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ABSTRACT. One defines an equivalence relation on a commutative ring R by
declaring elements r1,72 € R to be equivalent if and only if anng(ri) =
anng(rz2). If [r]g denotes the equivalence class of an element r € R, then
it is known that [[r]r| = |[r/1]7(r)l, Wwhere T(R) denotes the total quotient
ring of R. In this paper, we investigate the extent to which a similar equality
will hold when T'(R) is replaced by Q(R), the complete ring of quotients of
R. The results are applied to compare the zero-divisor graph of a reduced

commutative ring to that of its complete ring of quotients.
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1. Introduction

Let R be a commutative ring. One easily checks that an equivalence relation
on R is given by declaring elements r1,79 € R to be equivalent if and only if
anng(r;) = anng(r2). The cardinalities of such equivalence (annihilator) classes
were considered in [13], where the authors were interested in ring-theoretic prop-
erties shared by von Neumann regular rings with identical zero-divisor structures.
In [3], the authors show that every ring has the same zero-divisor structure as its
total quotient ring. The proof of this result demonstrates that the cardinality of
the annihilator class of an element does not change when the element is regarded
as a member of its total quotient ring. We examine the degree to which this result
can be generalized to a particular extension of a reduced total quotient ring.

Throughout, R will always be a commutative ring with 1 # 0. Let Z(R) denote
the set of zero-divisors of R and T(R) = Rpg\z(r) its total quotient ring. A ring
R will be called reduced if nil(R) = (0). A commutative ring R with 1 # 0 is
von Neumann regqular if for each & € R, there is a y € R such that x = 22y or,

equivalently, R is reduced with Krull dimension zero [9, Theorem 3.1].
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A subset D C R is dense in R if anng(D) = (0). Let D; and D5 be dense
ideals of R and let ¢; € Homp(D;, R) (i = 1,2). Note that ¢ + @2 is an R-module
homomorphism on the dense ideal D1 N Dy, and ¢ o0 @9 is an R-module homomor-
phism on the dense ideal v, '(D1) = {r € R | p2(r) € D1}. Then Q(R) = F/~ is
a commutative ring, where F = {¢ € Homg(D,R) | D C R is a dense ideal} and
~ is the equivalence relation defined by ¢1 ~ 9 if and only if there exists a dense
ideal D C R such that o1(d) = ¢2(d) for all d € D [12, Proposition 2.3.1]. In [12],
J. Lambek calls Q(R) the complete ring of quotients of R.

Let ¥ € Q(R) denote the equivalence class containing ¢. For all a/b € T'(R), the
ideal bR of R is dense and ¢,/, € Homp (bR, R), where ¢, /,(br) = ar. One checks
that the mapping a/b — ©,; is a ring monomorphism, and that py and @y are
the additive and multiplicative identities of Q(R), respectively. In particular, the
mapping R — Q(R) defined by r — @, is an embedding. However, these mappings
need not be onto (see [12]). If the mapping R — Q(R) is onto (i.e., r — Py
is an isomorphism), then R is called rationally complete. Note that Q(R) is von
Neumann regular if and only if R is reduced [12, Proposition 2.4.1]. Thus every
reduced rationally complete ring is von Neumann regular.

A ring extension R C S is called a ring of quotients of Rif f 'R={r e R| fr €
R} isdense in S for all f € S. In particular, T'(R) is a ring of quotients of R. If S is
a ring of quotients of R, then there exists an extension of the mapping R — Q(R)
which embeds S into Q(R) [12, Proposition 2.3.6]. Therefore, every ring of quotients
of R can be regarded as a subring of Q(R). It follows that a dense set in R is dense
in every ring of quotients of R. Also, R has a unique maximal (with respect to
inclusion) ring of quotients, which is isomorphic to Q(R) [12, Proposition 2.3.6].
In recognition of this observation, we shall abuse notation and denote the maximal
ring of quotients of R by Q(R). It is not hard to check that Q(R) = Q(T(R)) for
any ring R. In fact, if R C .S C @, then @ is a ring of quotients of R if and only if @
is a ring of quotients of S and S is a ring of quotients of R (e.g., see the comments
prior to Lemma 1.5 in [8]).

Let B(R) = {e € R| e? = e}, the set of idempotents of R. Then the relation
“<” defined by a < if and only if ab = a partially orders B(R), and makes B(R)
a Boolean algebra with inf as multiplication in R, the largest element as 1, the
smallest element as 0, and complementation defined by a’ = 1 —a. One checks that
aVb=(ad Ab) =a+b— ab, where “+” is addition in R. A set E C B(R) is
called a set of orthogonal idempotents if e;eo = 0 for all distinct e;,es € E. For a

reference on the Boolean algebra of idempotents, see [12].
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A Boolean algebra B is complete if inf E exists for every subset £ C B. If Bis a
complete Boolean algebra, then sup E = inf{b | b€ B and b > e for all e € E}. It
is well known that every Boolean algebra B is a subalgebra of a complete Boolean
algebra D(B), where the infimum of a set in B (when it exists) is the same as its
infimum in D(B). Here, D(B) is the “so called” Dedekind-MacNeille completion
of B [12, c.f. Section 2.4]. Note that D(B(R)) = B(Q(R)) for every von Neumann
regular ring R [8, Theorem 11.9]. In particular, B(Q(R)) is complete. Moreover,
B(R) = B(Q(R)) whenever B(R) is complete.

In this paper, we continue the investigations of [3] and [11]. We will denote the
annihilator class of an element r in R by [r|g, ie., [r]r = {s € R | anng(s) =
anng(r)}. Asin [4], we define the zero-divisor graph of R, T'(R), to be the (undi-
rected) graph with vertices V(I'(R)) = Z(R) \ {0}, such that distinct vy,vo €
V(T'(R)) are adjacent if and only if v1v2 = 0. It is shown in [3, Theorem 2.2] that
I'(R) = I'(T(R)) for any commutative ring R; the equality |[r|r| = |[r]p(r)| for
all r € R follows directly from the proof of this theorem (where we have identi-
fied R with its canonical image in T(R)). Both of these results fail when T(R) is
replaced by Q(R) (e.g., Examples 2.10 and 2.11). In Section 2, we give necessary
and sufficient conditions for the equality |[r]r| = |[r]o(r)| to hold, where R is a
von Neumann regular ring such that B(R) is complete and 2 ¢ Z(R) (see Theorem
2.15). If either B(R) is not complete or 2 € Z(R), then the equality may or may
not hold (see Examples 2.11, 2.17, and Corollary 2.16). This result is applied in
Section 3 to give sufficient conditions for T'(R) = I'(Q(R)) to hold when R is a
reduced ring. In particular, we provide a characterization of zero-divisor graphs
which satisfy I'(R) = I'(Q(R)), where R is a reduced ring such that |Z(R)| < R,
and 2 € Z(R) (see Theorem 3.3).

2. The Cardinality of [¢]gr)

The investigation in this section involves a set-theoretic treatment of elements
in a ring. The main theorems are numbered 2.4, 2.8, 2.15, and 2.16. The results
numbered 2.1 through 2.8 develop useful relations within Q(R), and ultimately
provide an interpretation of elements in Q(R) as subsets of a set. The results
numbered 2.9 through 2.17 provide answers regarding the cardinalities of [e]g and
lelar)-

Throughout this section, R will always be a von Neumann regular ring unless

stated otherwise. If » € R, say r = 725, then e, = s is the unique idempotent that
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satisfies [r|r = [er]r (c.f. the discussion prior to Theorem 4.1 in [3], or Remark 2.4
of [11]). Moreover, r = ue, for some unit « of R [9, Corollary 3.3].

The following proposition shows that a nonzero element of a ring of quotients of
R will map some idempotent of R into R nontrivially. Recall that f~'R is dense
in S whenever f is a nonzero element of a ring of quotients .S of R. In particular,
there is an r € R such that fr € R\ {0}.

Proposition 2.1. Let R be a von Neumann regular ring. If R C S is a ring of
quotients of R, then for all 0 # f € S there exists an e € B(R) such that e < ey
and 0 # fe € R.

Proof. Let 0 # f € S. Choose r € R such that 0 # fr € R. There is a unit u of
R such that r = ue,, and hence fe, = u~!fr € R\ {0}. Let e = efe, (note that it
makes sense to talk about ey since S C Q(R) and Q(R) is von Neumann regular).
Let s € Q(R) and t € R be elements such that f = f2s and r = r?t. Then

e=ceyre, = (fs)(rt) = (fr)(st) = ey € R.
Moreover, e < ey and fe = fe, € R\ {0}. O

For any set A C R,let E4 = {e, € B(R) | r € A}. If e € B(R), then consider the
set Re(R) = {0 # AC R| e er, =0 for all distinct 71,72 € A, and sup E4 = e}.
Note that R.(R) # 0 since {e} € R.(R). Also, if supEs = e and 0 # ¢’ € B(R)
with e’ < e, then there exists an ¢” € E4 such that e’e” # 0. Otherwise, ¢’/ < 1—¢’
for all ¢’ € E4, and thus e = supE4 < 1 — ¢’. But this implies that e’'e = 0, a

contradiction. This fact is generalized in (1) of the following proposition.

Proposition 2.2. Suppose that E C B(R) is a set of orthogonal idempotents in a
von Neumann regular ring R.

(1) Let ¢ € B(R). Then e¢'supE = 0 if and only if EU {e'} is a set of
orthogonal idempotents. In particular, rsup E = 0 if and only if re’ = 0
foralle € E (reR).

(2) Suppose that E is finite; say E = {e1,...,en}. Then sup E = 22:1 e;.

(3) Let e’ € B(R). If f € Q(R) such that ¢’ < ey, then fe' € [¢']o(r)-

(4) Let ¢',e € B(R) such that €’ < e and 2¢’ € [¢/|g. Then €' + ¢ € [e]g.

Proof. Note that sup E € B(Q(R)).
(1) If e’e” # 0 for some e” € E, then ¢’e” < e” < sup F implies that e’e” sup F =
e’e’ # 0; in particular, ¢ sup E # 0. Conversely, suppose that e’ sup E # 0. Since

e’supFE < supE, the above comments show there exists an e” € FE such that
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(e/ sup E)e” # 0; in particular, e’e” # 0. Thus F U {e'} is not a set of orthogonal
idempotents.

The “in particular” statement holds since [r]gr = [e,]|g for all r € R.

(2) It is easy to check that e = 377, e; € B(R). Also, eje = ¢; for all j €
{1,...,n}. Hence supE < e. But e¢; < supFE for all j € {1,...,n}, and thus
esup E = e; that is, e < sup E. Therefore, e = sup F.

(3) Clearly anng(g)(e’) C annggry(fe’). Let a € anngg)(fe’). Then ae’ €
anng gy (f) = anngry(ey). Thus 0 = ae’ey = ae’; that is, a € anng(p)(e’). Hence
anng gy (€e') = anngg)(fe'), i.e., fe’' € [€']or)-

(4) If r € annpg(e), then re = 0 and re’ = ree’ = 0. Hence r € anng(e’ + ¢), and
therefore anng(e) C anng(e’+e). To show the reverse inclusion, let r € anng(e'+e).
Note that 0 = re’(e’ + €) = r(2¢’). Then 2¢’ € [¢/]g implies that re’ = 0, and

therefore re = re/ + re = r(e’ + €) = 0. Hence anng(e’ + ) C anng(e). O

In order to investigate cardinality, we shall translate the elements of an equiva-
lence class [e]g(r) into sets of elements of R.(R). Such a correspondence is given

in Theorem 2.4, and is motivated by the following example.

Example 2.3. Let F' be an infinite field and J an infinite indexing set. Let Fy = F
for-all j € J. Define R = {(rj) € [L;c;Fj [ {rj}tjes C {s1,...,8n} for some
{s1,..ssn} C F, for somen € N} (c.f. [11, Example 3.5]). Note that R is von
Neumann reqular. Let D be the dense ideal of R generated by the minimal nonzero
idempotents of R (that is, the elements with a 1 in precisely one coordinate and 0
elsewhere). Then D is contained in f~'R for all f € [jes Fj- Thus I]
ring of quotients of R. Moreover, |]
2.3.8]. Therefore, Q(R) = [[,c; F}-

jesFjisa

jes Fjois rationally complete [12, Proposition

Consider R from Example 2.3. Suppose that F' = Q, J = N, and let e be the
multiplicative identity of R (the largest element of B(R)). Note that there is a
correspondence between R.(R) and [e]g(r), which is defined by taking the “sum”

of the elements of a set in R.(R). For example, the set
{(1,0,0,...),(0,2,0,...),(0,0,3,...), ...} € Re(R)

corresponds to the element (1,2,3,...) € Q(R). This correspondence is generalized

in the following theorem.

Theorem 2.4. Let R be a von Neumann regular ring and suppose that e € B(R).
The mapping o : Re(R) — [e]qr) defined by

oc(A) = f if and only if f € [e]lo(r) with fe, =1 for allT € A
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is a well-defined function. Moreover, o.(A) € R if and only if 0.(A) = o.(A") for
some A’ € R.(R) with |A’] < c0.

Proof. Fix e € B(R). To show that o, is well-defined, we first show that every
element of R.(R) corresponds to some element in [e]or). Let A € R.(R). Note
that D = (1—e, E4) is a dense ideal of R: Any element r € R\ {0} that annihilates
1—e satisfies re = r # 0, and therefore does not annihilate all of F4 by Proposition
2.2 (1). Define ¢ € Hompg(D, R) by
np(t(l—e)—i— Z trer) = Z tyr.
er€EEA er€EEA
(Indeed, ¢ is well-defined since multiplication by the appropriate idempotent will
show that equal elements of D have equal “like terms,” and clearly t.e,. = tle,
implies that t,r = ¢/r.) Then ¢(1 —e) =0 and ¢(e,) = r for all » € A. Therefore,
there exists an element f € Q(R) such that f(1 —e) =0 and fe, =r for all r € A.
It follows that ef < e (in B(Q(R))). To prove the reverse inequality, let r € A.
Then
r = fe, =esfe, =eyr.

Thus (1 — ef) = 0, which implies that e, < ey. Hence e = supE4 < ey, and
therefore e = ey. This shows that f € [e]g(r), and therefore 0.(A) = f. It remains
to show that o, is single-valued. Suppose that A maps to both f and g. Then
(f — g) annihilates D. But D is dense in Q(R), and thus f —g =0, ie., f = g.
Therefore, o, is well-defined.

To see that the “moreover” statement is true, suppose that o.(A) € R. Then
0c(A) = 0.(A"), where A’ = {0.(A)}. Conversely, suppose that A’ € R.(R) with
|A’| < o0; say A" = {rq,...,rn}. Then

n n

oe(A) =0.(A)e= ae(A’)(Z er,) = Z(Ue(A’)erj) = er € R,

j=1 j=1
where the second equality follows from Proposition 2.2 (2) (c.f. the last paragraph

prior to the statement of this theorem). (]
By the last part of the previous proof, we have

Corollary 2.5. Let R be a von Neumann regular ring. If A € R.(R) is a finite
set, then o(A) =3 47 € [e]r.

Let e € B(R) and define the set

Ee(R) ={Ea | A€ Re(R)}.
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We shall write f < F whenever E € E.(R) and o.(A) = f for some A € R.(R)
with F4 = E. By Proposition 2.2 (3), this is equivalent to declaring f < E if and
only if E is a set of orthogonal idempotents such that sup E = ey = e and fe’ € R
for all ¢’ € F (indeed, let A = {fe'}ercr, c.f. the second paragraph in the proof
of Theorem 2.8). In particular, if r € [e]g, then r < E for all E € & (R), i.e.,
{relelr|r<E}=]eg foral E € &(R).

Corollary 2.6. Let R be a von Neumann regular ring and suppose that e € B(R).
IfE € E.(R), then

{A€Re(R) | Ea= E} =|{f €lelow) | f < E}.

Proof. The mapping {A € Rc(R) | Ea = E} — {f € [elowr) | f < E} defined by
A 0.(A) is a well-defined surjection by Theorem 2.4 and the definition of <. It
is injective since if A1, Ay € {A € R.(R) | Ea = E} with 0.(A4;1) = 0.(A4z2), then

A= {Je(Al)e/}E’GE = {06(A2)6/}e’€E = As.
Therefore,
{A€ER(R) | Ea=E} =|{f €lelowr) | f < E}
O

Suppose that R is a reduced ring. Then the mapping annggy(J) — anng(JNR)
(J € Q(R)) is a well-defined bijection of Ann(Q(R)) onto Ann(R), where Ann(R) =
{anng(J) | J € R} [12, Proposition 2.4.3]; in particular, [r]r C [r]g(r) for all
r € R. Alternatively, suppose that R is a von Neumann regular ring. Then [e]g =
{rele]r | r < E} for all E € £(R). Since 0.(R.(R)) C [e]q(r), We have

Proposition 2.7. Let R be a von Neumann regular ring and suppose that e € B(R).
Then [elr C{f € lelowr) | [ < E} for all E € E.(R). In particular, [e]r C [e]q(r)-

Of course, the “in particular” statement of the above proposition can be justified
by the simpler argument that r = ue for some unit v of R (and hence of Q(R)), for
all r € [e]gr. However, we will apply the first part of the proposition in the proof of
Lemma 2.12.

Note that Theorem 2.4 implies that some of the elements of [e]g(r) correspond
to elements of R.(R). The next theorem shows that every element in [e]g(g) is of

this type.

Theorem 2.8. Let R be a von Neumann regular ring. Suppose that e € B(R).
Then o, is surjective. In particular, |[e]gr)| < [Re(R)|.
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Proof. Fix e € B(R). The result is trivial for the case e = 0. Suppose that e # 0.
To show that o is onto, choose any f € [e]g(r). Let C = {0 # E C B(R) | €'¢” =0
for all distinct e/, e” € E, e’ < eforalle’ € FE, and fe’ € Rforalle’ € E}. Note that
C # () since {0} € C. Let C be partially ordered by inclusion; then an application
of Zorn’s lemma shows that C has a maximal element, call it E. We will show
that sup E = e. If not, then consider 0 # ¢’ = e —sup E € B(Q(R)). Note that
fe' € [e'lor) by Proposition 2.2 (3). Hence Proposition 2.1 implies that there
exists an e’ € B(R) such that ¢’ < e’ and fe” = fe'e” € R\ {0}. Also, ¢’ < e

implies €¢” < e, and thus
'supE =¢€'(e—¢)=¢€"—¢€"=0.

But then E U {e”} € C by Proposition 2.2 (1), contradicting the maximality of E.
Therefore, sup F = e.

Let A = {fe¢’ | ¢/ € E}. Then Proposition 2.2 (3) implies E4 = E, and thus
A € R.(R). Also, ejer = ¢ implies that ferer = fe’ for all fe’ € A. Hence
oe(A) = f.

The “in particular” statement is clear. (I

We now turn our attention to the cardinality of [e]g. The previous theorem
allows one to derive information about the cardinality of [e](r) from the set R.(R).
We will be able to relate the cardinalities of [e]gr) and [e]r if we can find a way
to use the set R.(R) to reveal information about |[e]g|. The next three lemmas

accomplish this by considering elements of the subset &.(R) of R.(R).

Lemma 2.9. Let R be a von Neumann regular ring. Suppose that E C B(R)\ {0}
is a set of orthogonal idempotents with sup E = e. Moreover, assume that B(R) is
complete and 2¢’ € [¢'|g for all ¢’ € E. Then |[e]r| > 2/FI.

Proof. Define the mapping p : P(E) — [e]g by
p(E') =sup E' +e,

where P(E) is the “power set” of E. Let E/ C E. It is clear that anng(sup E’) C
anng(2sup E’). Conversely, let » € anng(2sup E’). Then 2r € anng(sup E'), and
hence 2re’ = 0 for all ¢’ € E’ by Proposition 2.2 (1). Thus r € anng(2¢’) = anng(e’)
for all ¢’ € E’, and therefore Proposition 2.2 (1) implies that r € anng(sup E').
This shows that anng(sup E') = anng(2sup E’), i.e., 2sup E’ € [sup E’'|r. Hence
p is well-defined by Proposition 2.2 (4). To show that p is injective, suppose that
By, B, C E with Ey # Es; say 0 ¢/ € Ey \ Eo. Then

e supE, = ¢ #0 = ¢ sup Es,
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where the last equality holds by Proposition 2.2 (1). It follows that sup E; # sup Es.
Thus E; # FE5 implies that p(FE1) # p(E2). Therefore, p is injective, and hence

lle]r| > |P(E)| = 2.
O

For the remainder of this section, it will be necessary to recall some facts from
set theory. In what follows, we will assume the generalized continuum hypothesis.
Given any cardinal m, let cf(m) denote the cofinality of m. Note that cf(m) < m,
and cf(m) is infinite whenever m is infinite (e.g., see [15, Theorem 21.10]). An
infinite cardinal m is called regular if m = cf(m). If m is not regular, then it is
called singular. Note that every successor cardinal is regular. Recall that m™ s
defined to be the cardinal number |AZ|, where A and B are sets of cardinality m
and m’, respectively, and AP is the set of all functions from B into A. If R, and

Ny are infinite cardinals, then

R, Ng < cf(Rq)
Ro? = { Rap1, cf(Ry) < Vg <Ry,
N@_;,.h N, < Ng

[15, Theorem 23.9]. Also, m™ = Ng.; for every 2 < m < oo [15, Theorem
22.13]. The notation ), ., m; is used to express the cardinality of the disjoint

union [],.; A;, where |A;| = m; for each ¢ € I. If I is an infinite indexing set with

el
m; infinite for some ¢ € I, then >, ; m; = |I|sup;c; m;. A detailed exposition of
cardinal numbers can be found in chapter four of [15].

It is our goal to find conditions that ensure the equality |[e]or)| = |[e]r]. We
will see that it suffices to impose restrictions on the elements of the set £ (R). The

next two examples motivate such restrictions.

Example 2.10. Let F be a field such that |F| =X, and set J = N. Suppose that
R is the ring in Example 2.3. Choose an infinite subset I of N, and let e be the

idempotent with 1 in all coordinates v € I and 0 elsewhere. Then

llelrl = Ro < Rug1 = RE° = |[eloml,

where the second equality holds since cf(R,) = Ry [15, Theorem 22.11].

Example 2.11. Let K = Zo(X), and define the ring R = [[Zs + @y K. As
in the Ezample 2.3, we have Q(R) = [[yK. Choose an infinite subset I of N,

and let e be the idempotent with 1 in all coordinates i € I and 0 elsewhere. Then

le]r| = Ro < Ry = [[e]g(m)l-
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In Example 2.10, we found an element e € B(R) with an infinite set F € £.(R)
such that cf(|[e/|r]) < |E| < |[¢/]r| for some ¢’ € E (namely, E was the set of
minimal nonzero idempotents less than e, and ¢’ could have been any element of
E). In Example 2.11, we found an element e € B(R) with a set E € £.(R) such
that 2¢’ ¢ [€/]g for some ¢ € E (as before, E was the set of minimal nonzero
idempotents less than e, and e’ could have been any element of F). As a result,
Lemma 2.9 fails for the element e. When R is a von Neumann regular ring such that
B(R) is complete, the desired equality will necessarily be obtained in the absence
of such scenarios.

We shall say that an element E € £.(R) is reqular if the relation |E| < sup{|[¢/]r] |
¢’ € E} implies that either sup{|[¢/]z| | ¢’ € E} is finite or |E| < cf(sup{|[¢/|r| | €’ €
E}). As a special case, F € E.(R) is regular if |E| < sup{|[¢|r| | ¢’ € E} implies
that sup{|[¢|r| | ¢’ € E} is either finite or a regular cardinal. Clearly E is regular
if it is finite.

Lemma 2.12. Let R be a von Neumann reqular ring, e € B(R), and E € E.(R).
Assume that B(R) is complete and 2¢' € [e'|g for all ¢’ € E. If E € E(R) is
regular, then |[e]r| = [{f € [elowr) | f < E}|.

Proof. If £ is finite, then {f € [e]or) | f < E} C [e]r by Theorem 2.4. The
reverse inclusion holds by Proposition 2.7, and hence the result follows. Suppose
that F is infinite; say |E| = R, for some ordinal «. Let sup{|[¢/|r| | ¢’ € E}| = m.
Define

F:{A€R.R) | Ex=E}— (U{[]n| ¢ € E})"
by the rule

F(A)(e) = r if and only if e € E with e = e, for some r € A.

Note that if 71,79 € A with 1 # ra, then e,, e, = 0. In particular, r1 # ry implies
that e,, # e,,, and therefore F' is well-defined by definition. Also, F' is injective
since if F'(A;) = F(Ajz), then r = F(A;)(e,) € A; for all r € Ay, and similarly we
have A; C A, so that A; = A,. Hence

{AERR) | Ea=E}Y < |(U{lelr | ¢ € B})"| = (Ram)™e,

where the equality holds since the union is disjoint. Therefore,

m m > N
€le < E} < (Rgm)Re = ’ “

{f €lelor) | f < E} < (Ram) { Norr, m<,

where the inequality follows by Corollary 2.6, and the equality follows since F is

regular.



THE CARDINALITY OF AN ANNIHILATOR CLASS 73

Let ¢ € E and r € [¢/|g. Then e, = ¢’ and e—¢€’ € B(R). Using Proposition 2.2
(2), it is easy to check that {r,e — e’} € R.(R), and thus Corollary 2.5 implies that
r+(e—e’) € [e]g. This shows that the mapping [¢/|g — [e]r given by r — r+(e—¢’)
is well-defined. Clearly it is also injective. Hence |[¢/|g| < |[e]r]| for all ¢’ € E, and
therefore m < |[e]g|. Also, |E\ {0} = N,, and thus

[e]r| > 2% = Rata

by Lemma 2.9. Therefore, we have |[e]r| = [{f € [e]lor) | f < E}| since Proposi-
tion 2.7 implies that the reverse inequality always holds. O

Remark 2.13. Although the following arguments generalize to arbitrary Boolean
algebras, we shall assume that B is the Boolean algebra of idempotents of a commu-
tative ring. Suppose that B is complete, and letb € B. Then B|, = {e € B | e < b}
is a complete Boolean algebra, where the partial order on By is inherited from B.
Let s(b) denote the least cardinal such that there is no set E C Bl of orthogonal
idempotents with |E| = s(b). Suppose that B is infinite. In [1, Corollary 2.7], it is
shown that there exists a finite set of orthogonal idempotents {b1,...,b,} C B with
sup{b, ...,bp} = 1, such that |Bly,| = 3 s, |Blo.|™ for each i = 1,....n. (In

[1], this result is stated in the context of compact extremely disconnected topological

bi bi
spaces.) We will show that this implies |E.(R)| < |B(R)|| whenever e is an element
of a complete Boolean algebra B(R) such that |B(R)|c| is infinite.

Suppose that B is complete and infinite. Let € = {E C B | etea = 0 for all
distinct e1,e2 € E and sup E = 1}. It suffices to show that |E| < |B|. Note that
the number of subsets of cardinality less than n of a set J is at most > [J]™.
Using [1, Corollary 2.7], choose a set of orthogonal elements {by,...,b,} C B such
that sup{by,...,b,} = 1, and

m<n

|Bloi| = > |Bly|™

m<m;

b;

for each i € {1,...,n}, where m; is the least cardinal such that there is no set
E C By, of orthogonal elements with |E| = m;. By the choice of m; together
< Zm<mi B|bi‘m = |B b;
where &, = {E C Bly, | erea = 0 for all distinct ey, e5 € E, and sup E = b;}. Let

m; = maxXi<;<n{M;}. Note that m; is infinite (and hence so is Bly,) since B is

with the fourth sentence of this paragraph, we have |&p,

)

infinite (this is an application of Konig’s Lemma, e.g., see [10, Exercise 25.12]).
Let & = {E € £ | e < b; for somei € {1,...,n} for alle € E}. Noting that
{b1,...,bn} C B is a set of orthogonal idempotents such that sup{by,....b,} = 1,
we see that E € £* if and only if E = U, E; for some E; € &, (namely, E; =



74 JOHN D. LAGRANGE

Bly, NE). Then |E*| < II7_1|&,| < maxi<;<n(|Bls,|), where the second inequality
follows since |E,| < |Blp,| for each i € {1,...,n}.

The mapping ¢ : € — E* given by E — {bb; | b € E andi € {1,...,n}} is
well-defined. Let E* € £*; say E* = UM, E;, (E; € &, ). Note that every element
belonging to a member of = ({E*}) is a sum (that is, supremum), b = bby + - - - +
bb,,, with bb; € E; U{0} for each i € 1,....,n. Then an element b € B belongs to a
member of Yy~ ({E*}) if and only if b= ey + -+ + e, for some e; € E; U{0}. This
shows that the mapping

(B1U{0}) x - x (B, U{0}) — U{E | E€ v ({E"})}

given by the rule (e1,....en) — > i € is a well-defined surjection. Since the

elements of E* are orthogonal, this mapping is also injective. Hence,
|U{E | E e v ({E" )} = Iy |E; U{0}] < my < |Bls,|,

where the last inequality holds since a complete Boolean algebra is always strictly
larger than any of its sets of orthogonal elements. (Indeed, if E C B is a set of
nonzero orthogonal elements, then the mapping E' — sup E’ defines an injection
from the power set of E into B. In particular, |E| < |B| for any set E C B of
orthogonal elements.) Also, if E' € v ~Y({E*}), then

B <|U{E | E€y™ ({E D} <m.

Since | U{E | E € ' ({E*})} < |Bly,|, it follows that the number of subsets
of cardinality less than m; of U{E | E € v Y({E*})} is at most Y | Bly, ™.
But it has been shown that every member of = ({E*}) has cardinality strictly less

m<m;

than m;, and thus

T HE DI < Y 1Blo,I™ = |Bly, -

m<m;

Therefore,
€] = |Up-ee- ¢ ({E"})]
> WTHEY)

Exe&*

& [sup{ly ™ ({E})| | E* € €7}
(| max (|B]y, 1) [Blo, |

1<i<n

IA

max (|Blp,|)

1<i<n

B].

IN
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If 2¢/ € [¢/|g for all ¢/ < e, then Proposition 2.2 (4) implies that the mapping
B(R)|e — [e]r given by €’ — €’ + e is well-defined. It is clearly injective, and thus

the following lemma holds by the above remark.

Lemma 2.14. Let R be a von Neumann regular ring. Suppose that B(R) is com-
plete and choose e € B(R). Assume that 2¢’ € [¢'|g for all ¢’ < e. If |B(R)|| is
infinite, then |E.(R)| < |[e]r|-

Note that Lemma 2.14 can fail if B(R)|. is finite. For example, let R = H?Zl Zs
and let e = (1,1,1,1,1). Then & (R) = 52 (the fifth Bell number), but |[e]g| = 32.

Given any element e of the complete Boolean algebra B(R), we will say that a
cardinal m is achieved by reqular elements of E.(R) if there exists a set of regular
elements {E;}icr € E(R) with | Uier {f € [elor) | f < Ei}| = m. Let R be the
ring in Example 2.10. Note that the regular elements of &.(R) are precisely the
finite elements. Letting {F;};cs denote the family of all regular elements of &.(R),
we have Uicr{f € [e]lor) | f < Ei} = [e]r, and hence |[e]gr)| is not achieved by
regular elements.

We now state and prove the main theorem of this section.

Theorem 2.15. Suppose that R is a von Neumann regular ring such that B(R) is
complete. Let e € B(R) be an element such that 2¢’ € [¢/|g for all ¢ < e. Then
llelor)| = llelr]| if and only if |[e]q(r)| is achieved by regular elements of E.(R).

Proof. The necessity is clear since |[e]o(r)| = |[e] r| implies that |[e]r)| is achieved
by the regular element £ = {e} (indeed, [e]r C [e]g(r) and r < {e} for all 7 € [e]r).
To prove the converse, note that if |[E| < oo for all E € £.(R), then [e]gr) = [e]r
by Theorems 2.4 and 2.8. In particular, |[e]gr)| = |[e]r|-
Suppose that & (R) contains an infinite element. Then |[e] ] is infinite by Lemma
2.9. Suppose that I is an indexing set such that {E;};c; C E.(R) is a family of
regular elements with | Uier {f € [e]lor) | f < Ei}| = |[elor)|- Then

llelor)| = |Vier {f € [l | [ < Ei}l
< ‘”iglﬁ‘{f € el | [ < Ei}
= |1||[e]r|
< [Ee(R)|[e]r]

= |le]rl,
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where the second equality follows by Lemma 2.12 and the last equality follows by
Lemma 2.14. Thus [[e]g(r)| = |[e]r| since Proposition 2.7 implies that the reverse

inequality is always true. O

It is known that Q([[;c; Ri) = [I;c; @(R;) for any family of rings {R;}icr [12,
Proposition 2.3.8]. It is easy to see that |[(ei)]Qi€I r;| = [Lics ll€il R,

for any such

product. Therefore, if |[e;]r,| = [[es]or,)| for all i € I, then |[(ei)]QiE1R7‘, =
(e, rol-
Note that a ring may have |[e]r| = |[e]o(r)| Without satisfying the condition

“2¢’ € [e]g for all ¢ < e.” For example, the equality is automatic whenever R =
Q(R). The following application of the previous theorem shows that a ring R #
Q(R) can have an idempotent e such that 2e ¢ [e]g, and yet |[e]r| = |[e]qo(r)l-
Moreover, this equality can hold even if B(R) is not complete.

Recall that a ring R is Boolean if x = 22 for all 2 € R, i.e., R = B(R) (as
sets). In particular, a Boolean ring is von Neumann regular, and has characteristic

2. Moreover, a ring R is Boolean if and only if Q(R) is Boolean [12, Lemma 2.4.4].

Corollary 2.16. Suppose that I is an indexing set, {F;}icr is a family of rationally
complete rings, A is a von Neumann regular ring with B(A) complete, |A| < R,
2¢ Z(A), and B is a Boolean ring. Let S be a nonempty subset of {A, B, [[,c; Fi}-
If R=[]gcs S, then |[e]r| = |leloer)| for all e € B(R).

Proof. We might as well assume that R = [[g.sS. By the above comments,
it suffices to show that the result is true when § is a singleton set. Clearly it
is true when S = {[],.; 5} since [[,c; Fi = [Tie; Q(F) = Q([1ie; Fi)- To see
that it holds for & = {B}, recall that each equivalence class of a von Neumann
regular ring is represented by a unique idempotent. Thus, since Q(B) is Boolean,
le]s| =1 = |[e]q(p)| for all e € B.

It remains to show that the result holds for S = {A4}. Since X, is the smallest
singular cardinal, every element of £.(A) is regular. In particular, Theorem 2.8
implies that |[e]g(a)| is achieved by regular elements of £.(A) for all e € A. Finally,
2 is a unit of A since it is not a zero-divisor, and thus 2e € [e]4 for all e € B(A).
Therefore, [[e]a| = |[e]g(a)| for all e € B(A) by Theorem 2.15. O

It is easy to illustrate the convenience of the previous corollary. For example,
let F = Q and J = N in Example 2.3. Then R is a von Neumann regular ring,
B(R) is complete, |R| =Ry < N, and 2 &€ Z(R) (here, 2 is the element of R with
the integer 2 in all coordinates). Therefore, |[e]r| = |[e]q(r)| for all e € B(R) by
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Corollary 2.16. Note that we were able to draw this conclusion without knowing
anything about Q(R).

Several of the previous results were proved under the assumption that “B(R)
is complete.” We conclude this section with an example showing that this “com-
pleteness” statement must be included in all of those results. However, we only

emphasize the necessity for Theorem 2.15.

Example 2.17. Let F,, = Q for alln € N. Define R C [[, oy
such that (r,) € R if and only if there exists N € N such that r, = ry for all
n > N. As in Ezample 2.3, one shows that Q(R) = ], ey Fn. For any n € N,
let e(n) be the element of B(R) with 1 in the coordinate n and 0 elsewhere. Let
N € N and define E = {e(n) € B(R) | n > N}. Then the idempotent e = sup E is
clearly an element of B(R) (e is the element with 1 in all coordinates n > N and 0
elsewhere). Note that B(R) is not complete since the set {e(2n+1)}>° v C B(R)
has no supremum in B(R). It is easy to see that E € E.(R) is regular and |[e]q(r)|

F,, to be the ring

is achieved by E. However,
|le]r| = Ro < Ny = [[e]o(r)l-
3. Zero-Divisor Graphs

The idea of a zero-divisor graph was introduced by I. Beck in [6]. While he
was mainly interested in colorings, we shall investigate the interplay between ring-
theoretic properties and graph-theoretic properties. This approach begun in a paper
by D.F. Anderson and P.S. Livingston [4], and has since continued to evolve (e.g.,
2], (3], [5], (7], [11], [13], [14], and [16]).

Let T' be a graph and let v € V(I'). As in [3], a vertex w € V(I') is called
a complement of v if v is adjacent to w, and the edge v — w is not an edge of
any triangle in I'. In ring-theoretic terms, this is the same as saying that w is a
complement of v in T'(R) if and only if 0 # v,w € R are distinct, vw = 0, and
ann(v) Nann(w) C {0,v,w}. As in [3], we will say that I" is complemented if every
vertex has a complement, and is uniquely complemented if it is complemented and
any two complements of a vertex are adjacent to the same vertices. Note that I'(R)
is uniquely complemented if and only if either R is nonreduced and T'(R) is a star
graph (i.e., a graph with at least two vertices such that there exists a vertex which
is adjacent to every other vertex, and these are the only adjacency relations), or R
is reduced and T'(R) is von Neumann regular [3, Theorems 3.5 and 3.9]. Moreover,
[3, Theorem 3.5] shows that a reduced ring is uniquely complemented if and only

if it is complemented.
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Suppose that R is a von Neumann regular ring. Let x € R. Then there is a unit
u € R such that zu = e,, the unique idempotent satisfying [z]r = [e.]r. Hence
1 — e, is a complement of z since (1 —ez)xr = 0, and tx = 0 = t(1 — e,) implies
t =te, = t(axu) = (tx)u = 0. By [3, Theorem 3.5], T'(R) is uniquely complemented.
Thus ann(z’) = ann(1 — e,) for every complement 2’ of x.

In this section, we explore some consequences of the results given in Section 2.
Theorem 3.2 gives sufficient conditions to conclude that a reduced ring R satisfies
I'(R) 2 T(Q(R)). In Theorem 3.3, we explain precisely when I'(R) = TI'(Q(R)) for
“small” reduced rings with 2 ¢ Z(R). Finally, Theorem 3.4 shows that a Boolean
ring R satisfies T'(R) = T'(Q(R)) if and only if R = Q(R). Moreover, the zero-divisor
graphs of such Boolean rings are completely characterized.

Let S C V(I'(R)) be a family of vertices. As in [11], we shall call v a central
vertex of S if v is adjacent to s for all s € S. The following lemma is implicit in
the proofs of Lemma 3.3 and Theorem 3.4 of [11].

Lemma 3.1. Let R be a von Neumann regular ring. Then B(R) is complete if and
only if whenever § £ S C V(I'(R)) is a family of vertices that has a central vertez,
there exists a central vertex v of S possessing a complement that is adjacent to all
of the central vertices of S (and hence, since T'(R) is uniquely complemented, every

complement of v is adjacent to every central vertex of S).

Proof. To prove the necessity of the stated conditions, suppose that there is a
0 £ S C V(I'(R)) with central vertices such that, if v is any central vertex of S,
then there exists a central vertex w of S with (1 —e,)w # 0. Let 8" = {1 —e; €
B(R) | s € S}, and let C = {b € B(R)\ {0} | be; = 0 for all s € S}. Note that
C # () since e, € C whenever v is a central vertex of S. Moreover, every element
of C' is a central vertex of S. Therefore, to every b € C' there corresponds a central
vertex w of S such that (1 — b)w # 0. In particular, (1 — b)e,, # 0. Let f = inf S’
(in D(B(R))). Note that f # 0 since b < f whenever b € C. Thus, if f € B(R),
then f € C and hence there is a central vertex w of S such that fe, # e,. But
ew € C, and hence e,, < f. This is a contradiction, and therefore f ¢ B(R). Since
the infimum of a set taken in B(R) agrees with the infimum taken in D(B(R)), we
have that B(R) is not complete.

Conversely, suppose that the stated conditions on V(I'(R)) are satisfied. Let
) # S C B(R) be any family of elements. It is clear that infS = 0if 0 € S.
Suppose that 0 ¢ S. If S = {1}, then inf S = 1. If S # {1} and contains 1, then

we may remove 1 from S without changing inf S. Thus we may assume 0,1 ¢ S.
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Since R is reduced, D = anng({1—s}ses)+ ({1 —s}scs) is dense in R, and hence
in Q(R). Let inf S = f € B(Q(R)). Then f({1—s}secs) = (0). Suppose that S has
no infimum in B(R). Then f # 0 since f ¢ B(R). Evidently, anng({1 — s}ses) #
(0) since otherwise fD = (0). That is, C = {v € V(I'(R)) | v is adjacent to 1 —
sforall s € S} # 0. By hypothesis, there is a v* € C whose complements are
adjacent to every element of C. In particular, v(1 — e,«) = 0 for all v € C. Since
v* € C, it follows that e (1 —s) = 0 for all s € S; that is, e,» < s for all
s € S. Moreover, if 0 # v € B(R) with v < s for all s € S, then v € C so that
v(l — ey+) = 0; that is, v < e,«. But this shows that f = infS = e,» € B(R), a
contradiction. Thus every ) # S C B(R) has an infimum, and hence B(R) is a

complete Boolean algebra. O

Let R be any ring. We shall say that I'(R) is central vertex complete, or c.v.-
complete, if I'(R) satisfies the condition of Lemma 3.1. Thus Lemma 3.1 can be

restated as follows:

Let R be a von Neumann regular ring. Then B(R) is complete if and only if
I'(R) is c.v.-complete.

As already noted, every ring R satisfies I'(R) & I'(T'(R)) by [3, Theorem 2.2].
In [3, Theorem 4.1], it is shown that the zero-divisor graphs of two von Neumann
regular rings R and S are isomorphic if and only if there is a Boolean algebra
isomorphism ¢ : B(R) — B(S) such that |[e]r| = |[¢(e)]s| for all 1 # e € B(R).
Therefore, Examples 2.10 and 2.11 illustrate that a von Neumann regular ring R
may fail to satisfy the condition I'(R) = I'(Q(R)). (Indeed, if R is the ring in
Example 2.10, then |[e]r| < Ryy41 for all e € B(R). If R is the ring in Example
2.11, then |[e]g| < Ry for all e € B(R).)

Recall that a von Neumann regular ring R satisfies B(R) = B(Q(R)) if and only
if B(R) is complete [8, Theorem 11.9].

Theorem 3.2. Let R be a reduced ring. Suppose that T'(R) is a complemented
c.v.-complete graph. If 2e € [e]pr) and |[e]oer(r))| is achieved by regular elements
of E.(T(R)) for all e € B(T(R)) \ {1}, then I'(R) 2 T'(Q(R)).

Proof. Suppose that I'(R) is a complemented c.v.-complete graph. Note that
it makes sense to speak of & (T(R)) since T(R) is von Neumann regular by [3,
Theorem 3.5]. Also, I'(R) 2 T'(T'(R)) implies that B(T'(R)) is complete by Lemma
3.1. Thus B(T(R)) = B(Q(T(R))) by [8, Theorem 11.9]. Suppose that 2e €
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le]lr(r) and |[e]q(r(r))| is achieved by regular elements of £ (T'(R)) for all 1 #
e € B(T(R)). Then Theorem 2.15 implies that |[e]pr)| = |[e]or(r))| for all 1 #
e € B(T'(R)). Thus I'(T'(R)) = T'(Q(T(R))) = I'(Q(R)), where the isomorphism
follows by [3, Theorem 4.1] and the equality follows since Q(T(R)) = Q(R); hence
I'(R) 2T(Q(R)) by [3, Theorem 2.2]. O

To apply the previous result, one must have information regarding the zero-
divisor graph of R, as well as information about the total quotient ring of R.

However, information regarding T'(R) is unnecessary when R is “small.”

Theorem 3.3. Let R be a reduced ring. Suppose that |V(I'(R))| < N,. If2 ¢ Z(R),
then T'(R) 2 T(Q(R)) if and only if T(R) is a complemented c.v.-complete graph.

Proof. Note that |[V(I'(T'(R)))| < N, since I'(R) 2 T'(T(R)). Also, 2 is a unit in
T(R) since 2 ¢ Z(R) implies that 2 ¢ Z(T'(R)). Finally,

IT(R)| < |Z(T(R)? = (VI (T(R))| +1)* <R,

(the first inequality is an application of the first isomorphism theorem on the
T(R)-module homomorphism T(R) — T(R)r defined by s — sr, where 0 # r €
Z(T(R)).

If T(R) 2 T'(Q(R)), then T'(R) is complemented since Q(R) is von Neumann
regular, and is c.v.-complete since B(Q(R)) is complete. Conversely, suppose that
I'(R) is a complemented c.v.-complete graph. Then I'(R) = I'(T'(R)) implies that
T(R) is von Neumann regular and B(T'(R)) is complete. Therefore, B(T'(R)) =
B(Q(T(R))). Moreover, |[e]rry| = |[elq(r(ry)| for all e € B(T'(R)) by Corollary
2.16. Thus

I'(R) = T(T(R)) = T(Q(T(R))) = T(Q(R)),

where the second isomorphism follows from [3, Theorem 4.1]. O

Note that a Boolean ring R is rationally complete if and only if B(R) is a
complete Boolean algebra [17, Theorem 12.3.4]. The following theorem was proved
in [11, Theorem 3.4 and Theorem 4.1]. However, a simpler proof is available with
the aid of Lemma 3.1.

Theorem 3.4. Let R be a Boolean ring. Then the following conditions are equiv-
alent:

(1) R is rationally complete.

(2) T'(R) is c.v.-complete.

(3) T'(R) =T(Q(R)).
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Proof. (1)&(2) Lemma 3.1 implies that B(R) is complete if and only if T'(R) is
c.v.-complete; that is, R is rationally complete if and only if I'(R) is c.v.-complete.
(3)=(2) Since B(Q(R)) is complete, (3) implies that I'(R) is c.v.-complete by
Lemma 3.1.
(1)=-(3) This is obvious. O

We end this section by observing that the zero-divisor graphs of rationally com-
plete Boolean rings are completely characterized: It is known that a ring R is
Boolean if and only if either R & Zy or R ¢ {Zg,Z3[X]/(X?)} and T'(R) # 0 has
the property that every vertex has a unique complement [11, Theorem 2.5]. Taking

this together with the previous theorem, we have the following corollary.

Corollary 3.5. Suppose that R is a ring which is not isomorphic to either of the
rings in the set {Zg,Z3[X]/(X?)}. Then R is a rationally complete Boolean ring
if and only if either R = Zy or T(R) # 0 is a c.v.-complete graph such that every

verter has a unique complement.
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