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ABSTRACT. In this paper we define the dihedral (co)homology of schemes over
a commutative ring k by sheafifying the (co)dihedral complex. We study the
Mayer-Vietoris sequence of dihedral (co)homology and introduce the relation

between the cyclic and dihedral (co)homology of schemes
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1. Introduction

We recall some basic facts of schemes from [8] and dihedral homology groups of
[3,4,6,7].

Definition 1.1. Let k£ be an algebraic closed field and R be a ring with unit. We
shall denote the set of all prime ideals over R by spec(R) and, for any ideal P in
R , we denote by V(P) the set of all prime ideal in spec(R) containing P . These
sets define a topology. It’s called a Zariski topology.

Definition 1.2. A ringed space is a pair (X,0x) where X is a topological space
and fx is the structure of sheaf on X. The space (X,0x) is called locally ringed

space if the stalks 0, x are locally rings for any x» € X.

Definition 1.3. A locally ringed space (X, 0x) is called affine space if (X,0x) =
(spec(R), Ospec(ry) and a scheme if it has an open covering X = U;er such that is

an affine scheme for i € I.

Definition 1.4. Given a pair (spec(R), 0 pec(r)) called locally ringed space. For
any scheme X, the structure sheaf 6 x is defined to be the ring of all regular functions
denoted by Ox(U) ={f | f: U — UpcvAp,U € X}, where A, is the local ring on
X at p.

We define an involution * on the sheaf 0 xas an involution is an automorphism of

order two by considering the inverse regular function * : 6 x — 6x, that is satisfy:
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(x)2 =id , f* = f~Yand (fg)* = g~ 'f~!. The scheme X with this property on
sheaf 0 is called a scheme with an involution.
Now we review briefly the notion of dihedral modules before we consider it in

the context of schemes.

Definition 1.5. [2] The dihedral category AD has objects [n],n € N and the

following family of morphisms:
6, : [n—1] = [n],0%, : [n+1] — [n] (1)

™ot [n] = [n],py, ¢ [n] — [n] (2)
such that the following framework are hold.:
0100 = Oy O3 if i< (3)
Ol = Thonty, if i< (4)
Sh100 , if i<
o =4 ITdj, if i=jori=j+1 (5)
Sihol,  if i=j+1

Tn5;_1 = 5;_17'71,1 ,1<i<n (6)
Tnod = 5%_17%_,_1 ,1<j7<n (7)
Tl = Idy, (8)

POy =0y 'pp_y s 0<i<m 9)
PrTh =00 Ppsr s 0 j < (10)
pp = Idp, (11)

Tubp = PuTh (12)

Definition 1.6. Let ¢ be an arbitrary category. A dihedral object of the category
¢ is a functor V : AD° — ¢ , such that V(n) = X, V(6%) = d’,V(d)) =
S V(1p) =t, and V(p,,) = r,( AD°? is the inverse of AD ). If ( is a category of
modules, then the dihedral object is called a dihedral module.

Note that the morphisms {d’, S7,t,,r,} satisfy the relations 3-12.

Definition 1.7. Let M = {M,,} be a dihedral k — module. The dihedral homology
groups of M is given by:

HD,, = Tor®IAP"I(KP M), n>0 (13)

where KL is trivial dihedral k — module.
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2. Dihedral cohomology of schemes
In this section we define the dihedral homology of schemes and study some of

its properties.

Definition 2.1. [8] A sheaf of §x-modules is a sheaf $ on X, such that for each
open set u € X, the group 3(u) is a 0x (u)-module and for each inclusion of open
sets v C wu the restriction homomorphism $(u) — $(v) is compatible with the
module structures via the ring. The set of all sheaves of §x-module defines a

category, called a category of sheaves of modules and denoted by Mod(8x).

Definition 2.2. The dihedral module of sheaves is a functor F' : AD°? — Mod(0x)
such that
F(fn]) = 05"

F(5L) =di 05— g3
E(foRi®.®f)=(@hh® O fifi®.0®f), 0<i<1

F(UZL) = S’fl : 9?}(7171) — Q?Q(n)

F(r,)=tn: Hﬁ(n) — 9?}(71)

(
(
(
(
S (foR LR ®@f)=(foRf1®..®FiRidD fi11®...0 fn), 0<i<1 (18
(
L (foRfi®..® fn)=([n® fo®..® fno1), (
F(py) =7 : 05" — 63" (
th(fo®i®..@f)=alfg' @ f'®..0 "), a=+1 (

with the following:

bp =Y (=1)'di, b, =Y (~1)d; (23)

=0 i=0
T,=(-1)"t" , N=1+t+..+t"" (24)
Ry = (—1)"%5 . (25)

We can construct the tricomplex of sheaves (*CD"(0x,9)), a = %1, (see [5])
where § = §; + Jo + 03, and:

¢

bn n n—

1_Tn n n
52:{ N L g2 (27)
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1-R,
-1 RnTn ®(n) ®(n)
03 = 1 0 — 0 28
3 1+ R,T, X X ( )
1-R,

Clearly (§;)? =0,i=1,2,3.

In order to define the dihedral cohomology of schemes, we make a use of the

hyperhomology of define in [9].

Definition 2.3. The dihedral homology of scheme X over a commutative ring k is

the hyperhomology of the total complex of the tricomplex of sheaves (*CD"(0x, 9)):
“*HD*(X)=H"(Tot(CD"(0,), X)) (29)

where

0%

n=0,1,2,.., a=+1. (30)

Remark 2.4. If we droped the operator p,, : [n] — [n] in Definition 1.5 we get the
cyclic category, cyclic module and for a scheme X we obtain the cyclic homology

of a scheme (see [9]).

3. The Mayer-Vietoris sequence for dihedral homology of schemes

In this part we, first establish a lemma which use to prove a theorem of Mayer-

Vietoris sequence for dihedral homology of schemes.

Lemma 3.1. [1] The following sequence is exact :
0—o CD"(0x) JoCD™(0x,) Ba C’D"(@Xz)i)(,CD"(le Nbx,) =0, a =41
(31)
where 0x = 0x,NOx, , «CD™ is the dihedral complex, and J = J1 —Ja, I = I1 + 1o,
are defined by:
Il :X1UX2—>X1 5 IQZX1UX2—>X2 y Jl 1X1 —>X1ﬂX2 5 J21X2—>X1HX2.
(32)

Proof. Clearly, J is an epimorphism and I is a monomorphism and Jol = o. Let
(0x, NOx,)(u) € CD™(0x)(u),then,
(JoI)(0x,ux,)(u) = J(0x, (u),0x,(u)) =0

where (0x, (u),0x,(u)) € [CD"(0x, )BCD™(0x,)] and (0x,NOx,)(u) € ,CD™(0x,N
Ox,)- O
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Theorem 3.2. If X = X; U Xy where X1 and X5 are open subsets of scheme X
and the diagram
X — X1

T 1 (33)
X, — XinNnXs,

is commutative, then there exists the following long exact sequence:

= “HD,(X1UX) 5 HDo(X1)®HD,(X2) 5 HDu(X1NX2) & HD,_ 1 (X1UX2) — ...
(34)

where I* = (IT,I3), J* = (Jf, J3), E is a connecting homomorphism.
Proof. The exact sequences

0 — oCD™(0x) L oCD"(0x,) ® oCD"(0x,) = oCD™(0x, NOx,) — 0, a = £1
(35)

induce the following long exact sequence of dihedral groups:

we = “HDp(X1UX5) i HD,(X,)®HD,(X>) EIN HD,(X:NnX5) LA HD, 1(XjUX3) — ...
(36)
Since FoJ* = 0, this ends the proof. (Il

4. The relation between cyclic and dihedral homology of schemes

We extend the relation between the cyclic and dihedral homology from algebra
[5] or [7] to all schemes over ring with identity and involution. This fact can be

given by the following theorem.

Theorem 4.1. Let & be a sheaf of 0 x-modules, and let X be a scheme over unital
ring k with tnvolution. Then the relation between the cyclic and dihedral cohomology
groups is given by:

%

s _oHDW(X,3) 5 HOW(X,3) L wHD,(X,S) — oHDp (X, 3) — ...
(37)

where 7* is a connecting homomorphism.

Proof. For a scheme X, let ((X, ) be the total complex of Connes double complex
[9]. We embed the complex ((X,S) in the tricomplex D(X, <) (see[4]), passing to

the total complexes associated with and, we get the following short exact sequence

0— Tot¢(X,S) = Tot*D(X,¥) — Tot " *D(X,S)[-4] — 0 (38)
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This sequence induces the following long exact sequence which relates the cyclic
and dihedral cohomology groups:

-

W= oHDW(X,9) 5 HCW(X,3) 5 oHDW(X,S) — oHDp 1(X,S) — ...
(39)

when 2 is invertible in the ground ring k we get the following exact sequence
0— _oHD,(X,S) > HC,(X,Q) —» HD,(X,3) — 0. (40)
|

5. Cohomology groups

In this part we are concerned with the dihedral cohomology groups. It’s nec-
essary to translate the definitions and results of a pervious discussion in the co-
homological framework because there is an interesting pairing between homology
and cohomology groups. It’s well known, in cyclic cohomology case, that if A is
a unital associated k — algebra and A* = Hom(A, k), then its cochain complex is
C*(A) = Hom(A®™+Y k). The dualizing of the Connes bicomplex CC,(A) gives
a bicomplex of cochains CC**(A) and its homology gives the cyclic cohomology
group. The dihedral cohomology group can be defined in the same manner. Achive
this, we replace the category AD? by AD in the Definitions 1.6, 1.7 and 2.2, then
we get the dihedral cohomology group HD"™ (M) = Eth[AD](M7 kP),n > 0, where
KP is trivial dihedral k —module. Also the dihedral cohomology of schemes X over
a commutative ring k is the hypercohomology of the total complex of the tricomplex

of sheaves (*CD"(0x,4;)) : *HD*(X) = H*(Tot(CD"(0,),X)) , where

0%

n=0,1,2,.., a=+1. (41

The Theorem 3.2 of the Mayer-Vietoris sequence for dihedral homology and The-
orem 4.1 of the relation between cyclic and dihedral homology of schemes can be
translated to cohomology case.

Similar arguments as those used in the proof of Theorem 3.2 give the following.

Theorem 5.1. [6] If X = X; U Xy where X1and X5 are open subsets of scheme
X and the diagram
X — X1

) 1 (42)
XQ — X1 ﬁXQ
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is commutative, then there exist the following long exact sequence:

.. — “HD"(X1UX5) 5 HD™(X))®HD"(X5) 5> HD"(X1nX2) 2 HD"™(X1UXs) — ...
(43)

where I* = (IT,I3), J* = (Jf,J3), E is a connecting homomorphism.
Similar arguments as those used in the proof of Theorem 4.1 give the following.

Theorem 5.2. Let S be a sheaf of 0 x-modules, and let X be a scheme over unital
ring k with involution. Then the relation between the cyclic and dihedral cohomology
groups is given by:

-

= TUHDY(X,9) S HOM(X,9) L “HD(X,S) — “HD" (X, 3) — ...
(44)

where 7% is a connecting homomorphism.

Remark 5.3. When 2 is invertible in the ground ring k we get the following exact

sequence

0— “*HD"(X,3) — HC"(X,S) — “HD"(X,S) — 0.
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