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1. Introduction

Recall that an R-module M is Gorenstein projective (for short G-projective; see

[6]) if there is an exact sequence
P=--->P PP =P ...

of projective modules with M = Ker(P® — P') such that Hom(P, Q) is exact for
each projective R-module Q. Such exact sequence is called a complete projective
resolution. The class of all Gorenstein projective R-modules is denoted by GP(R).
Enochs and Jenda in [6] defined a homological dimension, namely the Gorenstein
projective dimension, Gpdgr(—), for any R-module. We say that M has Gorenstein
projective dimension at most n, denoted Gpdr(M) < n, if there is a Gorenstein
projective resolution, i.e., there is an exact sequence 0 - G,, = --- — Gg > M —
0, where all G; are G-projective R-modules, and say Gpdr(M) = n if there is not
a shorter Gorenstein projective resolution. Dually, one can consider G-injectives;
see [6]. Analogously, one can consider G-flats; see [8]. The class of all Gorenstein
injective (flat) R-modules is denoted by GZ(R) (GF(R)); for any R-module M,
the Gorenstein injective (flat) dimension is denoted by Gidr(M) (Gfdr(M)). The
reader can refer to [4,7,12,11] for more details about Gorenstein projective, injective
and flat modules.

Gillespie in [10] defined three classes of R-modules which are called Ding injec-

tive, Ding projective and Ding flat, respectively and developed their standard model
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structures on pM. Yang and his coauthors in [24,22] researched the homological
properties of Ding injective, Ding projective R-modules. Ding projective modules
were first introduced by Ding, Li and Mao in [5] where they were called strongly
Gorenstein flat modules. Ding injective modules were first introduced by Ding and
Mao in [16] as Gorenstein F'P-injective modules.

In this paper, we consider Ding projective and Ding injective modules and di-
mensions. It is organized as follows: In Section 2 we collect some fundamental
definitions and facts for using later. Section 3 is first devoted to the study of the
Ding projective and Ding injective modules and dimensions under change of rings.
Recall that if C and G are classes of objects of an abelian category A, then we
say Hom(—, —) is right C x G balanced if for objects X and Y of A there exist
complexes

o= C =5 Ch— X —0

and
0-Y -G -G — -

such that C; € C and G* € G for all i > 0 and such that Hom(—, G) makes the
first complex exact and Hom(C, —) makes the second complex exact. The author
in [22, Theorem 3.6] proved that Hom(—, —) is right balance by DP(R) x DI(R)
for any Ding-Chen ring R. Then we give the result a new proof. At last in Section
3, we give the new characterizations to finite D-projective dimension of R-modules
as follows.
Theorem. (Theorem 3.13 and 3.15) Let M be an R-module and n be a non-
negative integer. Then the following are equivalent.
(1) Dpdg(M) < .
(2) For some integer k with 1 < k < n, there is an exact sequence 0 — P, —
o= P = Py = M — 0 such that P; is D-projective if 0 <1 < k and P;
18 projective if j > k.
(3) For any integer k with 1 < k < n, there is an eract sequence 0 — P, —
o= Py = Py = M — 0 such that P; is D-projective if 0 <1 < k and P;
is projective if j > k.
(2') For some integer k with 0 < k < n, there is an exact sequence 0 — A, —
= Ay = Ay - M — 0 such that Ay is D-projective and other A;
projective.
(3") For any integer k with 0 < k < n, there is an ezact sequence 0 — A, —
= Ay - Ay —» M — 0 such that Ay is D-projective and other A;
projective.
Recall that the second change of rings theorem for the projective and injective

dimensions as follows (see, [19, Theorem 4.3.5 and Exercise 4.3.3]): Let x be a



DING PROJECTIVE AND DING INJECTIVE DIMENSIONS 3

central nonzerodivisor in a ring R. If A is an R-module and x is a nonzerodivisor
on A, then pdr(A) > pdr/y(A/xA) and idr(A) > 1+ idp/,(A/zA) if A is not
injective. Bennis and Mahdou in [2] proved the second change of rings theorem
for the Gorenstein projective and injective dimensions. In Section 4 we investigate
the strongly D-projective and D-injective modules and the second change of rings
theorem for D-projective and D-injective dimensions.

Setup and notation. Throughout this paper, R and S are associative rings
with identity and all modules are unitary. rM denotes the category of left R-
modules, and P(R), Z(R) and F(R) denotes the class of projective, injective and
flat modules, respectively. We denote by pM a left R-module, pd(M), id(M) and
fd(M) stand for the projective, injective and flat dimensions of M, respectively.
We write ID(R) (wD(R)) for the left (weak) global dimension of R.

2. Preliminaries

In this section, we recall some definitions and collect some fundamental results.

Definition 2.1. Let S be a ring and let R be a subring of S (with the same 1). S
is called a finite normalizing extension of R if there exist elements ai,...,a, € S
such that a; =1, S = Ray + -+ + Ra, and Ra; = a;Rforalli=1,---, n. Sis
called a free normalizing extension of R if a1 =1, S = Ra; + --- + Ra,, is a finite
normalizing extension and S is free with basis {aj,...,a,} as an R-module. S is
said to be an excellent extension of R in case S is a free normalizing extension of R
and S has R-projectivity (that is, if ¢M is an S-module and gN is a submodule of
sM, then gN |g M implies s N |s M, where N|M means N is a direct summand
of M).

Lemma 2.2. [21, Lemma 1.1] Let S > R be a ring extension such that S has R-
projectivity. If M is a left S-module, then gM is isomorphic to a direct summand
of s(S®@r M) and sHompg(S, M).

Recall that a left R-module M is called F P-injective if ExtL(N, M) =0 for all
finitely presented left R-module N.

Definition 2.3. (1) ([10, Definition 3.6]) We call a left R-module M Ding projective

(for short, D-projective) if there is an exact sequence
P=...-P PP -pP ...

of projective modules with M = Ker(P® — P') such that Hom(P, Q) is exact for
each flat R-module Q. The class of all D-projective modules is denoted by DP(R).
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(2) ([10, Definition 3.2]) We call a left R-module M Ding injective (for short,

D-injective) if there is an exact sequence
I= oL >Ih—»1°=>T1'— ...

of injective modules with M = Ker(I° — I') such that Hom(FE, 1) is exact for
each F'P-injective R-module E. The class of all D-injective modules is denoted by
DI(R).

From Definition 2.3 one can obtain the following characterization of D-projective

and injective R-modules.

Proposition 2.4. (1) M is D-projective if and only if Ewtzzl(M, Q) =0 and

there exists an exact sequence of the form:
X=0-M-—>P P —...

such that Homg(X, Q) is exact for any flat R-module Q.
(2) M is D-injective if and only if Ext%zl((], M) =0 and there exists an exact

sequence of the form:

Y=--->LL1—>I)—>M—=0
such that Hompg(J, Y) is exact for any F P-injective R-module J.

Definition 2.5. For any R-module M, the D-projective dimension of M, denoted
by Dpdr(M) is defined as the infimum of the set of n such that there exists an
exact sequence 0 — G,, — --- = Gg — M — 0 of left R-modules, where all G; are
D-projective R-modules. If no such n exists, set Dpdr(M) = oo.

Similarly, we can define the D-injective dimension of R-module M, denoted by
Didgr(M).

Recall that in [11] a class X of modules is projectively resolving if P(R) C X, and
for every short exact sequence 0 — X’ — X — X’ — 0 with X"’ € X the conditions
X' € X and X € X are equivalent; X is injectively resolving if Z(R) C X, and for
every short exact sequence 0 — X’ — X — X" — 0 with X’ € X the conditions
X € X and X" € X are equivalent.

Proposition 2.6. (1) [24, Theorem 2.6 and Corollary 2.7] The class of D-projective
R-modules is projectively resolving and closed under direct summands.
(2) [24, Theorem 2.8 and Corollary 2.9] The class of D-injective R-modules is

injectively resolving and closed under direct summands.
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3. D-projective modules and D-injective modules

In this section, we first develop properties of D-projective (D-injective) modules

and dimensions under change of rings.

Proposition 3.1. Let § : R — S be a ring homomorphism with S flat. If M is a
D-projective R-module, then S ® g M is a D-projective S-module.

Proof. Since M is a D-projective R-module, there is an exact sequence of projec-
tive R-modules:
P=...»P P —-P -pP ..

Since S is flat,
S@rP=---—=8S®rP, >S®@r Py =Sz P’ = S®r P' — -

is exact and S®r M = Ker(S®g Py — S®g Py). On the other hand, for any flat
S-module @, it is also a flat R-module.
Homg(S ®r P, Q) = Homp(P, Homs(S, Q))
>~ Homp(P, Q).
Thus Homg(S®g P, Q) is exact, therefore, S® g M is a D-projective S-module. O

Corollary 3.2. Let 6 : R — S be a ring homomorphism with gS flat and let M be
an R-module. Then Dpds(S @z M) < Dpdr(M).

Corollary 3.3. Let R[z] be a polynomial ring in one variable over R. For any
R-module M, denote R[x]-module R[x] ®r M by M[z]. Then Dpdpp)(M]z]) <
Dpdr(M).

Proof. Since R[z] is a flat R-module, it is true by Corollary 3.2. O

Theorem 3.4. Let S > R be an excellent extension of R and let M be an R-
module. M is a D-projective R-module if and only if S ®r M is a D-projective

S-module.

Proof. = By Proposition 3.1.
< For any flat R-module Q, S ®g @Q is a flat S-module. Since S is an excellent

extension of R, S = R™ as R-modules for some integer n.
BatfP (M, Q) Batf?' (M, S 21 Q)
= Fatly (M, Homs(S, S ®r Q)
= Bty (S®r M, S®r Q) =0,

since S®pr M is a D-projective S-module. On the other hand, there exists an exact

sequence of the form:

sX=0—-S®zM — P° - P — ...
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such that Homg(sX, A) is exact for any flat S-module A, where all P’ are pro-

jective S-modules. So
rRX=0—-M"—-P" -5 Pt—...
is exact, where all P are projective R-modules.
S®r Hompr(rX, Q) 2 & Homr(rX, Q)
= Homp(rX, Q")
>~ Hompr(grX, S®r Q)
= Homp(S®s X, S®r Q)
>~ Homg(sX, Hompg(S, S®r Q))
= o Homs(sX, S®rQ)

is exact. Since S is faithfully flat, we get that Hompg(rX, Q) is exact. By Propo-
sition 2.6 (1), M™ is a D-projective R-module, and then M is a D-projective R-

module. O

Corollary 3.5. Let S > R be an excellent extension of R. For each R-module M,
we have Dpdr(M) = Dpdg(S ®@r M).

Proof. By Corollary 3.2, Dpdgr(M) > Dpds(S ®r M). Now, we assume that
Dpds(S ®r M) =m < co. There is an exact sequence

0-G—-Gpo1— - —G —-Gy—M—0,

where G; are all D-projective R-modules. Since S is a free R-module, applying

S ®pr — to the above exact sequence, we obtain the exact sequence of S-modules:
0>SRrG—>SQrGH_1— = SQrRG1 > SRrGy - S®Rr M — 0,

where each S ® g G; is a D-projective S-module by Proposition 3.1. Thus S ®r G
is also D-projective by [13, Theorem 2.4]. From Theorem 3.4, G is a D-projective
R-module. So Dpdr(M) < Dpds(S ®r M). O

Proposition 3.6. Let S > R be an excellent extension of R, and let M be an
S-module. Then M is a D-projective R-module if and only if M is a D-projective

S-module.

Proof. = From Proposition 3.1, S ®g M is a D-projective S-module. By Propo-
sition 2.6 (1), M is a D-projective S-module, since ¢M is a direct summand of
5(S ®@r M) following from Lemma 2.2.

< Assume that M is a D-projective S-module, there is an exact sequence of

projective S-modules:

sY=-.5P 5P P 5P ...
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Moreover,
RY:-~'—>P1—>P0—>PO—>P1—>"'
is exact with all P’ projective R-modules, since every S-module is an R-module
and every projective S-module is a projective R-module. Now we claim that
Hompg(rY, Q) is exact for any flat R-module Q. In fact,
Hompg(rY, Q) = Homgr(S ®sY, Q)
§H0mS(Y, HOmR(S, Q))
~ Homg(Y, S®r Q)

is exact, since S ® g @Q is a projective S-module. So M is a D-projective R-module.
O

Corollary 3.7. Let S > R be an excellent extension of R. For each S-module M,
we have Dpdr(M) = Dpds(M) = Dpds(S ®@g M).

Proof. We first claim that Dpdr(M) < Dpdg(M). If Dpdg(M) = oo, it is trivial.

Now we assume that Dpdg(M) = n < co. There is an exact sequence
0—-A,— - —A - A4—>M-—=0,

where all A; are D-projective S-modules. By Proposition 3.6, all A; are D-
projective R-modules. Therefore, Dpdr(M) < Dpds(M). On the other hand,
we have Dpds(M) < Dpds(S ®r M) since ¢M is isomorphic to a direct summand
of (S ®r M). Finally, Dpds(S ®r M) < Dpdr(M) by Corollary 3.2. O

The left global Ding projective dimension of R, denoted by lglDpd(R) is defined
as the supremum of the D-projective dimension of R-modules, i.e., lglDpd(R) =
sup{Dpdr(M)|VM €r M}. Now we prove the first main result of this section.

Theorem 3.8. Let S > R be an excellent extension of R. lglDpd(S) = lglDpd(R).

Proof. By Corollary 3.5, lglDpd(S) > lglDpd(R), and by Corollary 3.7, lgl Dpd(S) <
lglDpd(R). O

Remark 3.9. We have the similar properties on the D-injective dimensions under
change of rings. For instance, let 8 : R — S be a ring homomorphism with rS
projective. Then Didg(Hompg(S, M)) < Didg(M). Let S > R be an excellent
extension of R and lglDid(R) = sup{Didr(M)NM €r M}. Then lglDid(S) =
lglDid(R).

Let F be a class of R-modules. F* will denote the right orthogonal class
of F, that is, F* = {M | Exth(F,M) = 0,YF € F}. Analogously, *F =
{M | Extl(M,F) = 0,YF € F}. Following [7], a pair of classes of R-modules
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(A, B) is said to be a cotorsion pair if A =+ B and B = A'. A cotorsion pair
(A, B) is said to be hereditary if A is resolving or, equivalently, 55 is coresolving.
A cotorsion pair (A, B) is said to be have enough injective if for any R-module M
there is an exact sequence 0 - M — B — A — 0 with B € B and A € A. Dually,
a cotorsion pair (A, B) is said to be have enough projective if for any R-module
M there is an exact sequence 0 - B -+ A - M — 0 with B € B and A € A.
Recall that a ring R is called a Ding-Chen ring if it is left and right coherent, and
FP-idgr(rR) = FP-idr(Rgr) = n for some positive integer n. The author in [22,
Theorem 3.6] proved that Hom(—, —) is right balance by DP(R) x DZ(R) for any
Ding-Chen ring R. Now we give the new proof for this.

Theorem 3.10. Let R be a Ding-Chen ring. Hom(—, —) is right balance by
DP(R) x DI(R).

Proof. We first denote the class of all R-modules of finite flat dimension by W.
By [14, Theorem 3.8] and [10, Corollary 4.6], (DP(R), W) is a cotorsion pair with
enough injective and projective. By [15, Theorem 3.4] and [10, Corollary 4.5],
(W, DP(R)) is a cotorsion pair with enough injective and projective. By [22,
Lemma 3.2], (DP(R), W) and (W, DP(R)) are hereditary. Then the assertion is
true by [9, Theorem 2.2.1]. O

In the classical homological theory, it is well-known that for any ring R, the left
projective global dimension is equal to the left injective global dimension, that is,
lglpd(R) = lglid(R). Such result was generalized by Bennis and Mahdou in [3] for
Gorenstein homological theory as lglGpd(R) = lglGid(R). Similarly, we have

Corollary 3.11. lglDpd(R) = lglDid(R) for any Ding-Chen ring.

Proof. It is clear by the above theorem and [9, Corollary 2.2.2]. O

Now we characterize finite D-projective dimension of R-modules. For doing this,

we first give the following lemma which plays a crucial role.

Lemma 3.12. Let0 — A — G1 — Gy — M — 0 be an exact sequence with Go and
G1 D-projective. Then there are two exact sequences 0 > A —- P —- G — M — 0
with P projective and G D-projective and 0 - A — H — Q — M — 0 with Q
projective and H D-projective.

Proof. Set K = Im(G1 — Gg). Since G, is D-projective, there is a short exact
sequence 0 = G; — P — G| — 0 with P projective and G/ D-projective. Consider
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the following pushout diagram:

0 0

oo

0—A—-G —K—0

[

0—A—P—DB—0

oo

=G
o
0 0

Then consider the following pushout diagram:

0 0

oo

0—K-—=Gy—M—0

ool

0—B—G—>M—0

Voo

! /
11— Y1

oo

0 0

By Proposition 2.6, G is D-projective, since Gy and G are D-projective. Therefore,
we can obtain exact sequence 0 - A - P — G — M — 0. Similarly, we use
pullbacks and can obtain the other exact sequence. O

Theorem 3.13. Let M be an R-module and n be a non-negative integer. Then the
following are equivalent.
(1) Dpdp(M) < n;
(2) For some integer k with 1 < k < n, there is an exact sequence 0 — P, —
o= P = Py = M — 0 such that P; is D-projective if 0 < i < k and P;
is projective if j > k.
(3) For any integer k with 1 < k < n, there is an exact sequence 0 — P,, —
o= Py = Py = M — 0 such that P; is D-projective if 0 < i < k and P;
is projective if j > k.

Proof. (3) = (2) and (2) = (1) are clear.

(1)= 3) Let 0 > G, = -+ = G1 = Gy - M — 0 be an exact sequence
with all G; D-projective. We prove (3) by induction on n. Let n = 1. Since G
is D-projective, there is a short exact sequence 0 - G; - P - N — 0 with P,
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projective and N D-projective. Consider the following pushout diagram:

0

i

0
0—G —=Gy— M —0

By Proposition 2.6, Dy is D-projective, since Gy and N are D-projective. Now
assume that n > 1. Set A = Ker(Gog — M), then Dpdr(A) < n — 1. By the
induction hypothesis, for any integer k£ with 2 < k < n, there is an exact sequence
0— P, = - — P, =+ A— 0such that P; is D-projective if 1 <13 < k and P; is
projective if j > k. Therefore, there is an exact sequence 0 — P, — --- — P; —
Gy - M — 0. Set B = Ker(P, — Gj). For the exact sequence 0 - B — P; —
Go - M — 0, by Lemma 3.12, there is an exact sequence 0 - B — P{ — G, —
M — 0 with P| projective and G{, D-projective. Therefore, we get the wanted
exact sequence 0 - P, — -+ — P, - P{ - G, = M — 0. O

Remark 3.14. (1) In [20, Definition 3.1], the author called a bounded G -projective
resolution of R-module M a strict Ggo-projective resolution if there is an exact
sequence

0—-G,—>Gho1—= =G =Gy —>M—=0

with all G; projective for i > 1 and Gy Ggo-projective. And it is proved that every
R-module M of finite G¢-projective dimension always admits a strict G o-projective
resolution [20, Thereom 3.6]. Using the different method (Theorem 8.20), we can
prove that the R-module M of finite D-projective dimension has the similar prop-
erty.

(2) Let F be a class of R-modules. A morphism ¢ : F — M of A is called an
F-precover of M if F € F and Hom(F', F) — Hom(F', M) — 0 is ezact for
all F' € F. ¢ is called an epic F-precover of M if it is an F-precover and is an
epimorphism. If every R-module admits an (epic) F-precover, then we say F is an
(epic) precovering class. M is said to have a special F-precover if there is an exact

sequence

0 C F M 0
with F € F and Ext*(F, C) = 0. It is clear that M has an epic F-precover if

it has a special F-precover. For more details about precovers, readers can refer
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to [7,9,18]. The authors in [13, Theorem 2.2] proved the following result: If M is
an R-module with Dpdr(M) < oo, then M admits a special D-projective precover
v : G — M where pdr(Kerg) =n-1ifn >0 and Kero =0 if n =0. We can use

the above theorem to give it a new proof.

Theorem 3.15. Let M be an R-module and n be a non-negative integer. Then the

following are equivalent.

(1) Dpdr(M) < n;

(2) For some integer k with 0 < k < n, there is an exact sequence 0 — A, —

= A1 = Ag > M — 0 such that Ay is D-projective and other A;
projective.

(3) For any integer k with 0 < k < n, there is an exact sequence 0 — A, —

= A1 = Ag > M — 0 such that Ay is D-projective and other A;

projective.

Proof. (3) = (2) and (2) = (1) are clear.

(1)=B)Let 0 > G, = -+ = G1 — Gy = M — 0 be an exact sequence with
all G; D-projective. We prove (3) by induction on n. If n = 1, by Lemma 3.12, the
assertion is true. Now we assume that n > 2. Set K = Ker(Gy — Gy). For the
exact sequence 0 - K — G; — Gy — M — 0, by Lemma 3.12, we get two exact
sequences 0 - K — G} — Py = M — 0 with G} D-projective and Py projective
and0 - G, - -+ > Ga > G - Ph > M — 0. Set N = Ker(Py - M),
then Dpdr(N) < n — 1. By the induction hypothesis, for any integer k with
1 < k < n, there is an exact sequence 0 — A, — --- = A7 — N — 0 such
that Ay is D-projective and other A; projective. Therefore, we get the wanted
exact sequence 0 — A, — -+ — A3 — Py - M — 0. Now we prove the case
k=0. Set A = Ker(Gy — M), then Dpdr(A) < n — 1. By the induction
hypothesis, there is an exact sequence 0 — B,, — -+ — By — A — 0 such
that By is D-projective and other B; projective. So we have an exact sequence
0—B,— =B - Gy— M — 0. Set B= Ker(B; — Gp). For the exact
sequence 0 - B — By — Gy — M — 0, by Lemma 3.12, we get an exact sequence
0—B—P'—-G— M — 0 with G D-projective and P” projective. Hence the
exact sequence 0 — B,, — -+ — By = P’ — G — M — 0 is as desired. O

Remark 3.16. Using the dual arguments, one can obtain the dual versions of
Theorem 3.13 and 3.15 on D-injective R-modules.
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4. Strongly D-projective modules and strongly D-injective modules

Bennis and Mahdou in [1] introduced three new classes of modules named strongly
Gorenstein projective, injective and flat modules which are the special classes of
Gorenstein projective, injective and flat modules, respectively. Recall that an R-
module M is called strongly Gorenstein projective if there exists an exact complex
of the form

fPfPfPf

with P projective and such that M = Ker(f) and the complex Homg(P, Q) is
exact for every projective R-module ). The strongly Gorenstein injective modules
are defined dually. It was proved that a module is Gorenstein projective (respec-
tively, injective) if and only if it is a direct summand of a strongly Gorenstein
projective (respectively, injective) module. Recall that the second change of rings
theorem [19] as follows: Let € R be a central nonzerodivisor in a ring. If M is
an R-module and z is a nonzerodivisor on M, then (1) pdg/,(M/xM) < pdr(M);
(2) idr/x(M/xM) < idr(M) — 1 if idg(M) > 1. Bennis and Mahdou in [2] inves-
tigate the change of rings theorems for the Gorenstein dimensions. In this section,
like the strongly Gorenstein projective and injective modules, we first introduce
the strongly Ding projective and injective modules and research their properties.
Finally, we consider the second change of rings theorem for Ding projective and

injective modules.

Definition 4.1. (1) A left R-module M is called strongly D-projective if there

exists an exact complex of the form

P= ---fPfPfPf

with P projective and such that M = Ker(f) and the complex Homgr(P, Q) is
exact for every flat R-module Q.
(2) A left R-module M is called strongly D-injective if there exists an exact

complex of the form

I= ~--fIfIfIf

with P projective and such that M = Ker(f) and the complex Homg(FE, I) is

exact for every F P-injective R-module E.

We use SDP(R) (SDI(R), respectively) to denote the class of all strongly D-
projective (D-injective, respectively) R-modules. Like the strongly G-projective

and G-injective modules, we have
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Proposition 4.2. (1) SDP(R) is closed under direct sums. Every projective mod-
ule 1s strongly D-projective module.
(2) SDZ(R) is closed under direct products. Every injective module is strongly

D-injective module.

Theorem 4.3. (1) An R-module is D-projective if and only if it is a direct sum-
mand of some strongly D-projective R-module.
(2) An R-module is D-injective if and only if it is a direct summand of some

strongly D-injective R-module.

Proof. (1) Since strongly D-projective R-modules are contained by D-projective
R-modules, and the class of D-projective R-modules is closed under direct sum-
mands [24, Corollary 2.7], the assertion can be proved by modifying the proof of
[1, Theorem 2.7].

(2) The D-injective case is analogous. O

Remark 4.4. (1) Since any quasi-frobenius ring is perfect and any G-projective R-
module over a perfect ring is D-projective, by [1, Example 2.5], strongly D-projective
modules are not necessarily projective. It is clear that strongly D-projective modules
are strongly G-projective, and if R is perfect, they coincide with each other. If
G-projective modules are not necessarily D-projective, by Theorem 4.3, strongly

G-projective modules are not necessarily strongly D-projective. Therefore,

SDP(R) —=> SGP(R)

-l

DP(R) —=> GP(R).

(2) Since any quasi-frobenius ring is noetherian and any G-injective over a noe-
therian ring is D-injective, by [1, Example 2.5], strongly D-injective modules are
not necessarily injective. It is clear that strongly D-injective modules are strongly
G-ingective, and if R is noetherian, they coincide with each other. If G-injective
modules are not necessarily D-injective, by Theorem 4.3, strongly G-injective mod-

ules are not necessarily strongly D-injective. Therefore,

SDI(R) —— SGI(R)

s

DI(R) —=~ GI(R).

(3) We don’t know whether there exists D-projective (D-injective, respectively)

module which is not strongly D-projective (D-injective, respectively) module and
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whether there exists G-projective (G-injective, respectively) module which is not

D-projective (D-injective, respectively) module.

Theorem 4.5. For any R-module M, the following are equivalent.

(1) M is strongly D-projective;

(2) There is a short exact sequence
O—-M-—=P—->M—=0

with P projective and E;vt%l(M, Q) =0 for any flat R-module Q;

(3) There is a short sequence
0O—+M-—=P—M-—=0

with P projective and Ext%l(M, Q) = 0 for any R-module Q with finite

flat dimension.

Proof. It is easy to prove this from the definition of strongly G-projective modules.
|

We point out that by Theorem 4.5 and [1, Proposition 2.12] the class of finitely
generated strongly D-projective and the class of finitely generated strongly G-
projective are the same.

Proposition 4.6. The following are equivalent.
(1) The (strongly) D-projective R-module M s flat (projective);
(2) The strongly G-projective R-module M s flat;
(3) fdr(M) < oo.

Proof. (2) and (3) are equivalent by [1, Corollary 2.11]. Let M be a (strongly)
D-projective R-module. By [5, Lemma 2.4], (3) implies that M is projective. O

Proposition 4.7. Let R be a Ding-Chen ring. For any positive integer n, the
following are equivalent.

(1) wD(R) <n;

(2) Every strongly D-projective R-module is flat;

(3) Ewvery strongly D-projective R-module is projective.

Proof. By [5, Lemma 2.4], it is clear that (2) and (3) are equivalent. By [5,
Proposition 2.14], it just needs to check that every D-projective R-module is flat
when every strongly D-projective R-module is flat. Since every D-projective R-

module is a direct summand of some strongly D-projective R-module, it is clear. [
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Lemma 4.8. (1) Let
0>N—-M-—=>Q—0
be a short exact sequence with Q projective. N is strongly D-projective if and only
if M s strongly D-projective.
(2) Let
0=+I—-U—=V—=0

be a short exact sequence with I injective. U 1is strongly D-injective if and only if

V' is strongly D-injective.

Proof. (1) First note that since @ is projective, 0 - N — M — @ — 0 is split,
hence M = Na@ Q. If N is strongly D-projective, by Proposition 4.2, M is strongly

D-projective. Conversely, If M is strongly D-projective, there is an exact sequence
0—-M—P—M-—0,

where P is projective R-module and Extgr(M, Q) = 0 for any flat R-module Q.

Consider the following pushout diagram:

Since M and N are D-projective, by Proposition 2.6, A is D-projective, and
Exth(A, Q) =0. So 0 - Q — P — A — 0 is split, therefore, A is projective.
Consider the following pullback diagram:

b
oc<~—E~<~—r~<—2<—o0o
!
=30

!

:

00— —

}

i
]
}V
g
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So there is a short exact sequence of the form
0—+N—-B—-N-—=0

with B projective. Meanwhile, Fxtr(N, F) = 0 for any flat R-module F since N
is D-projective. So N is strongly D-projective.
Dually, we can prove (2). O

It is well-known that the class of all G-projective (D-projective, respectively) R-
modules is projectively resolving [11, Theorem 2.5] ([24, Theorem 2.6], respectively).
But for the class of strongly Gorenstein projective R-modules it is not true, see [23,
P2660]. Like the class of strongly G-projective R-modules, the class of strongly
D-projective R-modules isn’t projectively resolving. For any ring R, we have the

following result.

Theorem 4.9. The following conditions are equivalent.

(1) The class of the strongly D-projective R-modules is closed under extensions;

(2) The class of the strongly D-projective R-modules is projectively resolving;

(3) For any short exact sequence of left R-modules 0 = G1 — Gog — M — 0,
where G1 and Go are strongly D-projective, if Exth(M, P) = 0 for any
flat R-module P, then M 1is strongly D-projective;

(4) DP(R) = SDP(R).

Proof. (1) = (2) Let 0 = A — B — C — 0 be an exact sequence of left R-
modules, where B and C' are strongly D-projective, it is sufficient to prove that A
is strongly D-projective. Since C' is strongly D-projective, by Theorem 4.5 there is
an exact sequence of left R-modules 0 — C — P — C' — 0, where P is projective.
Consider the following pullback diagram:

|
!

00— A —

()
!
N
!
!
:

Since C' and B are strongly D-projective, by (1), D is strongly D-projective. By
Lemma 4.8, A is strongly D-projective, since P is projective.
(2) = (1) Clear.
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(1) = (3) Since G is strongly D-projective, there is an exact sequence of left
R-modules 0 - G; — P — G; — 0, where P is projective. Consider the following

pushout diagram:

Qeo
O

T
Zi
|
S
i

l
o<
i
=
!

]

O<—£§<—
o<—9<—

Since G and G are strongly Gorenstein projective, so is D by (1). By hypothesis,
Exth(M, P) =0, thus0 — P — D — M — 0 is split, i.e., D = P & M, which is
strongly D-projective. By Lemma 4.8, M is strongly D-projective.

(3) = (1) Let 0 > A — B — C — 0 be an exact sequence of left R-modules,
where A and C' are strongly D-projective, we prove that B is strongly D-projective.
Since C is strongly D-projective, there is an exact sequence 0 - C' — P — C — 0,

where P is projective. Consider the following pullback diagram:

¢
!

0— A —

(an)
|
b
|
|
|
o

Since the sequence 0 -+ A — D — P — 0 is exact, where P is projective and A
is strongly D-projective, by Lemma 4.8, D is strongly D-projective. On the other
hand, for the exact sequence 0 - A — B — C — 0, we have the exact sequence

Exth(C, Q) = Exty(B, Q) — Exty(A, Q)

for any positive integer ¢ and any flat R-module @). Since A and C' are strongly
D-projective, we have that Extt(C, Q) = Exth(A, Q) =0 by Theorem 4.5. Thus
Exti, (B, Q) = 0. By (3), B is strongly D-projective.

(4) = (2) It is trivial.
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(2) = (4) First note that by (2) and [11, proposition 1.4] SDP(R) is closed
under direct summands. Since every D-projective R-module is a direct summand
of some strongly D-projective R-module, DP(R) = SDP(R). O

Dually, we have the following.

Theorem 4.10. The following conditions are equivalent.
(1) The class of the strongly D-injective R-modules is closed under extensions;
(2) The class of the strongly D-injective R-modules is injectively resolving;
(3) For any short exact sequence of left R-modules 0 - M — Gy — G1 — 0,
where G1 and Gq are strongly D-injective, if Exth(E, M) = 0 for any
F P-injective R-module E, then M is strongly D-injective;
(4) DI(R) = SDI(R).

We are now in a position to consider the second change of rings theorem for

D-projective and D-injective dimensions.
Theorem 4.11. For any R-module M, let x € R be a nonzerodivisor on both M
and R and be both R-regular and M -regular. Then

(1) Dpdgyo(M/xM) < Dpdp(M);

(2) Didpjp(M/xM) < Didp(M) — 1 if Didr(M) > 1.
Proof. We just prove the first inequality. If Dpdr(M) = oo, it is trivial. Now we
assume Dpdr(M) = n < oo and prove it by induction on n. If Dpdr(M) = 0, that
is, M is D-projective, we need to show M/xM is a D-projective R/x-module. By

Proposition 2.6 and Theorem 4.3, we only assume that M is a strongly D-projective

R-module. By Theorem 4.5, there is a short exact sequence
O—-M-—-P—->M—=0

with P projective and Ext%l(M, Q) = 0 for any flat R-module Q). Tensoring the
above short exact sequence with R/x yields the exact sequence

0 — Torf(R/x, M) — M/xM — P/xP — M/xM — 0.
[19, Example 3.1.7], Torf(R/x, M) = 0. By [17, Theorem 11.65], Extg/i(R/x ®Rr
M, Q) = E:vtgl(M, Q) = 0. Therefore, M /xM is a strongly D-projective R/x-
module from Theorem 4.5. If Dpdgr(M) = n > 0, there is a short exact sequence

0O0>K—F—M=—0

with Dpdgr(K) = n — 1 and F free. By induction, Dpdp,,(K/rK) < n — 1.
Tensoring the short exact sequence 0 - K — F — M — 0 with R/x yields the

exact sequence

0 — Torf(R/x, M) = K/xK — F/xF — M/xM — 0.



DING PROJECTIVE AND DING INJECTIVE DIMENSIONS 19

Since Tor{'(R/xz, M) = 0 and F/zF is a projective R/z-module, Dpd g/, (M /zM) <
1+ (n—1) = Dpdgr(M). O

Corollary 4.12. Dpdp,)(M|z]) = Dpdr(M).

Proof. It is true by Corollary 3.3 and Theorem 4.11. (]
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