
obtained. The analytical solution

u29,30(x, t) = −m+
m cosh(ω2 sec(ω2 ))

√
2
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is obtained from the solution set given in (2.15). Using the analytical solution
obtained in (2.10), the analytical solution v(x, t) is obtained

Table 1. [2] analytical solutions of differential equation in (2.2) where ε = ±1
and ∆ = b2 − 4ac.

No z(ξ)

1
−ab sech2(

√
a

2 ξ)

b2−ac(1−ε tanh(
√
a

2 ξ))2
, a > 0

2
ab csch2(

√
a

2 ξ)

b2−ac(1+ε coth(
√
a

2 ξ))2
, a > 0

3 2ab sech(
√
aξ)

ε
√

∆−b sech(
√
aξ)
, a > 0, ∆ > 0

4 2ab sec(
√
−aξ)

ε
√

∆−b sec(
√
−aξ) , a < 0, ∆ > 0

5 2ab csch(
√
aξ)

ε
√
−∆−b csch(

√
aξ)
, a > 0, ∆ < 0

6 2ab csc(
√
−aξ)

ε
√

∆−b csc(
√
−aξ) , a < 0, ∆ > 0

7
−a sech2(

√
a

2 ξ)

b+2ε
√
ac tanh(

√
a

2 )
, a > 0, c > 0

8
−a sec2(

√
−a
2 ξ)

b+2ε
√
−ac tanh(

√
−a
2 )

, a < 0, c > 0

9
a csch2(

√
a

2 ξ)

b+2ε
√
ac coth(

√
a

2 )
, a > 0, c > 0

10
−a csc2(

√
−a
2 ξ)

b+2ε
√
−ac cot(

√
−a
2 )

, a < 0, c > 0

11 −ab (1 + ε tanh(
√
a

2 )ξ), a > 0, ∆ = 0

12 −ab (1 + ε coth(
√
a

2 )ξ), a > 0, ∆ = 0

13 4aeε
√
aξ

(eε
√
aξ−b)2−4ac

, a > 0

14 ±4aeε
√
aξ

1−4ace2ε
√
aξ , a > 0, b = 0

4. Conclusion

In this study, exact solutions for the conformable fractional order nonlinear DLW
equation are obtained by using the auxiliary equation method.

The considered equation is converted into a nonlinear differential equation with
the help of wave transform. Then, the analytical solutions are obtained by writing
the power of the z(ξ) terms instead of the obtained differential equation. It is
seen with the help of Mathematica program that the obtained analytical solutions
provided the conformable fractional order nonlinear DLW equation.

5. Acknowledgments

The authors would like to thank the reviewers and editors of Journal of Universal
Mathematics.

Funding
No funding agency in the governmental, commercial, or not-for-profit sectors pro-
vided a specific grant for this study.

The Declaration of Conflict of Interest/ Common Interest
The author(s) declared that no conflict of interest or common interest.

The Declaration of Ethics Committee Approval



ANALYTICAL SOLUTIONS OF (1+1)- DLW EQUATION 93

This study does not be necessary ethical committee permission or any special per-
mission.

The Declaration of Research and Publication Ethics
The author(s) declared that they comply with the scientific, ethical, and citation
rules of Journal of Universal Mathematics in all processes of the study and that
they do not make any falsification on the data collected. Besides, the author(s)
declared that Journal of Universal Mathematics and its editorial board have no re-
sponsibility for any ethical violations that may be encountered and this study has
not been evaluated in any academic publication environment other than Journal of
Universal Mathematics.

References

[1] S. Abbasbandy, The application of homotopy analysis method to nonlinear equations arising
in heat transfer, Physics Letters A, 360(1), pp. 109-113 (2006).

[2] M.A. Abdou, A generalized auxiliary equation method and its applications, Nonlinear
Dynamics, 52(1), pp. 95-102 (2008).

[3] M.A. Abdou, Further improved F-expansion and new exact solutions for nonlinear evolution
equations, Nonlinear Dynamics, 52(3), pp. 227-288 (2008).

[4] L.A. Alhakim and A.A. Moussa, The double auxiliary equations method and its application

to space-time fractional nonlinear equations,Journal of Ocean Engineering and Science, 4, pp.

7-13 (2019).

[5] G. Cai, Q. Wang and J. Huang, A modified F-expansion method for solving breaking soliton

equation, Int J Nonlinear Sci, 2(2), 122-128 (2006).

[6] Y. Chen and Z. Yan, The Weierstrass elliptic function expansion method and its applications

in nonlinear wave equations, Chaos Solitons Fractals, 29(4), 948–964 (2006).

[7] Y. Gurefe, A. Sonmezoglu and E. Misirli, Application of trial equation method to the
nonlinear partial differential equations arising in mathematical physics, Pramana J Phys, 77(6),
1023-1029 (2011).

[8] Y. Gurefe, E. Misirli, A. Sonmezoglu and M. Ekici, Extended trial equation method to

generalized nonlinear partial differential equations, Appl Math Comput, 219(10), 5253–5260

(2013).

[9] Sirendaoreji and S. Jiong, Auxiliary equation method for solving nonlinear partial differential

equations, Physics Letters A, 309(5-6), 387-396 (2003).

[10] R. Khalil, M. Horani, A. Yousef. and M. Sababheh, A new definition of fractional derivative,

Journal of Computational and Applied Mathematics, 264, 65-70 (2014).

[11] W. Malfliet and W. Hereman, The Tanh Method: Exact Solutions of Nonlinear Evolution

and Wave Equations, Physica Scripta, 54(6), 563-568 (1996).

[12] O. Tasbozan, A. Kurt and A. Tozar, New optical solutions of complex Ginzburg–Landau
equation arising in semiconductor lasers, Applied Physics B, 125(6), 104 (2019).



94 AHMET MUCAHID GOKTAS, KORAY YILMAZ, AND ORKUN TASBOZAN

[13] S. Zhang and T. Xia, A generalized F-expansion method with symbolic computation exactly

solving Broer–Kaup equations, Appl Math Comput, 189(1), 949-955 (2007).
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