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Abstract. Let π be a discrete group. We shall introduce the more general

concept of an integral of a weak Doi-Hopf π-datum (H,A,C), where H is a

weak Hopf π-coalgebra coacting on an algebra A and acting on a π-coalgebra

C = {Cα}α∈π . We prove that there exists a total integral θ = {θα : Cα →
Hom(Cα−1 , A)}α∈π , then any representation of (H,A,C) is injective in a func-

torial way, as a corepresentation of C and vice versa. As the application of

the existence of a total integral, we prove the Maschke-type Theorem for weak

Doi-Hopf π-modules.
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1. Introduction

The category CU(H)A of Doi-Hopf modules over the bialgebra H was intro-

duced in [9]. It is the category of the modules over the algebra A which are also

comodules over the coalgebra C and satisfy certain compatibility condition involv-

ing H. The study of CU(H)A turned out to be very useful: it was shown in [3, 9]

that many categories such as the module and comodule categories over bialgebras,

the Hopf modules category [13], and the Yetter-Drinfeld category [11, 25] are spe-

cial cases of CU(H)A. Many results known for module categories over bialgebras

or Hopf algebras were generalized to Hopf group-coalgebra [21].

Hopf group-algebras appeared in the work of Turaev [14] on homotopy quantum

field theories as a generalization of ordinary Hopf algebras. Let us note that there

exists a symmetric monoidal category, the so-called Turaev category, constructed

by Caenepeel and De Lombaerde [4] the Hopf algebras which are the same as Hopf

group-coalgebras. A purely algebraic study of Hopf group-coalgebras can be found

in the references Virelizier ([19, 20]), Wang ([21-24]) and Zunino ([26-27]).

The work was partially supported by the NNSF of China (No.10871042) and the NNSF of Jiangsu

Province (No.BK2009258).
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As a generalization of ordinary Hopf group-coalgebras and weak Hopf algebras

[1], weak Hopf group-coalgebras were studied in the work of Van Daele and Wang

[18]. Weak Hopf group-coalgebras not only provide examples of weak multiplier

Hopf algebras ([17, 18]) , but also provide an approach to construct a class of

new braided crossed categories in the sense of Turaev. A purely algebraic study

of weak Hopf group-coalgebras can be found in [17]. Many results in Hopf group-

coalgebra had been generalized to weak Hopf group-coalgebra. For example, the

Fundamental Theorem of weak Hopf group-comodules was given in [17]. In the

sequel, the fundamental theorem had been generalized to weak relative Hopf group-

comodules in [12].

In this paper, we generalize the definition of Doi-Hopf π-modules to the case

when H is a weak Hopf group-coalgebra and develop the theory of weak Doi-Hopf

π- modules.

This article is organized as follows:

In Section 2, we recall defintions and basic results related to separable func-

tors and (weak) Hopf group-coalgebras and in Section 3, we recall some important

adjoint functors and introduce some weak Doi-Hopf π-modules.

In Section 4, inspired by the idea adopted by Menini and Militaru ([10]) or

Caenepeel et al.([5]), we introduce the notion of integral for weak Doi-Hopf π-

datums and prove that if there exists θ = {θα : Cα → Hom(Cα−1 , A)}α∈π a total

integral, then the natural transformation ρ : FA ◦ 1π−CU(H)A → FA ◦G ◦FC splits.

Conversely, if the natural transformation ρ : FA ◦ 1π−CU(H)A → FA ◦G ◦FC splits,

then there exists θ = {θα : Cα → Hom(Cα−1 , A)}α∈π a total integral(see Theorem

4.4). The application of the integral is also considered (see Theorem 4.7).

In Section 5, we prove the Maschke-type theorem for weak Doi-Hopf π-modules

(see Theorem 5.2).

2. Preliminaries

Throughout this paper, we always let π be a discrete group with a neutral

element e and k a field. If U and V are k-spaces, TU,V : U ⊗V → V ⊗U will denote

the flip map defined by TU,V (u⊗ v) → v ⊗ u, for all u ∈ U and v ∈ V .

2.1. Separable Functors. Separable functors were introduced in [8]: futher ap-

plications and properties have been discussed in [28]and [6]. Separable functors of

the second kind were introduced in [7]. Let F : C → D and H : C → E be covariant

functors. We then have functors

HomC(•, •),HomD(F (•), F (•)),HomE(H(•),H(•)) : Cop × C → Sets
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and natural transformations

F : HomC(•, •) → HomD(F (•), F (•)),H : HomC(•, •) → HomE(H(•),H(•))

given by

FC,C′ (f) = F (f),HC,C′ (f) = H(f)

for f : C → C
′
in C. The functor F is called H-separable if there exsits a natural

transformation

P : HomD(F (•), F (•)) → HomE(H(•),H(•))

such that P ◦ F = H.

We recall two properties: The first is Maschke
′
s Theorem for H-separable func-

tors(see [7, Prop. 2.4]): Let F be an H-separable functor. If f : C → C
′
in C

is such that F (f) has a left , right, or two-sided inverse in D, then H(f) has a

left, right, or two-sided inverse in E . The second one is called Rafael
′
s Theorem

for H-separability(see [7, Theorem 2.7]). If F has a right adjoint G, then F is

H-separable if and only if there exists a natural transformation ξ : HGF → H such

that ξC ◦ H(ηC) = IH(C) for any C ∈ C.

2.2. The π-Coalgebras. Recall from Turaev ([14]) and Virelizier ([19]) that a π-

coalgebra is a family of k-spaces C = {Cα}α∈π together with a family of k-linear

maps ∆ = {∆α,β : ∆αβ → ∆α⊗∆β}α,β∈π (called a comultiplication) and a k-linear

map ε : Ce → k (called a counit) such that ∆ is coassociative in the sense that

(∆α,β ⊗ idCγ ) ◦∆αβ,γ = (idCα ⊗∆β,γ) ◦∆α,βγ , (2. 1)

(idCα ⊗ ε) ◦∆α,e = idCα = (ε⊗ idCα) ◦∆e,α, (2. 2)

for any α, β, γ ∈ π.

Remark 2.1. (Ce,∆e,e, ε) is an ordinary coalgebra in the sense of Sweedler. Fol-

lowing the Sweedler
′
s notation for π-coalgebras, for any α, β ∈ π and c ∈ Cαβ , one

write

∆α,β(c) = c(1,α) ⊗ c(2,β). (2. 3)

The coassociativity axiom (2.1) gives that, for any α, β, γ ∈ π and c ∈ Cαβγ ,

c(1,αβ)(1,α) ⊗ c(1,αβ)(2,β) ⊗ c(2,γ) = c(1,α) ⊗ c(2,βγ)(1,β) ⊗ c(1,βγ)(2,γ), (2. 4)

which is written as c(1,α)⊗c(2,β)⊗c(3,γ). Inductively, we can define c(1,α1)⊗c(2,α2)⊗
· · · c(n,αn), for any c ∈ Cα1α2···αn . The axiom (2.2) gives that, for any α ∈ π and

c ∈ Cα,

ε(c(1,e))c(2,α) = c = c(1,α)ε(c(2,e)). (2. 5)
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2.3. The π-C-Comodules. Let C be a π-coalgebra. A left π-C-comodule is a k-

vector space V endowed with a family of k-linear maps ρV = {ρVα : V → Cα⊗V }α∈π

such that for all α, β ∈ π and v ∈ V ,

v<−1,α> ⊗ v<0,0><−1,β> ⊗ v<0,0><0,0> = v<−1,αβ>(1,α) ⊗ v<−1,αβ>(2,β) ⊗ v<0,0>,

(2. 6)

ε(v<−1,e>)v<0,0> = v, (2. 7)

where we use the the standard notation ρVα (v) = v<−1,α> ⊗ v<0,0>.

2.4. Weak Hopf π-Coalgebras. We recall from Van Daele and Wang ([18]) that

a weak semi-Hopf π-coalgebra H = {Hα,mα, 1α,∆, ε}α∈π is a family of algebras

{Hα, mα, 1α} α∈π and at the same time a π-coalgebra {Hα,∆ = {∆α,β}, ε}α,β∈π

such that

(i) The comultiplication ∆α,β : Hαβ → Hα ⊗Hβ is a homomorphism of algebras

(not necessary unit-preserving) such that

(∆α,β ⊗ idHα)∆αβ,γ(1αβγ) = (∆α,β ⊗ 1γ)(1α ⊗∆β,γ(1βγ)), (2. 8)

(∆α,β ⊗ idHα)∆αβ,γ(1αβγ) = (1α ⊗∆β,γ(1βγ))(∆α,β(1α,β)⊗ 1γ), (2. 9)

for all α, β, γ ∈ π.

(ii) The counit ε : He → k is a k-linear map satisfying the identity

ε(gxh) = ε(gx(2,e))ε(x(1,e)h) = ε(gx(1,e))ε(x(2,e)h), (2. 10)

for all g, h, x ∈ He.

A weak Hopf π-coalgebra is a weak semi-Hopf π-coalgebraH = {Hα,mα, 1α,∆, ε}α∈π

endowed with a family of k-linear maps S = {Sα : Hα → Hα−1} (called antipode)

such that the following data hold:

mα(Sα−1 ⊗ idHα)∆α−1,α(h) = 1(1,α)ε(h1(2,e)), (2. 11)

mα(idHα ⊗ Sα−1)∆α,α−1(h) = ε(1(1,e)h)1(2,α), (2. 12)

Sα(g(1,α))g(2,α−1)Sα(g(3,α)) = Sα(g), (2. 13)

for all h ∈ He, g ∈ Hα and α ∈ π.

Remark 2.2. H = {Hα,mα, 1α,∆, ε}α∈π is an ordinary weak Hopf algebra. The

set of axioms of the above definition is not self-dual. A weak Hopf π-coalgebra H is

said to be of finite type if, for all α ∈ π, Hα is finite-dimensional as a k-vector space.

Note that it does not mean that
⊕

α∈π Hα is finite-dimensional (unless Hα = 0 for
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all but a finite number of α ∈ π). The antipode S = {Sα}α∈π of the weak Hopf

π-coalgebra H is said to be bijective if each Sα is bijective.

Let H be a weak hopf π-coalgebra. Define the family of linear maps εt = {εtα :

He → Hα}α∈π and εs = {εsα : He → Hα}α∈π by the formulars

εsα(h) = mα(Sα−1 ⊗ idHα)∆α−1,α(h) = 1(1,α)ε(h1(2,e)), (2. 14)

εtα(h) = mα(idHα ⊗ Sα−1)∆α,α−1(h) = ε(1(1,e)h)1(2,α), (2. 15)

for any h ∈ He and α ∈ π, where εt, εs are called the π-target and π-source counital

maps. Introduce the notations Ht = εt(H) = {εtα(He)}α∈π and Hs = εs(H) =

{εsα(He)}α∈π for their images.

Let H be a weak hopf π-coalgebra. Then we have the following properties, we

refer to [18] for full detail.

(W1) ∆α,β(1αβ) ∈ Hs
α ⊗Ht

α, for all α, β ∈ π;

(W2) εtα(gh) = εtα(gε
t
e(h)), ε

t
α(ε

t
e(g)h) = εtα(g)ε

t
α(h), for all g, h ∈ He;

(W3) ∆α,β(H
t
αβ) ⊆ Hα ⊗Ht

β , ∆α,β(H
s
αβ) ⊆ Hs

α ⊗Hβ ;

(W4) x(1,α) ⊗ εtβ(x(2,e)) = 1(1,α)x⊗ 1(2,β), for all α, β ∈ π and x ∈ He;

(W5) εsβ(x(1,e))⊗ x(2,α) = 1(1,β) ⊗ x1(2,α), for all α, β ∈ π and x ∈ He;

(W6) εtα(h)ε
s
α(g) = εsα(g)ε

t
α(h), for all g, h ∈ He;

(W7) Sα(xy) = Sα(y)Sα(x), for all α ∈ π and x, y ∈ Hα;

(W8) Sα(1α) = 1α−1 , for all α ∈ π;

(W9) ∆β−1,α−1 ◦ Sαβ = THα−1 ,Hβ−1 ◦ (Sα ⊗ Sβ) ◦∆α,β , for all α, β ∈ π;

(W10) εtα ◦ Se = εtα ◦ εse = Sα−1 ◦ εsα−1 ;

(W11) x(1,α) ⊗ εsβ(x(2,e)) = x1(1,α) ⊗Sβ−1(1(2,β−1)), for all α, β ∈ π and x ∈ Hα;

(W12) εtβ(x(1,e))⊗x(2,α) = Sβ−1(1(1,β−1))⊗ 1(2,α)x, for all α, β ∈ π and x ∈ Hα;

(W13) If H is of finite type, then the antipode S is bijective.

Definition 2.3. Let H be a weak Hopf π-coalgebra over the field k. A k-algebra

A is called a weak left π-H-comodule algebra if there exists a family of maps ρA =

{ρAα : A → Hα ⊗A} such that

(idHα ⊗ ρAβ ) ◦ ρAα = (∆α,β ⊗ idA) ◦ ρAαβ , (2. 16)

(ε ◦ idA) ◦ ρAe = idA, (2. 17)

ρAα (1A) = (εsα ◦ idA) ◦ ρAe (1A), (2. 18)

ρAα (ab) = ρAα (a)ρ
A
α (b), (2. 19)

for all α, β ∈ π and a, b ∈ A. We use the standard notation ρAα (a) = a<−1,α> ⊗
a<0,0>.
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Lemma 2.4. Let A be a weak left π-H-comodule algebra. Then, for all α ∈ π and

a ∈ A,

1<−1,α>⊗1<0,0><−1,e>⊗1<0,0><0,0> = 1α(1,α)⊗1α(2,e)1
′

<−1,e>⊗1
′

<0,0>, (2. 20)

εsα(a<−1,e>)⊗ a<0,0> = 1<−1,α> ⊗ a1<0,0>, (2. 21)

εtα(a<−1,e>)⊗ a<0,0> = Sα−1(1<−1,α−1>)⊗ 1<0,0>a. (2. 22)

Proof. The proof is straightforward. �

Definition 2.5. A π-coalgebra C is called a weak right π-H-module coalgebra if

there exists a family of maps · : Cα ⊗Hα → Cα such that

(c · h) · h
′
= c · hh

′
, (2. 23)

c · 1α = c, (2. 24)

c · εtα(g) = εC(c(1,e) · g)c(2,α), (2. 25)

∆α,β(c
′
· g

′
) = c

′

(1,α) · g
′

(1,α) ⊗ c
′

(2,β) · g
′

(2,β), (2. 26)

for all c ∈ Cα, c
′ ∈ Cαβ , h, h

′ ∈ Hα, g
′ ∈ Hαβ , g ∈ He and α, β ∈ π.

Lemma 2.6. E.q (2. 25) is equivalent to

εC(c · h) = εC(c · εte(h)), (2. 27)

for all c ∈ Ce and h ∈ He.

Proof. Assume E.q (2.27) holds. For all c ∈ Cα and g ∈ He, we have

εC(c(1,e) · g)c(2,α)
(2.27)
= εC(c(1,e) · εte(g))c(2,α)

(2.26)
= εC(c(1,e) · 1(1,e)εte(g))c(2,α) · 1(2,α)

(W3)
= εC(c(1,e) · εtα(g)(1,e))c(2,α) · εtα(g)(2,α)

(2.26,2.5)
= c · εtα(g).

Thus E.q (2. 25) holds.

Conversely, assume E.q (2. 25) holds. Taking α = e, c ∈ Ce and g ∈ He, we

have

c · εte(g) = εC(c(1,e) · g)c(2,e).

So

εC(c · εte(g))
(2.25)
= εC(c(1,e) · g)εC(c(2,e))

(2.5)
= εC(c · g).

The proof of the Lemma is completed. �
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3. Weak Doi-Hopf π-Module: Functors And Structure

Let H be a weak Hopf π-coalgebra. A weak Doi-Hopf π-datum is a triple

(H,A,C), where A is a weak left π-H-comodule algebra and C a weak right π-H-

module coalgebra.

A weak Doi-Hopf π-module M is a right A-module which is also a left π-C-

comodule with the coaction structure ρM = {ρMλ : M → Cλ ⊗ M}λ∈π such that

the following compatible condition holds:

ρMα (m · a) = m<−1,α> · a<−1,α> ⊗m<0,0> · a<0,0>, (3. 1)

for all α ∈ π and m ∈ M,a ∈ A.

The set of weak Doi-Hopf π-modules together with both an A-module maps and

a π-C-comodule maps will form a category of weak Doi-Hopf π-modules and will

be denoted by π−CU(H)A (called a weak Doi-Hopf π-modules category).

Let FC :π−C U(H)A → UA be the forgetful functor which forgets the π-C-

coaction and

G : UA →π−C U(H)A, M 7→ G(M) =
⊕
α∈π

Cα ⊗M

its right adjoint, where Cα ⊗M = {c · 1<−1,α> ⊗m · 1<0,0>|m ∈ M, c ∈ Cα} and

the weak Doi-Hopf π-module structures on Cα ⊗M are given by

(c · 1<−1,α> ⊗m · 1<0,0>) · a = c · a<−1,α> ⊗m · a<0,0>, (3. 2)

lρ
G(M)
β (c ·1<−1,α>⊗m ·1<0,0>) = c(1,β)⊗c(2,β−1α) ·1<−1,β−1α>⊗m ·1<0,0>, (3. 3)

for all c ∈ Cα, a ∈ A, m ∈ M and α, β ∈ π. The unit of the adjoint pair (FC , G) is

ρ : 1π−CU(H)A → G ◦ FC

defined by ρM : M → G(M), ρM (m) =
⊕

α∈π m<−1,α> ⊗m<0,0>, for all m ∈ M .

Since A is a right A−module, one has that
⊕

α∈π Cα ⊗A is a weak Doi-Hopf π-

module via

(c · 1<−1,α> ⊗ a1<0,0>) · b = c · b<−1,α> ⊗ ab<0,0>, (3. 4)

lρ
G(A)
β (c · 1<−1,α> ⊗ a1<0,0>) = c(1,β) ⊗ c(2,β−1α) · 1<−1,β−1α> ⊗ a1<0,0> (3. 5)

for all a ∈ A, c ∈ Cα and β ∈ π.
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Lemma 3.1. The vector space
⊕

α∈π Cα ⊗A is a right π- C-comodule via

rρ
G(A)
β (c · 1<−1,α> ⊗ a1<0,0>)

= c(1,αβ−1) · 1<−1,αβ−1> ⊗ a<0,0>1<0,0> ⊗ c(2,β)Sβ−1(a<−1,β−1>),

for any β, α ∈ π, c ∈ Cα and a ∈ A.

Proof. First, we can prove that (idG(A) ⊗ εC) ◦r ρG(A)
e = idG(A). In fact, for all

c ∈ Cα and a ∈ A, we have

(idG(A) ⊗ εC) ◦r ρG(A)
e (c · 1<−1,α> ⊗ a1<0,0>)

= ε(c(2,e)Se(a<−1,e>))c(1,α) · 1<−1,α> ⊗ a<0,0>1<0,0>

(2.27)
= ε(c(2,e)ε

t
e(Se(a<−1,e>)))c(1,α) · 1<−1,α> ⊗ a<0,0>1<0,0>

(W10)
= ε(c(2,e)ε

t
eε

s
e(a<−1,e>))c(1,α) · 1<−1,α> ⊗ a<0,0>1<0,0>

(2.21)
= ε(c(2,e)ε

t
e(1

′

<−1,e>))c(1,α) · 1<−1,α> ⊗ a1
′

<0,0>1<0,0>

(2.27,2.18)
= ε(c(2,e)ε

s
e(1

′

<−1,e>))c(1,α) · 1<−1,α> ⊗ a1
′

<0,0>1<0,0>

(W3,2.26)
= ε((c · εsα(1

′

<−1,e>))(2,e))(c · εsα(1
′

<−1,e>))(1,α) · 1<−1,α> ⊗ a1
′

<0,0>1<0,0>

(2.5)
= c · εsα(1

′

<−1,e>)1<−1,α> ⊗ a1
′

<0,0>1<0,0>

(2.18)
= c · 1

′

<−1,α>1<−1,α> ⊗ a1
′

<0,0>1<0,0>

(2.19)
= c · 1<−1,α> ⊗ a1<0,0>.

For all c ∈ Cα and a ∈ A, we have

(rρG(A)
γ ⊗ idCβ

) ◦r ρG(A)
β (c · 1<−1,α> ⊗ a1<0,0>)

= c(1,αβ−1)(1,αβ−1γ−1) · 1<−1,αβ−1γ−1> ⊗ a<0,0><0,0>1<0,0>

⊗c(1,αβ−1)(2,γ)Sγ−1(a<0,0><−1,γ−1>)⊗ c(2,β)Sβ−1(a<−1,β−1>)

(2.4)
= c(1,αβ−1γ−1) · 1<−1,αβ−1γ−1> ⊗ a<0,0><0,0>1<0,0>

⊗c(2,γβ)(1,γ)Sγ−1(a<0,0><−1,γ−1>)⊗ c(2,γβ)(2,β)Sβ−1(a<−1,β−1>)

(2.16)
= c(1,αβ−1γ−1) · 1<−1,αβ−1γ−1> ⊗ a<0,0>1<0,0>

⊗c(2,γβ)(1,γ)Sγ−1(a<−1,β−1γ−1>(2,γ−1))⊗ c(2,γβ)(2,β)Sβ−1(a<−1,β−1γ−1>(1,β−1))

(W9)
= c(1,αβ−1γ−1) · 1<−1,αβ−1γ−1> ⊗ a<0,0>1<0,0> ⊗

c(2,γβ)(1,γ)Sβ−1γ−1(a<−1,β−1γ−1>)(1,γ) ⊗ c(2,γβ)(2,β)Sβ−1γ−1(a<−1,β−1γ−1>)(2,β)
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and also

(idG(A) ⊗∆γ,β) ◦r ρG(A)
γβ (c · 1<−1,α> ⊗ a1<0,0>)

= (idG(A) ⊗∆γ,β)(c(1,αβ−1γ−1) · 1<−1,αβ−1γ−1>

⊗a<0,0>1<0,0> ⊗ c(2,γβ)S(γβ)−1(a<−1,β−1γ−1>))

= c(1,αβ−1γ−1) · 1<−1,αβ−1γ−1> ⊗ a<0,0>1<0,0>

⊗c(2,γβ)(1,γ)S(γβ)−1(a<−1,β−1γ−1>)(1,γ) ⊗ c(2,γβ)(2,β)S(γβ)−1(a<−1,β−1γ−1>)(2,β).

Thus we prove that (rρ
G(A)
γ ⊗ idCβ

) ◦r ρG(A)
β = (idG(A) ⊗∆γ,β) ◦r ρG(A)

γβ .

The proof is completed. �

The vector space⊕
β∈π

⊕
γ∈π

Cβ ⊗ Cγ ⊗A = G ◦ FC(
⊕
γ∈π

Cγ ⊗A) = GFCG(A) = G2(A)

is also an object in π−CU(H)A, i.e.,

G ◦ FC(
⊕
γ∈π

Cγ ⊗A)

= {
⊕
β∈π

(cβ · 1
′

<−1,β> ⊗ (
⊕
γ∈π

dγ · 1<−1,γ> ⊗ a1<0,0>) · 1
′

<0,0>)|∀a ∈ A}

= {
⊕
β∈π

⊕
γ∈π

(cβ · 1<−1,β> ⊗ dγ · 1<0,0><−1,γ> ⊗ a1<0,0><0,0>)|∀a ∈ A}

and also have

(c · 1<−1,α> ⊗ d · 1<0,0><−1,γ> ⊗ a1<0,0><0,0>) · b
= c · b<−1,α> ⊗ d · b<0,0><−1,γ> ⊗ ab<0,0><0,0>,

lρ
G2(A)
β (c · 1<−1,α> ⊗ d · 1<0,0><−1,γ> ⊗ a1<0,0><0,0>)

= c(1,β) ⊗ c(2,β−1α) · 1<−1,β−1α> ⊗ d · 1<0,0><−1,γ> ⊗ a1<0,0><0,0>,
rρ

G2(A)
β (c · 1<−1,α> ⊗ d · 1<0,0><−1,γ> ⊗ a1<0,0><0,0>)

= c · 1<−1,α> ⊗ d(1,γβ−1) · 1<0,0><−1,γβ−1>

⊗a<0,0>1<0,0><0,0> ⊗ d(2,β)Sβ−1(a<−1,β−1>),

for all c ∈ Cα, d ∈ Cγ , a, b ∈ A and β, α, γ ∈ π.

Now, let FA :π−C U(H)A →π−C U be the other forgetful functor, which forgets

the A-action and

Ĝ :π−C U →π−C U(H)A, Ĝ(N) = {n⊗̂a = εC(n<−1,e> ·1<−1,e>)n<0,0>⊗1<0,0>a}
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its left adjoint, where for N ∈π−C U , Ĝ(N) ∈π−C U(H)A via the structures: for

all β ∈ π, n ∈ N and a, b ∈ A,

(n⊗̂a) · b = n⊗̂ab, (3. 6)

ρ
Ĝ(N)
β (n⊗̂a) = n<−1,β> · a<−1,β> ⊗ n<0,0> ⊗ a<0,0>. (3. 7)

Since C =
⊕

α∈π Cα is a left π-C-comodule via lρCβ(c) = c(1,β) ⊗ c(2,β−1α), for all

c ∈ Cα and β ∈ π. We have Ĝ(C) =
⊕

α∈π Ĝ(Cα), where

Ĝ(Cα) = {εC(c(1,e) · 1<−1,e>)c(2,α) ⊗ 1<0,0>a}
(2.25)
= {c · εtα(1<−1,e>)⊗ 1<0,0>}

(2.18,W10)
= {c · Sα−1(εsα−1(1<−1,e>))⊗ 1<0,0>a}

(2.18)
= {c · Sα−1(1<−1,α−1>)⊗ 1<0,0>a}.

We can view Ĝ(C) as a weak Doi-Hopf π- module via

(c · Sα−1(1<−1,α−1>)⊗ 1<0,0>a) · b = c · Sα−1(1<−1,α−1>)⊗ 1<0,0>ab, (3. 8)

lρ
Ĝ(C)
β (c · Sα−1(1<−1,α−1>)⊗ 1<0,0>a)

= c(1,β) · a<−1,β> ⊗ c(2,β−1α) · Sβ−1α(1<−1,β−1α>)⊗ 1<0,0>a<0,0>, (3. 9)

for all c ∈ Cα, a, b ∈ A and α, β ∈ π.

From the discussion above, we have two types of weak Doi-Hopf π-modules, i.e.,

weak Doi-Hopf π-module
⊕

α∈π Cα ⊗A via (3.4) and (3.5) and weak Doi-Hopf π-

module Ĝ(C) via (3.8) and (3.9). The following proposition will reveal the relation

between them.

Proposition 3.2. two types of weak Doi-Hopf π-modules
⊕

α∈π Cα ⊗A and Ĝ(C)
are isomorphic in the category π−CU(H)A.

Proof. We construct the maps as follows: for all c ∈ Cα, a ∈ A and α ∈ π,

u :
⊕
α∈π

Cα ⊗A →
⊕
α∈π

Ĝ(Cα),

u(c · 1<−1,α> ⊗ a1<0,0>) = c · Sα−1(a<−1,α−1>)⊗ a<0,0>, (3. 10)

v :
⊕
α∈π

Ĝ(Cα) →
⊕
α∈π

Cα ⊗A,

v(c · Sα−1(1<−1,α−1>)⊗ 1<0,0>a) = c · a<−1,α> ⊗ a<0,0>. (3. 11)
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For all c ∈ Cα, a ∈ A and α ∈ π, since

v ◦ u(c · 1<−1,α> ⊗ a1<0,0>)

= v(c · Sα−1(a<−1,α−1>)⊗ a<0,0>)

= c · Sα−1(a<−1,α−1>)a<0,0><−1,α> ⊗ a<0,0><0,0>

(2.16)
= c · Sα−1(a<−1,e>(1,α−1))a<−1,e>(2,α) ⊗ a<0,0>

(2.14)
= cεsα(a<−1,e>)⊗ a<0,0>

(2.21)
= c · 1<−1,α> ⊗ a1<0,0>.

So we have v ◦ u = idG(A). On the other hand, for all c ∈ Cα, a ∈ A and α ∈ π,

since

u ◦ v(c · Sα−1(1<−1,α−1>)⊗ 1<0,0>a)

= c · a<−1,α>Sα−1(a<0,0><−1,α−1>)⊗ a<0,0><0,0>

(2.16)
= c · a<−1,e>(1,α)Sα−1(a<−1,e>(2,α−1))⊗ a<0,0>

(2.15)
= c · εtα(a<−1,e>)⊗ a<0,0>

(2.22)
= c · Sα−1(1<−1,α−1>)⊗ 1<0,0>a.

Thus we have u ◦ v = idĜ(C). The proof that u is both an A-module map and a

π-C-comoodule map is straightforward. �

4. Integral of a weak Doi-Hopf π-Datum

Definition 4.1. Let (H,A,C) be a weak Doi-Hopf π -datum. A family of k-linear

maps θ = {θα : Cα → Hom(Cα−1 , A)}α∈π are called an integral of (H,A,C) if

c(1,α)⊗θβ(c(2,β))(d) = d(2,α)(θαβ(c)(d(1,(αβ)−1)))<−1,α>⊗(θαβ(c)(d(1,(αβ)−1)))<0,0>,

(4. 1)

for all α, β ∈ π and c ∈ Cαβ , d ∈ Cβ−1 . An integral θ = {θα : Cα → Hom(Cα−1 , A)}α∈π

is called total if ∑
α∈π

θα(c(1,α))(c(2,α−1)) = εC(c · 1<−1,e>)1<0,0>, (4. 2)

for all α ∈ π, c ∈ Ce.

We shall now prove that the existence of an integral θ = {θα : Cα → Hom(Cα−1 , A)}
permits the deformation of a k-linear map between two weak Doi-Hopf π-modules

until it becomes a π-C-colinear map.
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Proposition 4.2. Let (H,A,C) be a weak Doi-Hopf π-datum, N ∈π−C U , M ∈π−C

U(H)A and u : N → M a k-linear map. Suppose that there exists θ = {θα : Cα →
Hom(Cα−1 , A)}α∈π an integral. Then

(1) The map

ũ : N → M, ũ(n) =
∑
α∈π

u(n<0,0>)<0,0>θα(n<−1,α>)(u(n<0,0>)<−1,α−1>),

for all n ∈ N, is left π-C-colinear,

(2) If θ is a total integral and f : M → N is a morphism in π−CU(H)A which is

a k-split injection (resp. a k-split surjection ), then f has a π-C-colinear retraction

(resp. a section ).

Proof. (1) For n ∈ N, β ∈ π, we have

ρMβ ◦ ũ(n)

=
∑
α∈π

u(n<0,0>)<0,0><−1,β>θα(n<−1,α>)(u(n<0,0>)<−1,α−1>)<−1,β>′

⊗u(n<0,0>)<0,0><0,0>θα(n<−1,α>)(u(n<0,0>)<−1,α−1>)<0,0>′

(2.6)
=

∑
α∈π

u(n<0,0>)<−1,α−1β>(2,β)θα(n<−1,α>)

(u(n<0,0>)<−1,α−1β>(1,α−1))<−1,β>′

⊗u(n<0,0>)<0,0>θα(n<−1,α>)(u(n<0,0>)<−1,α−1β><−1,α−1>)<0,0>′

ν=α−1β
=

∑
ν∈π

u(n<0,0>)<−1,ν>(2,β)θβν−1(n<−1,βν−1>)

(u(n<0,0>)<−1,ν>(1,νβ−1))<−1,β>′

⊗u(n<0,0>)<0,0>θβν−1(n<−1,βν−1>)(u(n<0,0>)<−1,ν><−1,βν−1>)<0,0>′

(4.1)
=

∑
ν∈π

n<−1,βν−1>(1,β) ⊗ u(n<0,0>)<0,0>

θν−1(n<−1,βν−1>(2,ν−1))(u(n<0,0>)<−1,ν>)

α=ν−1

=
∑
α∈π

n<−1,βα>(1,β) ⊗ u(n<0,0>)<0,0>

θα(n<−1,βα>(2,α))(u(n<0,0>)<−1,α−1>)

(2.6)
=

∑
α∈π

n<−1,β> ⊗ u(n<0,0><0,0>)<0,0>

θα(n<0,0><−1,α>)(u(n<0,0><0,0>)<−1,α−1>)

= (id⊗ ũ) ◦ ρNβ (n).

Hence ũ is a left π-C-colinear.



WEAK HOPF π-COALGEBRAS 97

(2) Let u : N → M be a k-linear retraction (resp. section ) of f . Then ũ : N →
M, is a left π-C-colinear retraction (resp.section) of f . Assume first that u is a

retraction of f . Then, for m ∈ M , one has

(ũ ◦ f)(m) =
∑
α∈π

u(f(m)<0,0>)<0,0>θα(f(m)<−1,α>)(u(f(m)<0,0>)<−1,α−1>)

=
∑
α∈π

u(f(m<0,0>))<0,0>θα(m<−1,α>)(u(f(m<0,0>))<−1,α−1>)

=
∑
α∈π

m<0,0><0,0>θα(m<−1,α>)(m<0,0><−1,α−1>)

(2.6)
=

∑
α∈π

m<0,0>θα(m<−1,e>(1,α))(m<−1,e>(2,α−1))

(4.2)
= m<0,0> · 1<0,0>ε(m<−1,e> · 1<−1,e>) = m.

Hence ũ : N → M is a left π-C-colinear retraction of f .

On the other hand, if u is a section of f , then, for n ∈ N , we have

(f ◦ ũ)(n) =
∑
α∈π

f(u(n<0,0>)<0,0>θα(n<−1,α>)(u(n<0,0>)<−1,α−1>))

=
∑
α∈π

f(u(n<0,0>)<0,0>)θα(n<−1,α>)(u(n<0,0>)<−1,α−1>)

=
∑
α∈π

f(u(n<0,0>))<0,0>θα(n<−1,α>)(f(u(n<0,0>))<−1,α−1>)

=
∑
α∈π

n<0,0><0,0>θα(n<−1,α>)(n<0,0><−1,α−1>)

(2.6)
=

∑
α∈π

n<0,0>θα(n<−1,e>(1,α))(n<−1,e>(2,α−1))

(4.2)
= n<0,0> · 1<0,0>ε(n<−1,e> · 1<−1,e>) = n,

i.e., ũ : N → M is a left π-C-colinear section of f . Thus the proof is completed. �

For weak Doi-Hopf π-modules
⊕

α∈π Cα ⊗A and
⊕

β∈π

⊕
γ∈π Cβ ⊗ Cγ ⊗A, we

define a map as follows:

ρG(A) :
⊕
α∈π

Cα ⊗A →
⊕
β∈π

⊕
γ∈π

Cβ ⊗ Cγ ⊗A,

ρG(A)(c · 1<−1,α> ⊗ a1<0,0>)

=
⊕
γ∈π

c(1,γ) · 1<−1,γ> ⊗ c(2,γ−1α) · 1<0,0><−1,γ−1α> ⊗ a1<0,0><0,0>,(4. 3)

for all c ∈ Cα, a ∈ A and α ∈ π.

Lemma 4.3. ρG(A) is a morphism in the category π−CUπ−C .
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Proof. It is sufficient to prove that for all λ ∈ π, the following identities

lρ
G2(A)
λ ◦ ρG(A) = (idCλ

⊗ ρG(A)) ◦l ρ
G(A)
λ

and

rρ
G2(A)
λ ◦ ρG(A) = (ρG(A) ⊗ idCλ

) ◦r ρG(A)
λ

hold. Now we shall check the first. In fact, for all λ, α ∈ π and c ∈ Cα, we have

lρ
G2(A)
λ ◦ ρG(A)(c · 1<−1,α> ⊗ a1<0,0>)

=
⊕
γ∈π

c(1,γ)(1,λ) ⊗ c(1,γ)(2,λ−1γ) · 1<−1,λ−1γ>

⊗c(2,γ−1α) · 1<0,0><−1,γ−1α> ⊗ a1<0,0><0,0>

(2.1)
=

⊕
γ∈π

c(1,λ) ⊗ c(2,λ−1α)(1,λ−1γ) · 1<−1,λ−1γ>

⊗c(2,λ−1α)(2,γ−1α) · 1<0,0><−1,γ−1α> ⊗ a1<0,0><0,0>

γ=λω
=

⊕
ω∈π

c(1,λ) ⊗ c(2,λ−1α)(1,ω) · 1<−1,ω>

⊗c(2,λ−1α)(2,ω−1λ−1α) · 1<0,0><−1,ω−1λ−1α> ⊗ a1<0,0><0,0>

= (idCλ
⊗ ρG(A)) ◦l ρ

G(A)
λ (c · 1<−1,α> ⊗ a1<0,0>).

Similarly, we can check the other. Thus the proof of the Lemma is completed. �

Theorem 4.4. Let (H,A,C) be a weak Doi-Hopf π-datum. The following condi-

tions are equivalent:

(1) There exists θ = {θα : Cα → Hom(Cα−1 , A)}α∈π a total integral,

(2) the natural transformation

ρ : FA ◦ 1π−CU(H)A → FA ◦G ◦ FC

splits,

(3) The maps

ρG(A) :
⊕
α∈π

Cα ⊗A →
⊕
β∈π

⊕
α∈π

Cβ ⊗ Cα ⊗A,

ρG(A)(c · 1<−1,α> ⊗ a1<0,0>)

=
⊕
β∈π

c(1,β) · 1<−1,β> ⊗ c(2,β−1α) · 1<0,0><−1,β−1α> ⊗ a1<0,0><0,0>,(4. 4)

for all c ∈ Cα, a ∈ A and α ∈ π, splits in π−CUπ−C .

Proof. (1) ⇒ (2). Let θ = {θα : Cα → Hom(Cα−1 , A)}α∈π be a total integral. We

have to construct a natural transformation ξ that splits ρ. Let M ∈π−C U(H)A
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and uM : G(M) → M be the k- linear retraction of ρM : M → G(M) given by

uM (
⊕
α∈π

cα · 1<−1,α> ⊗mα · 1<0,0>) = εC(ce · 1<−1,e>)me · 1<0,0>.

In fact, for all m ∈ M , we have

uM ◦ ρM (m) = uM (
⊕
α∈π

m<−1,α> ⊗m<0,0>)

= εC(m<−1,e>)m<0,0> = m.

We define

ξM = ũM : G(M) → M,

ξM (
⊕
α∈π

cα · 1<−1,α> ⊗mα · 1<0,0>)

=
∑
α∈π

mα<0,0> · 1<0,0><0,0>θα(cα · 1<−1,α>)(mα<−1,α−1> · 1<0,0><−1,α−1>).

It follows from Proposition 4.2 that the map ξM is a left π-C-colinear retraction of

ρM .

It remains to prove that ξ = {ξM |M ∈π−C U(H)A} is a natural transformation.

Let f : M → N be a morphism in π−CU(H)A. We have to prove that the diagram

G(M)
-ξM

M

?
G(f)

G(N)
-ξN ?

f

N

is commutative. Using that f is right A-linear, we have

(f ◦ ξM )(
⊕
α∈π

cα · 1<−1,α> ⊗mα · 1<0,0>)

= f(
∑
α∈π

mα<0,0> · 1<0,0><0,0>

θα(cα · 1<−1,α>)(mα<−1,α−1> · 1<0,0><−1,α−1>))

= f(
∑
α∈π

mα<0,0>) · 1<0,0><0,0>

θα(cα · 1<−1,α>)(mα<−1,α−1> · 1<0,0><−1,α−1>)

and using that f is left π- C-colinear

(ξN ◦ (G(f)))(
⊕
α∈π

cα · 1<−1,α> ⊗mα · 1<0,0>)

= ξN (
⊕
α∈π

cα · 1<−1,α> ⊗ f(mα · 1<0,0>))
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=
∑
α∈π

f(mα)<0,0> · 1<0,0><0,0>θα(cα · 1<−1,α>)

(f(mα)<−1,α−1> · 1<0,0><−1,α−1>)

=
∑
α∈π

f(mα<0,0>) · 1<0,0><0,0>

θα(cα · 1<−1,α>)(mα<−1,α−1> · 1<0,0><−1,α−1>).

I.e., ξ is a natural transformation that splits ρ.

(2) ⇒ (3).Assume that for any M ∈π−C U(H)A. ρM : M → G(M) splits in the

category π−CU of left π-C-comodules and the character of the splitting is functorial.

In particular,

ρG(A) :
⊕
α∈π

Cα ⊗A →
⊕
β∈π

⊕
α∈π

Cβ ⊗ Cα ⊗A,

ρG(A)(c · 1<−1,α> ⊗ a1<0,0>)

=
⊕
β∈π

c(1,β) · 1<−1,β> ⊗ c(2,β−1α) · 1<0,0><−1,β−1α> ⊗ a1<0,0><0,0> (4. 5)

splits in π−CU and let

ξG(A) :
⊕
β∈π

⊕
α∈π

Cβ ⊗ Cα ⊗A →
⊕
α∈π

Cα ⊗A

be the left π-C-colinear retraction of ρG(A). Using the naturality of ξ, we will prove

that ξ is a right π-C-colinear, where
⊕

α∈π Cα ⊗A and
⊕

β∈π

⊕
α∈π Cβ ⊗ Cα ⊗A

are right π- C-comodules in section 3.

First, let V be a vector space and M ∈π−C U(H)A. Then M ⊗ V ∈π−C U(H)A

via the structures arising from the ones of M , i.e.,

(m⊗ v) · a = ma⊗ v, ρM⊗V
α = ρMα ⊗ idV ,

for all α ∈ π,m ∈ M,a ∈ A, and v ∈ V . Let v ∈ V and gv : M → M ⊗ V, gv(m) =

m⊗ v. Then gv is a morphism in π−CU(H)A . From the naturality of ξ, we obtain

that gv ◦ ξM = ξM⊗V ◦G(gv). Hence

ξM⊗V (c · 1<−1,α> ⊗m · 1<0,0> ⊗ v) = gv(ξM (c · 1<−1,α> ⊗m · 1<0,0>))

= ξM (c · 1<−1,α> ⊗m · 1<0,0>)⊗ v,

for all α ∈ π, c ∈ Cα and m ∈ M,v ∈ V . Thus we prove that ξM⊗V = ξM ⊗ idV .

In particular, let us take M = G(A) and V =
⊕

β∈π Cβ viewed only as a vector

space. Then G(A) ⊗
⊕

β∈π Cβ =
⊕

α∈π

⊕
β∈π Cα ⊗A ⊗ Cβ ∈π−C U(H)A via the
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structures:

(c · 1<−1,α> ⊗ a1<0,0> ⊗ d) · b = c · b<−1,α> ⊗ ab<0,0> ⊗ d, (4. 6)

lρ
G(A)⊗

⊕
β∈π Cβ

γ (c · 1<−1,α> ⊗ a1<0,0> ⊗ d)

= c(1,γ) ⊗ c(2,γ−1α) · 1<−1,γ−1α> ⊗ a1<0,0> ⊗ d, (4. 7)

for all α, β, γ ∈ π, c ∈ Cα, a ∈ A and d ∈ Cβ . With these structures, the map

f =r ρG(A) : G(A) → G(A)⊗
⊕
β∈π

Cβ

rρG(A)(c · 1<−1,α> ⊗ a1<0,0>)

=
⊕
β∈π

c(1,αβ−1) · 1<−1,αβ−1> ⊗ a<0,0>1<0,0> ⊗ c(2,β)Sβ−1(a<−1,β−1>),

for all a ∈ A, α ∈ π and c ∈ Cα, is a morphism in π−CU(H)A. In fact, for all

a, b ∈ A, α ∈ π and c ∈ Cα, we have

rρG(A)((c · 1<−1,α> ⊗ a1<0,0>) · b) = c · b<−1,α> ⊗ ab<0,0>

=
⊕
β∈π

c(1,αβ−1) · b<−1,α>(1,αβ−1)1<−1,αβ−1> ⊗ a<0,0>b<0,0><0,0>1<0,0>

⊗c(2,β) · b<−1,α>(2,β)Sβ−1(a<−1,β−1>b<0,0><−1,β−1>)

(2.16)
=

⊕
β∈π

c(1,αβ−1) · b<−1,αβ−1>(1,α)(1,αβ−1)1<−1,αβ−1> ⊗ a<0,0>b<0,0>1<0,0>

⊗c(2,β) · b<−1,αβ−1>(1,α)(2,β)Sβ−1(a<−1,β−1>b<−1,αβ−1>(2,β−1))

(2.1)
=

⊕
β∈π

c(1,αβ−1) · b<−1,αβ−1>(1,αβ−1)1<−1,αβ−1> ⊗ a<0,0>b<0,0>1<0,0>

⊗c(2,β) · b<−1,αβ−1>(2,e)(1,β)Sβ−1(a<−1,β−1>b<−1,αβ−1>(2,e)(2,β−1))

(2.15)
=

⊕
β∈π

c(1,αβ−1) · b<−1,αβ−1>(1,αβ−1)1<−1,αβ−1> ⊗ a<0,0>b<0,0>1<0,0>

⊗c(2,β) · εtβ(b<−1,αβ−1>(2,e))Sβ−1(a<−1,β−1>)

(W4)
=

⊕
β∈π

c(1,αβ−1) · b<−1,αβ−1> ⊗ a<0,0>b<0,0> ⊗ c(2,β)Sβ−1(a<−1,β−1>)

(4.6)
= (

⊕
β∈π

c(1,αβ−1) · 1<−1,αβ−1> ⊗ a<0,0>1<0,0> ⊗ c(2,β)Sβ−1(a<−1,β−1>)) · b.

Thus f is A-linear. We are left to prove that f is π-C-colinear. It is sufficient to

check that for all γ ∈ π, lρ
G(A)⊗

⊕
β∈π Cβ

γ ◦f = (idCγ ⊗f)◦lρG(A)
γ holds. As a matter
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of fact, for all γ ∈ π, a ∈ A, α ∈ π and c ∈ Cα, since

lρG(A)⊗
⊕

β∈π Cβ ◦ f(c · 1<−1,α> ⊗ a1<0,0>)

= c(1,γ) ⊗ f(c(2,γ−1α) · 1<−1,γ−1α> ⊗ a1<0,0>)

=
⊕
β∈π

c(1,γ) ⊗ c(2,γ−1α)(1,γ−1αβ−1) · 1<−1,γ−1αβ−1>

⊗a<0,0>1<0,0>)⊗ c(2,γ−1α)(2,β)Sβ−1(a<−1,β−1>)

and

lρ
G(A)⊗

⊕
β∈π Cβ

γ ◦ f(c · 1<−1,α> ⊗ a1<0,0>)

= lρ
G(A)⊗

⊕
β∈π Cβ

γ (
⊕
β∈π

c(1,αβ−1) · 1<−1,αβ−1>

⊗a<0,0>1<0,0> ⊗ c(2,β)Sβ−1(a<−1,β−1>))

=
⊕
β∈π

c(1,αβ−1)(1,γ) ⊗ c(1,αβ−1)(2,γ−1αβ−1) · 1<−1,γ−1αβ−1>

⊗a<0,0>1<0,0> ⊗ c(2,β)Sβ−1(a<−1,β−1>))

=
⊕
β∈π

c(1,γ) ⊗ c(2,γ−1α)(1,γ−1αβ−1) · 1<−1,γ−1αβ−1>

⊗a<0,0>1<0,0> ⊗ c(2,γ−1α)(2,β)Sβ−1(a<−1,β−1>)).

Thus f is π-C-colinear. From the naturality of ξ, we gain the following commutative

diagram

G2(A)
-

ξG(A)

G(A)

?
G(f) = id⊗ f

G(G(A)⊗
⊕

α∈π Cα)
-

ξG(A) ⊗ id⊕
α∈π Cα

?
f (∗)

G(A)⊗
⊕

α∈π Cα

I.e., ξ is also a right π-C-colinear.

(3) ⇒ (1). From (2), we have that

ρG(A) : G(A) →
⊕
β∈π

⊕
α∈π

Cβ ⊗ Cα ⊗A,

ρG(A)(c · 1<−1,α> ⊗ a1<0,0>)

=
⊕
β∈π

c(1,β) · 1<−1,β> ⊗ c(2,β−1α) · 1<0,0><−1,β−1α> ⊗ a1<0,0><0,0> (4. 8)

splits in π−CUπ−C

. Let

ξG(A) :
⊕
α∈π

⊕
β∈π

Cα ⊗ Cβ ⊗A →
⊕
α∈π

Cα ⊗A,
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be a split of ρG(A) in
π−CUπ−C . In particular,

ξG(A)(
⊕
β∈π

c(1,β) · 1<−1,β> ⊗ c(2,β−1α) · 1<0,0><−1,β−1α> ⊗ a1<0,0><0,0>)

= c · 1<−1,α> ⊗ a1<0,0>. (4. 9)

We define

θα : Cα → Hom(Cα−1 , A),

θα(c)(d) = (εC ⊗ id)◦PCe⊗A ◦ξG(A)(c ·1<−1,α>⊗d ·1<0,0><−1,α−1>⊗1<0,0><0,0>),

(4. 10)

for all α ∈ π, c ∈ Cα, d ∈ Cα−1 , where PCe⊗A is the natural projective map from⊕
α∈π Cα ⊗A onto Ce ⊗A, we will prove that θ is a total integral, i.e., E.q (4.1)and

(4.2) hold. For all c ∈ Ce, we have∑
α∈π

θα(c(1,α))(c(2,α−1))

= (εC ⊗ id) ◦ PCe⊗A ◦ ξG(A)(
⊕
α∈π

c(1,α) · 1<−1,α>

⊗c(2,α−1) · 1<0,0><−1,α−1> ⊗ 1<0,0><0,0>)

(4.9)
= (εC ⊗ id) ◦ PCe⊗A(c · 1<−1,α> ⊗ 1<0,0>) = εC(c · 1<−1,α>)1<0,0>.

So E.q (4.2) holds.

Now, we are left to check the other E.q(4.1). For all α, β ∈ π and c ∈ Cαβ , d ∈
Cβ−1 , the left hand side of E.q (4.1) is

c(1,α) ⊗ θβ(c(2,β))(d)

= c(1,α) ⊗ (ε⊗ id)PCe⊗AξG(A)(c(2,β) · 1<−1,β>

⊗d · 1<0,0><−1,β−1> ⊗ 1<0,0><0,0>)

= (idCα ⊗ (ε⊗ id) ◦ PCe⊗A)ρ
G(A)
α (ξG(A)(c · 1<−1,αβ>

⊗d · 1<0,0><−1,β−1> ⊗ 1<0,0><0,0>))

= (PCα⊗A) ◦ ξG(A)(c · 1<−1,αβ> ⊗ d · 1<0,0><−1,β−1> ⊗ 1<0,0><0,0>),

where PCα⊗A is the natural projective map from
⊕

α∈π Cα ⊗A onto Cα ⊗A. In

order to compute the right hand side of E.q (4.1) , we adopt the temporary notation

ξG(A)(c · 1<−1,α> ⊗ d(1,(αβ)−1) · 1<0,0><−1,(αβ)−1> ⊗ 1<0,0><0,0>) =
⊕
γ∈π

pγ ⊗ qγ .

Now,

d(2,α)θαβ(c)(d(1,(αβ)−1))<−1,α> ⊗ θαβ(c)(d(1,(αβ)−1))<0,0>

= d(2,α)qe<−1,α> ⊗ εC(pe)qe<0,0>.
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Hence (4.1) is equivalent to

(PCα⊗A) ◦ ξG(A)(c · 1<−1,α> ⊗ d · 1<0,0><−1,β−1> ⊗ 1<0,0><0,0>)

= (· ⊗ idA)(d(2,α) ⊗ idHα ⊗ idA)(εC ⊗ ρAα )(PCe⊗A) · ξG(A)(c · 1<−1,α>

⊗d(1,(αβ)−1) · 1<0,0><−1,(αβ)−1> ⊗ 1<0,0><0,0>), (4. 11)

for all α, β ∈ π and c ∈ Cαβ , d ∈ Cβ−1 . Denoting

ξG(A)(c · 1<−1,α> ⊗ d · 1<0,0><−1,β−1> ⊗ 1<0,0><0,0>) =
⊕
ν∈π

Dν ⊗Aν

and evaluating the diagram at(∗) ,we obtain⊕
γ∈π

ξG(A)(c · 1<−1,α> ⊗ d
(1,(γ)

¯

−1
)
· 1

<0,0><−1,(γ)
¯

−1
>
⊗ 1<0,0><0,0>)⊗ d(2,γ)

=
⊕
γ∈π

⊕
ν∈π

Dν(1,νγ−1) · 1<−1,νγ−1> ⊗Aν<0,0>1<0,0> ⊗Dν(2,γ)Sγ−1(Aν<−1,γ−1>),

for all α, β ∈ π, c ∈ Ca and d ∈ Cβ−1 . Hence, for all α ∈ π, we have

(d(2,α) ⊗ idA)(εC ⊗ idA)(PCe⊗A) ◦ ξG(A)(c · 1<−1,α>

⊗d
(1,(α)

¯

−1
)
· 1<0,0><−1,(αβ)−1> ⊗ 1<0,0><0,0>)

= Dα(2,α)Sα−1(Aα<−1,α−1>)εC(Dα(1,e) · 1<−1,e>)⊗Aα<0,0>1<0,0>

(2.25)
= Dα · εtα(1<−1,e>)Sα−1(Aα<−1,α−1>)⊗Aα<0,0>1<0,0>

(W12)
= Dα · Sα−1(1<−1,α−1>)Sα−1(Aα<−1,α−1>)⊗Aα<0,0>1<0,0>

(W7,3.1)
= Dα · Sα−1(Aα<−1,α−1>)⊗Aα<0,0>.

Now we apply ρAα to the second factor of both sides, we have

(idCα ⊗ ρAα ) ◦ (d(2,α) ⊗ idA)(εC ⊗ idA)(PCe⊗A) ◦ ξG(A)(c · 1<−1,α>

⊗d(1,(αβ)−1) · 1<0,0><−1,(αβ)−1> ⊗ 1<0,0><0,0>)

= Dα · Sα−1(Aα<−1,α−1>)⊗Aα<0,0><−1,α> ⊗Aα<0,0><0,0>.

Let the second factor act on the first one, we gain

(· ⊗ idA) ◦ (d(2,α) ⊗ idHα ⊗ idA) ◦ (idCα ⊗ ρAα ) ◦ (d(2,α) ⊗ idA)

(εC ⊗ idA)(PCe⊗A) ◦ ξG(A)(c · 1<−1,α>

⊗d(1,(αβ)−1) · 1<0,0><−1,(αβ)−1> ⊗ 1<0,0><0,0>)

= Dα · Sα−1(Aα<−1,e>(1,α−1))Aα<−1,e>(2,α) ⊗Aα<0,0>

(2.14)
= Dα · εsα(Aα<−1,e>)⊗Aα<0,0>

(2.21)
= Dα ⊗Aα.
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Since

(· ⊗ idA) ◦ (d(2,α) ⊗ idHα ⊗ idA) ◦ (idCα ⊗ ρAα ) ◦ (d(2,α) ⊗ idA)

= (· ⊗ idA)(d(2,α) ⊗ idHα ⊗ idA)ρ
A
α ,

we can gain E.q (4.11). To sum up, θ is a total integral. �

From the proof of Theorem 4.4, if there exists

θ = {θα : Cα → Hom(Cα−1 , A)}α∈π

a total integral, then the natural transformation

ξ : FA ◦G ◦ FC → FA ◦ 1π−CU(H)A

splits ρ, so we have

ξM ◦ FA(ρM ) = IFA(M)

for any M ∈π−C U(H)A, by Rafael
′
s theorem, FC is FA-separable. Conversely, if

FC is FA-separable, then there exists a natural transformation

ξ : FA ◦G ◦ FC → FA ◦ 1π−CU(H)A

such that

ξM ◦ FA(ρM ) = IFA(M)

for any M ∈π−C U(H)A, we have that ξ splits ρ, by Theorem 4.4, there exists

θ = {θα : Cα → Hom(Cα−1 , A)}α∈π a total integral. Immediately, we have the

following conclusion.

Corollary 4.5. Let (H,A,C) be a weak Doi-Hopf π-datum. The following state-

ments are equivalent:

(1)FC is FA-separable,

(2) There exists θ = {θα : Cα → Hom(Cα−1 , A)}α∈π a total integral,

Let π = {e} be a trivial group, the weak Hopf π-coalgebras is just the weak Hopf

algebras. Combining Theorem 4.4 and Corollary 4.5, we have the following result.

Corollary 4.6. Let (H,A,C) be a weak Doi-Hopf datum. The following statements

are equivalent:

(1) FC is FA-separable,

(2) There exists θ : C → Hom(C,A) a total integral,

(3) the natural transformation

ρ : FA ◦ 1CU(H)A → FA ◦G ◦ FC

splits,
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(4) the map

ρl
C⊗A

: C ⊗A → C ⊗ C ⊗A,

ρC⊗A(c · 1<−1> ⊗ a1<0>) = c(1) ⊗ c(2) · 1<−1> ⊗ a1<0>

splits in CUC , the category of C-bicomodules. Consequently, if one of the equivalent

conditions holds, any weak Doi-Hopf module is injective as a left C-comodule.

We shall prove now the main applications of the existence of a total integral.

Theorem 4.7. Let (H,A,C) be a weak Doi-Hopf π-datum and suppose that there

exists θ = {θα : Cα → Hom(Cα−1 , A)} a total integral. Then for any M ∈π−C

U(H)A, the map

f :
⊕
α∈π

Cα ⊗A⊗M → M,

f(
⊕
α∈π

cα · 1<−1,α> ⊗ aα · 1<0,0> ⊗m)

=
∑
α∈π

m<0,0>θα(cαSα−1(a<−1,α−1>))(m<−1,α−1>)a<0,0>,

for all m ∈ M is a k-split epimorphism in π−CU(H)A. In particular,
⊕

α∈π Cα ⊗A

is a generator in the category π−CU(H)A.

Proof.
⊕

α∈π Cα ⊗A⊗M is viewed as an object in π−CU(H)A with the structures

as follows,

(c · 1<−1,α> ⊗ a · 1<0,0> ⊗m) · b = c · b<−1,α> ⊗ ab<0,0> ⊗m,

ρ
⊕

α∈π Cα⊗A⊗M

β (c·1<−1,α>⊗a·1<0,0>⊗m) = c(1,β)⊗c(2,β−1α)·1<−1,β−1α>⊗a·1<0,0>⊗m,

for all α, β ∈ π, c ∈ Cα, a, b ∈ A and m ∈ M . First, we shall prove that f is a split

surjection. Let

g : M →
⊕
α∈π

Cα ⊗A⊗M,

g(m) =
⊕
α∈π

m<−1,α> · 1<−1,α> ⊗ 1<0,0> ⊗m<0,0>,
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for all m ∈ M . Then g is left π- C-colinear (but is not right A-linear) and for

m ∈ M , we have

(f ◦ g)(m) = f(
⊕
α∈π

m<−1,α> · 1<−1,α> ⊗ 1<0,0> ⊗m<0,0>)

=
∑
α∈π

m<0,0><0,0>θα(m<−1,α>)(m<0,0><−1,α−1>)

(2.6)
=

∑
α∈π

m<0,0>θα(m<−1,e>(1,α))(m<−1,e>(2,α−1>)

(4.2)
= m<0,0> · 1<0,0>εC(m<−1,e> · 1<−1,e>) = m.

Thus g is a left π- C-colinear section of f . For a, b ∈ A, c ∈ Cα,m ∈ M , we have

f((c · 1<−1,α> ⊗ a · 1<0,0> ⊗m) · b)

= f(c · b<−1,α> ⊗ ab<0,0> ⊗m)

= m<0,0>θα(c · b<−1,α>Sα−1(b<0,0><−1,α−1>)Sα−1(a<−1,α−1>))

(m<−1,α−1>)a<0,0>b<0,0><0,0>

(2.16,2.15)
= m<0,0>θα(c · εtα(b<−1,e>)Sα−1(a<−1,α−1>))(m<−1,α−1>)a<0,0>b<0,0>

(2.22)
= m<0,0>θα(cŞα−1(a<−1,α−1>))(m<−1,α−1>)a<0,0>b

= f(c · 1<−1,α> ⊗ a · 1<0,0> ⊗m) · b,

i.e., f is right A-linear. It remains to prove that f is also left π- C-colinear. First,

for all β ∈ π, cα ∈ Cα, a ∈ A and m ∈ M , we compute

(idC ⊗ f) ◦ ρ
⊕

α∈π Cα⊗A⊗M

β (c · 1<−1,α> ⊗ a · 1<0,0> ⊗m)

= (c(1,β) ⊗m<0,0>θβ−1α(c(2,β−1α)Sα−1β(a<−1,α−1β>))(m<−1,α−1β>)a<0,0>)

and

ρMβ (f(c · 1<−1,α> ⊗ a · 1<0,0> ⊗m))

= ρMβ (m<0,0>θα(cαSα−1(a<−1,α−1>))(m<−1,α−1>)a<0,0>)

= (m<0,0><−1,β>(θα(cαSα−1(a<−1,α−1>))(m<−1,α−1>))<−1,β>

a<0,0><−1,β> ⊗m<0,0><0,0>(θα(cαSα−1(a<−1,α−1>))

(m<−1,α−1>))<0,0>a<0,0><0,0>)

(2.6)
= (m<−1,α−1β>(2,β)θα(cαSα−1(a<−1,α−1β>(1,α−1)))

(m<−1,α−1β>(1,α−1))<−1,β>a<−1,α−1β>(2,β) ⊗m<0,0>
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(θα(cαSα−1(a<−1,α−1β>(1,α−1)))(m<−1,α−1>))<0,0>a<0,0>

(ν=α−1β)
= (m<−1,ν>(2,β)θβν−1(cβν−1Sνβ−1(a<−1,ν>(1,vβ−1)))

(m<−1,ν>(1,vβ−1))<−1,β>a<−1,ν>(2,β) ⊗m<0,0>

θβν−1(cβν−1Sνβ−1(a<−1,ν>(1,vβ−1)))(m<−1,ν>(1,vβ−1))<0,0>a<0,0>)

(4.1)
= ((cβν−1Sνβ−1(a<−1,ν>(1,vβ−1)))(1,β)a<−1,ν>(2,β) ⊗

m<0,0>θν−1((cβν−1Sνβ−1(a<−1,ν>(1,vβ−1)))(2,ν−1))(m<−1,ν>)a<0,0>)

(W9)
= (cβν−1(1,β)Sβ−1(a<−1,ν>(1,νβ−1)(2,β−1))a<−1,ν>(2,β) ⊗

m<0,0>θν−1(cβν−1(2,ν−1)Sν(a<−1,ν>(1,νβ−1)(1,v)))(m<−1,ν>)a<0,0>)

(2.1)
= (cβν−1(1,β)Sβ−1(a<−1,ν>(2,e)(1,β−1))a<−1,ν>(2,e)(2,β) ⊗

m<0,0>θν−1(cβν−1(2,ν−1)Sν(a<−1,ν>(1,v)))(m<−1,ν>)a<0,0>)

(2.14)
= (cβν−1(1,β)ε

s
β(a<−1,ν>(2,e))⊗m<0,0>

θν−1(cβν−1(2,ν−1)Sν(a<−1,ν>(1,v)))(m<−1,ν>)a<0,0>)

(W11)
= (cβν−1(1,β)Sβ−1(1(2,β−1))⊗m<0,0>

θν−1(cβν−1(2,ν−1)Sν(a<−1,ν>1(1,ν)))(m<−1,ν>)a<0,0>)

(W9)
= ((cβν−1(1,β))⊗m<0,0>θν−1(cβν−1(2,ν−1)Sν(a<−1,ν>))(m<−1,ν>)a<0,0>),

i.e., f is left π -C-colinear. Hence, we proved that f is an epimorphism in π−CU(H)A

and has a π-C-colinear section. �

Remark 4.8. The Theorem 4.7 can be followed in a new way as follows: From the

forgetful functors FA :π−C U(H)A →π−C U(H) and FC :π−C U(H)A → U(H)A, we

have the functor H = FC ◦ FA :π−C U(H)A → V ectk. the natural transformation

P is constructed as follows: for M,N ∈π−C U(H), we define

PM,N : Homπ−cU(H)(M,N) → HomV ectk(M,N),PM,N (f) = FC(f).

Notice P ◦FA = H, i.e., FA is H-separable functor. From the proof of Theorem 4.4,

we know that FA(f) has a right inverse in π−CU(H), by the Maschke
′
s theorem for

H-separable functor(see[7,Prop.2.4]), H(f) has a right inverse in V ectk.

5. The Maschke-type Theorem For weak Doi-Hopf π-modules

In the section, we give the Maschke-type Theorem for weak Doi-Hopf π-

modules. First, we need the following Lemma.
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Lemma 5.1. Let (H,A,C) be a weak Doi-Hopf π-datum, N,M ∈π−C U(H)A

and u : N → M a A-linear map. Suppose that there exists θ = {θα : Cα →
Hom(Cα−1 , A)}α∈π an integral such that A-centralising condition, i.e., for all α ∈ π,

a ∈ A,c ∈ Cα and d ∈ Cα−1 ,

a<0,0><0,0>θα(c · a<−1,α>)(d · a<0,0><−1,α−1>) = θα(c)(d)a. (5. 1)

Then the map

ũ : N → M, ũ(n) =
∑
α∈π

u(n<0,0>)<0,0>θα(n<−1,α>)(u(n<0,0>)<−1,α−1>),

for all n ∈ N, is left π-C-colinear and A-linear.

Proof. From the Proposition 4.2, ũ is a left π-C-colinear. We are left to check that

ũ is right A-linear. In fact, for all n ∈ N and a ∈ A, Since

ũ(n · a) =
∑
α∈π

u(n<0,0> · a<0,0>)<0,0>θα(n<−1,α> · a<−1,α>)

(u(n<0,0> · a<0,0>)<−1,α−1>)

=
∑
α∈π

u(n<0,0>)<0,0> · a<0,0><0,0>θα(n<−1,α> · a<−1,α>)

(u(n<0,0>)<−1,α−1> · a<0,0><−1,α−1>)

=
∑
α∈π

u(n<0,0>)<0,0>θα(n<−1,α>)(u(n<0,0>)<−1,α−1>)a.

So the proof of the lemma is completed. �

Theorem 5.2. Let (H,A,C) be a weak Doi-Hopf π-datum, and N,M ∈π−C U(H)A,

and v : M → N a morphism in π−CU(H)A. Suppose that there exists θ = {θα :

Cα → Hom(Cα−1 , A)}α∈π an integral such that A-centralising condition. If the map

v is a split injection in UA, then u have a retraction in π−CU(H)A.

Proof. Since v is a split injection in UA, there exist a morphism u : N → M in UA

such that uv = idM . Define ũ as follows

ũ(n) =
∑
α∈π

u(n<0,0>)<0,0>θα(n<−1,α>)(u(n<0,0>)<−1,α−1>).
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From Lemma 5.1, ũ is a morphism in π−CU(H)A. Next, we shall check ũv = idM .

For m ∈ M , one has

ũv(m)

=
∑
α∈π

u(v(m)<0,0>)<0,0>θα(v(m)<−1,α>)(u(v(m)<0,0>)<−1,α−1>)

=
∑
α∈π

u(v(m<0,0>))<0,0>θα(m<−1,α>)(u(v(m<0,0>))<−1,α−1>)

=
∑
α∈π

m<0,0><0,0>θα(m<−1,α>)(m<0,0><−1,α−1>)

=
∑
α∈π

m<0,0>θα(m<−1,e>(1,α))(m<−1,e>(2,α−1))

= m.

So the theorem is proved. �
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