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Abstract. In 2004, S.H.Mohamed and B.J.Müller [11] defined generalized

projectivity (dual ojectivity) as follows: given modules A and B, A is gener-

alized B-projective (B-dual ojective) if, for any homomorphism f : A → X

and any epimorphism g : B → X, there exist decompositions A = A′ ⊕ A′′,

B = B′⊕B′′, a homomorphism ϕ : A′ → B′ and an epimorphism ψ : B′′ → A′′

such that g ◦ ϕ = f |A′ and f ◦ ψ = g|B′ . Generalized projectivity plays an

important role in the study of direct sums of lifting modules (cf. [8, 11]).

Since the structure of generalized projectivity is complicated, it is difficult to

determine whether generalized projectivity is inherited by (finite) direct sums.

This problem is not easy even in the case that each module is quasi-discrete.

In this paper we consider this problem.
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1. Preliminaries

Throughout this paper R is a ring with identity and all modules considered are

unitary right R-modules. A submodule S of a module M is said to be a small

submodule if M 6= K + S for any proper submodule K of M and we write S ¿ M

in this case. Let M be a module and let N and K be submodules of M with K ⊆ N .

Then K is said to be a co-essential submodule of N in M if N/K ¿ M/K and we

write K ⊆c N in M in this case. Let X be a submodule of M . Then X is called a

co-closed submodule in M if X has no proper co-essential submodule in M . X ′ is

called a co-closure of X in M if X ′ is a co-closed submodule of M with X ′ ⊆c X in

M . K <⊕ N means that K is a direct summand of N . Let M = M1 ⊕M2 and let

ϕ : M1 → M2 be a homomorphism. Put 〈M1
ϕ→ M2〉 = {m1 − ϕ(m1) | m1 ∈ M1}.

Then this is a submodule of M which is called the graph with respect to M1
ϕ→ M2.

Note that M = M1 ⊕M2 = 〈M1
ϕ→ M2〉 ⊕M2.
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A module M has the finite internal exchange property if, for any finite direct

sum decomposition M = M1 ⊕ · · · ⊕Mn and any direct summand X of M , there

exists Mi ⊆ Mi (i = 1, · · · , n) such that M = X ⊕M1 ⊕ · · · ⊕Mn.

A module M is said to be a lifting module if, for any submodule X, there exists

a direct summand X∗ of M such that X∗ ⊆c X in M .

Let {Mi | i ∈ I} be a family of modules and let M = ⊕IMi. Then M is said

to be a lifting module for the decomposition M = ⊕IMi if, for any submodule X

of M , there exist X∗ ⊆ M and Mi ⊆ Mi (i ∈ I) such that X∗ ⊆c X in M and

M = X∗⊕(⊕IMi), that is, M is a lifting module and satisfies the internal exchange

property in the direct sum M = ⊕IMi.

Let X be a submodule of a module M . A submodule Y of M is called a sup-

plement of X in M if M = X + Y and X ∩ Y ¿ Y , if and only if Y is minimal

with respect to M = X + Y . Note that a supplement Y of X in M is co-closed in

M . A module M is (⊕−)supplemented if, for any submodule X of M , there exists

a submodule (direct summand) Y of M such that Y is supplement of X in M .

A module M is called amply supplemented if X contains a supplement of Y in M

whenever M = X + Y . We note that

lifting ⇒ amply supplemented ⇒ supplemented.

In this paper, we consider the following results:

Result 1. Let N be a quasi-discrete module and M = M1 ⊕ · · · ⊕Mn be lifting

for M = M1 ⊕ · · · ⊕ Mn. If M ′
i is generalized N -projective for any M ′

i <⊕ Mi

(i = 1, · · · , n), then M is generalized N -projective.

Result 2. Let M be a quasi-discrete module and N = N1⊕· · ·⊕Nm be lifting for

N = N1⊕· · ·⊕Nm. If Ni and M are relatively generalized projective (i = 1, · · · , m),

then M is generalized N -projective.

Result 3. Let M1, · · · ,Mn be quasi-discrete modules and put M = M1 ⊕ · · · ⊕
Mn. Then the following conditions are equivalent.

(1) M is lifting with the (finite) internal exchange property.

(2) M is lifting for M = M1 ⊕ · · · ⊕Mn.

(3) Mi is generalized Mj-projective for each i 6= j.

The reader is referred to [3, 5, 6, 7, 10, 13, 14] for research on lifting modules

and exchange properties. We state the following for later use.

Lemma 1.1. (cf. [14, 41.7]) Let X be a submodule of M . If M is an amply

supplemented module, then M/X is amply supplemented.
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Lemma 1.2. (cf. [1, Proposition 5.17], [4, Lemma 2.5])

(1) If N ¿ M and S ⊆ N , then S ¿ M .

(2) Let f : M → N be a homomorphism. If S ¿ M , then f(S) ¿ f(M).

(3) Let X be a co-closed submodule of M . If S ¿ M and S ⊆ X, then S ¿ X.

Lemma 1.3. (cf. [3, 3.2(1)]) Let A ⊆ B ⊆ M . Then A ⊆c B in M if and only if

M = A + K for any submodule K of M with M = B + K.

Lemma 1.4. (cf. [8, Lemma 1.4]) Let M = A + B and A ⊆ C. If C ∩ B ¿ M ,

then A ⊆c C in M .

Lemma 1.5. If S ¿ M and T ⊆ M , then T ⊆c T + S in M .

Proof. It is obvious. ¤

Lemma 1.6. (cf. [3, 3.2(7)], [9, Lemma 3.1])

(1) Let f : M → N be an epimorphism. If X ⊆c Y in M , then f(X) ⊆c f(Y )

in N .

(2) Let f : M → N be an epimorphism with ker f ¿ M . If A ⊆c B in N , then

f−1(A) ⊆c f−1(B) in M .

Proof. (1) Let N = f(Y )+T . Since f is a epimorphism, there exists a submodule

K of M such that f(K) = T . So M = Y + K + ker f . By Lemma 1.3, M =

X + K + ker f . Hence we see N = f(M) = f(X) + f(K) = f(X) + T . By Lemma

1.3, f(X) ⊆c f(Y ) in N .

(2) Let M = f−1(B) + K. Since A ⊆c B in N , N = f(M) = B + f(K) =

A + f(K). As ker f ¿ M , M = f−1(A) + K + ker f = f−1(A) + K. Thus

f−1(A) ⊆c f−1(B) in M . ¤

Lemma 1.7. (cf. [3, 3.7(5)], [9, Lemma 3.2]) Let f : M → N be an epimorphism

with ker f ¿ M . Then

(1) If X is co-closed in M , then f(X) is co-closed in N .

(2) If M = X ⊕ Y , then f(X) ∩ f(Y ) ¿ N .

Proof. Let f : M → N be an epimorphism with ker f ¿ M .

(1) Let X be co-closed in M and let T ⊆c f(X) in N . Then there exists

a submodule K of X such that f(K) = T . By Lemma 1.6 (2), f−1(f(K)) ⊆c

f−1(f(X)) in M . Since f−1(f(K)) = K + ker f , f−1(f(X)) = X + ker f and

ker f ¿ M , K ⊆c K + ker f ⊆c X + ker f in M . Since K ⊆ X ⊆ X + ker f , by [4,

Lemma 2.5], K ⊆c X in M and so K = X. Thus T = f(K) = f(X).
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(2) Let M = X ⊕Y . By Lemma 1.5, X ⊆c X +ker f in M . Hence (X +ker f)∩
Y ¿ Y ⊆ M by [3, 2.3(i)]. So we see f [(X + ker f) ∩ Y ] ¿ f(M) = N by Lemma

1.2 (2). Thus f(X) ∩ f(Y ) = f [(X + ker f) ∩ Y ] ¿ N. ¤

Lemma 1.8. Let f : M → N be an epimorphism with ker f ¿ M . Then S ¿ N

implies f−1(S) ¿ M .

Proof. Let S ¿ N and let M = X+f−1(S). Then N = f(M) = S+f(X) = f(X)

since S ¿ N . Thus M = X + ker f = X since ker f ¿ M . Therefore f−1(S) ¿
M . ¤

Lemma 1.9. (cf. [14, 19.3(1)]) Let f : M → N and g : N → K be epimorphisms

with ker f ¿ M and ker g ¿ N . Then ker(g ◦ f) ¿ M .

Lemma 1.10. If M = M1 ⊕ M2 = M1 ⊕ K, then K = 〈M2
α→ M1〉 for some

α : M2 → M1.

Proof. Let p1 and p2 be the projections M → M1, M → M2, respectively. Since

M1 ⊕M2 = M1 ⊕K, p2(K) = M2. Define α : M2 → M1 by α(p2(k)) = −p1(k),

where k ∈ K. Then K = 〈M2
α→ M1〉. ¤

2. Generalized Projectivity

Given modules A and B, A is said to be generalized B-projective (B-cojective)

if, for any homomorphism f : A → X and any epimorphism g : B → X, there

exist decompositions A = A′ ⊕ A′′, B = B′ ⊕ B′′, a homomorphism ϕ : A′ → B′

and an epimorphism ψ : B′′ → A′′ such that g ◦ ϕ = f |A′ and f ◦ ψ = g|B′′ (cf.

[11]). Note that every B-projective module is generalized B-projective. If A is

generalized B-projective and B is generalized A-projctive, then A and B are said

to be relatively generalized projective.

Proposition 2.1. (cf. [11]) Let B∗ be a direct summand of B. If A is generalized

B-projective, then A is generalized B∗-projective.

We consider the following condition (∗):
(∗) Any submodule of M has a co-closure in M .

Note that any module over a right perfect ring has the condition (∗) by Oshiro

[12, Proposition 1.3].

Proposition 2.2. (cf. [8]) (1) Let A be a module with the finite internal exchange

property and let A∗ be a direct summand of A. If A is generalized B-projective,

then A∗ is generalized B-projective.



GENERALIZED PROJECTIVITY OF QUASI-DISCRETE MODULES 129

(2) Let M = A ⊕ B be a weakly supplemented module with the condition (∗)
and let A∗ be a direct summand of A. If A is generalized B-projective, then A∗ is

generalized B-projective.

Theorem 2.3. (cf. [8]) Let M1, · · · ,Mn be lifting modules with the finite internal

exchange property and put M = M1 ⊕ · · · ⊕Mn. Then the following conditions are

equivalent.

(1) M is lifting with the finite internal exchange property.

(2) M is lifting for M = M1 ⊕ · · · ⊕Mn.

(3) Mi and ⊕j 6=iMj are relatively generalized projective.

A module A is said to be im-small B-projective if, for any epimorphism g :

B → X and any homomorphism f : A → X with Imf ¿ X, there exists a

homomorphism h : A → B such that g ◦ h = f (cf. [7]).

Proposition 2.4. (1) Let A be a module and let {Bi | i = 1, · · · , n} be a family

of modules. Then A is im-small ⊕n
i=1Bi-projective if and only if A is im-small

Bi-projective (i = 1, · · · , n).

(2) Let I be any set and let {Ai | i ∈ I} be a family of modules. Then ⊕IAi is

im-small B-projective if and only if Ai is im-small B-projective for all i ∈ I.

Proof. By similar arguments as the proofs of [2]. ¤

Proposition 2.5 (cf. [8, Proposition 2.5]) Let A be any module and let B be a

lifting module. If A is generalized B-projective, then A is im-small B-projective.

3. Direct sums of quasi-discrete modules

A lifting module M is said to be quasi-discrete if M satisfies the following con-

dition (D):

(D) If M1 and M2 are direct summands of M such that M = M1 + M2, then

M1 ∩M2 is a direct summand of M .

Any quasi-discrete module has the internal exchange property [12, Theorem

3.10].

Lemma 3.1. Let N be a quasi-discrete module and let M = M1⊕· · ·⊕Mn be lifting

for M = M1⊕· · ·⊕Mn. Assume that Mi is generalized N -projective (i = 1, · · · , n).

Then, for any epimorphism f : M → X with ker f ¿ M and any epimorphism

g : N → X with ker g ¿ N , there exist decompositions M = M ⊕M , N = N ⊕N

and epimorphisms ϕ : M → N , ψ : N → M such that f |
M

= g ◦ϕ and g|
N

= f ◦ψ.
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Proof. It is enough to prove the case of M = M1⊕M2. Let N be a quasi-discrete

module and let M be lifting for M = M1 ⊕ M2. Assume that f : M → X and

g : N → X are epimorphisms such that ker f ¿ M and ker g ¿ N , respectively.

By Lemma 1.7, f(Mi) is co-closed in X (i = 1, 2) and f(M1) ∩ f(M2) ¿ X. Since

N is lifting, there exists a decomposition N = Ni⊕N∗
i such that Ni ⊆c g−1(f(Mi))

in N (i = 1, 2). By Lemma 1.6, g(Ni) ⊆c g(g−1(f(Mi))) = f(Mi) in X and hence

g(Ni) = f(Mi). Then g(N) = X = f(M) = f(M1) + f(M2) = g(N1) + g(N2). As

ker g ¿ N , we see

N = N1 + N2 + ker g = N1 + N2.

By Lemma 1.8, f(M1)∩ f(M2) ¿ X implies g−1(f(M1)∩ f(M2)) ¿ N . So we get

N1 ∩N2 ⊆ g−1(f(M1)) ∩ g−1(f(M2)) = g−1(f(M1) ∩ f(M2)) ¿ N.

Since N is quasi-discrete, we see

N = N1 ⊕N2.

By Proposition 2.1, Mi is generalized Ni-projective (i = 1, 2). Hence there exist

decompositions Mi = M ′
i ⊕M ′′

i , Ni = N ′
i ⊕ N ′′

i , a homomorphism αi : M ′′
i → N ′

i

and an epimorphism βi : N ′′
i → M ′

i such that f |M ′′
i

= g ◦ αi and g|N ′′
i

= f ◦ βi.

Given n′i ∈ N ′
i , then there exists mi ∈ Mi with g(n′i) = f(mi). Express mi in

Mi = M ′
i⊕M ′′

i as mi = m′
i +m′′

i , where m′
i ∈ M ′

i and m′′
i ∈ M ′′

i . As f |M ′′
i

= g ◦αi,

f(m′′
i ) = g ◦ αi(m′′

i ). On the other hand, since βi is an epimorphism, there exists

n′′i ∈ N ′′
i such that βi(n′′i ) = m′

i. So f(m′
i) = f(βi(n′′i )) = g(n′′i ). Hence g(n′i) =

f(m′′
i ) + f(m′

i) = g(αi(m′′
i )) + g(n′′i ). So n′i − αi(m′′

i ) − n′′i ∈ ker(g|Ni). Thus we

see

N ′
i ⊆ αi(M ′′

i ) + N ′′
i + ker(g|Ni).

As ker(g|Ni) ¿ Ni, we see

Ni = N ′
i ⊕N ′′

i = αi(M ′′
i ) + N ′′

i + ker(g|Ni) = αi(M ′′
i ) + N ′′

i .

Hence αi(M ′′
i ) = N ′

i , that is, αi is an epimorphism.

Now define ϕ : M ′′
1 ⊕ M ′′

2 → N ′
1 ⊕ N ′

2 and ψ : N ′′
1 ⊕ N ′′

2 → M ′
1 ⊕ M ′

2 by

ϕ(m′′
1 + m′′

2) = α1(m′′
1) + α2(m′′

2), ψ(n′′1 + n′′2) = β1(n′′1) + β2(n′′2). Then, for

any m′′
1 + m′′

2 ∈ M ′′
1 ⊕M ′′

2 , f(m′′
1 + m′′

2) = g(α1(m′′
1)) + g(α2(m′′

2)) = g(α1(m′′
1) +

α2(m′′
2)) = g◦ϕ(m′′

1 +m′′
2). So f |M ′′

1 ⊕M ′′
2

= g◦ϕ. Similarly, we see g|N ′′
1 ⊕N ′′

2
= f ◦ψ.

The proof is completed. ¤

Proposition 3.2. Let N be a quasi-discrete module and M = M1 ⊕ · · · ⊕Mn be

lifting for M = M1⊕· · ·⊕Mn. If M ′
i is generalized N -projective for any M ′

i <⊕ Mi

(i = 1, · · · , n), then M is generalized N -projective.
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Proof. It is enough to prove the case of M = M1 ⊕ M2. Let f : M → X be a

homomorphism and g : N → X be an epimorphism. Since N is lifting and M is

lifting for M = M1 ⊕M2, we may assume ker f ¿ M and ker g ¿ N . By Lemma

1.1, X = g(N) is amply supplemented. So there exists a co-closure K of f(M) in

X. Let X ′ be a supplement of f(M) in X. Then

X = X ′ + f(M) = X ′ + K and X ′ ∩ f(M) ¿ X ′.

As K ⊆ f(M), f(M) = K + (X ′ ∩ f(M)). Since f(M) is amply supplemented,

there exists a co-closure S of X ′∩f(M) in f(M). Inasmuch as M is lifting for M =

M1 ⊕M2, there exists a decomposition M = L⊕M ′
1 ⊕M ′

2 such that L ⊆c f−1(S)

in M . By Lemma 1.6, f(L) ⊆c f(f−1(S)) = S in f(M) and hence f(L) = S. Thus

we see

f(M) = f(L) + f(M ′
1 ⊕M ′

2) = S + f(M ′
1 ⊕M ′

2).

By Lemma 1.2 (2), we see S ∩ f(M ′
1 ⊕ M ′

2) = f(f−1(S) ∩ (M ′
1 ⊕ M ′

2)) ¿ f(M)

since f−1(S) ∩ (M ′
1 ⊕M ′

2) ¿ M .

Now let A ⊆c f(M ′
1 ⊕M ′

2) in X. As S ⊆ X ′ we see

X = S + f(M ′
1 ⊕M ′

2) + X ′ = f(M ′
1 ⊕M ′

2) + X ′ = A + X ′.

Hence f(M) = A + (X ′ ∩ f(M)) = A + S. By Lemma 1.4, A ⊆c f(M ′
1 ⊕M ′

2) in

f(M). Since f(M ′
1⊕M ′

2) is co-closed in f(M), A = f(M ′
1⊕M ′

2). Thus f(M ′
1⊕M ′

2)

is co-closed in X.

Since f(L) = S ⊆ X ′ ∩ f(M) ¿ X and L is im-small N -projective, there exists

a homomorphism h : L → N such that f |L = g ◦ h.

As N is lifting, there exists a decomposition N = N∗ ⊕ N∗∗ such that N∗ ⊆c

g−1(f(M ′
1 ⊕ M ′

2)) in N . By Lemma 1.6, g(N∗) ⊆c f(M ′
1 ⊕ M ′

2) in X. This

implies g(N∗) = f(M ′
1 ⊕ M ′

2). Thus, by Lemma 3.1, there exist decompositions

M ′
1 ⊕M ′

2 = T ⊕ T , N∗ = N∗ ⊕N∗ and epimorphisms ϕ1 : T → N∗, ϕ2 : N∗ → T

such that f |T = g ◦ ϕ1 and g|N∗ = f ◦ ϕ2. Now let α and β be the projections

N = N∗ ⊕N∗ ⊕N∗∗ → N∗, N = N∗ ⊕N∗ ⊕N∗∗ → N∗ ⊕N∗∗, respectively. Put

γ = ϕ2 ◦α◦h. Define ϕ∗ : 〈L γ→ T 〉 → N∗⊕N∗∗ by ϕ∗(l−γ(l)) = β ◦h◦δ(l−γ(l)),

where δ : 〈L γ→ T 〉 → L is the canonical homomorphism. Then f |〈L γ→T 〉 = g ◦ ϕ∗.

Put ϕ = ϕ∗ + ϕ1 : 〈L γ→ T 〉 ⊕ T → N∗ ⊕N∗∗ and ψ = ϕ2 : N∗ → T . Then

f |〈L γ→T 〉⊕T
= g ◦ ϕ and g|N∗ = f ◦ ψ.

Therefore M is generalized N -projective. ¤
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Proposition 3.3. Let M be a quasi-discrete module and N = N1 ⊕ · · · ⊕ Nm be

lifting for N = N1 ⊕ · · · ⊕ Nm. If Ni and M are relatively generalized projective

(i = 1, · · · ,m), then M is generalized N -projective.

Proof. It is enough to prove the case of N = N1 ⊕ N2. Let f : M → X be a

homomorphism and g : N → X be an epimorphism. Since M is lifting and N is

lifting for N = N1 ⊕ N2, we may assume ker f ¿ M and ker g ¿ N . By Lemma

1.1, X is amply supplemented and so there exists a co-closure f(M)∗ of f(M) in

X. Let X ′ be a supplement of f(M) in X. Then

X = f(M) + X ′ = f(M)∗ + X ′ and X ′ ∩ f(M) ¿ X ′.

So f(M) = f(M)∗ + (X ′ ∩ f(M)). By Lemma 1.1, f(M) is amply supplemented

and hence there exist a co-closure S of X ′ ∩ f(M) and co-closure T of f(M)∗ in

f(M). Thus

f(M) = f(M)∗ + (X ′ ∩ f(M)) = T + S.

Since M is lifting, there exists a decomposition M = M1⊕M∗
1 such that M1 ⊆c

f−1(T ) in M . By Lemma 1.6, f(M1) ⊆c f(f−1(T )) = T in f(M) and hence

f(M1) = T . Similarly, there exists a decomposition M = M2 ⊕ M∗
2 such that

f(M2) = S. As f(M) = T + S = f(M1) + f(M2),

M = M1 + M2 + ker f = M1 + M2.

Since T ∩ S ⊆ X ′ ∩ f(M)∗ ¿ X ′ ⊆ X and f(M)∗ is co-closed in X, we see

T ∩ S ¿ f(M)∗ by Lemma 1.2 (3). Hence T ∩ S ¿ f(M). By Lemma 1.8, we see

f−1(T ∩ S) ¿ M . Thus

M1 ∩M2 ⊆ f−1(T ) ∩ f−1(S) = f−1(T ∩ S) ¿ M.

Inasmuch as M is a quasi-discrete module, we see

M = M1 ⊕M2.

If T ′ ⊆c T in X, then X = f(M) + X ′ = (T + S) + X ′ = T + X ′ = T ′ + X ′.

So f(M) = T ′ + (X ′ ∩ f(M)) = T ′ + S. As T ∩ S ¿ f(M), we obtain T ′ ⊆c T

in f(M) by Lemma 1.4 and so T ′ = T . Thus T is co-closed in X. Now, since N

is lifting for N = N1 ⊕ N2, there exists a decomposition N = K ⊕ N ′
1 ⊕ N ′

2 such

that K ⊆c g−1(T ) in N , where N1 = N ′
1 ⊕ N ′′

1 and N2 = N ′
2 ⊕ N ′′

2 . By Lemma

1.6, g(K) ⊆c T in X and so g(K) = T . Since M2 is im-small N -projective and

S = f(M2) ¿ X, there exists a homomorphism h : M2 → N with f |M2 = g ◦ h.

By Propositions 2.1 and 2.2, K is generalized M1-projective. By Lemma 3.1,

for epimorphisms g|K : K → T and f |M1 : M1 → T , there exist decompositions
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K = K ′ ⊕K ′′, M1 = M ′
1 ⊕M ′′

1 and epimorphisms ψ1 : K ′ → M ′′
1 , ψ2 : M ′

1 → K ′′

such that g|K′ = f ◦ ψ1 and f |M ′
1

= g ◦ ψ2. Now let α and β be the projections

N = K ′ ⊕ K ′′ ⊕ N ′
1 ⊕ N ′

2 → K ′, N = K ′ ⊕ K ′′ ⊕ N ′
1 ⊕ N ′

2 → K ′′ ⊕ N ′
1 ⊕ N ′

2,

respectively. Put γ = ψ1 ◦ α ◦ h and define ϕ∗ : 〈M2
γ→ M ′′

1 〉 → K ′′ ⊕ N ′
1 ⊕ N ′

2

by ϕ∗(m2 − γ(m2)) = β ◦ h ◦ δ(m2 − γ(m2)), where δ : 〈M2
γ→ M ′′

1 〉 → M2 is the

canonical homomorphism. For any m2 ∈ M2, we express h(m2) in K ′⊕K ′′⊕N ′
1⊕N ′

2

as h(m2) = k′ + y, where k′ ∈ K ′, y ∈ K ′′ ⊕N ′
1 ⊕N ′

2. Then

f(m2 − γ(m2)) = f(m2)− fψ1αh(m2) = gh(m2)− gαh(m2)

= g(h(m2)− k′) = g(y) = gβh(m2)

= gβhδ(m2 − γ(m2)) = g ◦ ϕ∗(m2 − γ(m2)).

Hence f |〈M2
γ→M ′′

1 〉
= g ◦ϕ∗. Put ϕ = ϕ∗ + ψ2 : 〈M2

γ→ M ′′
1 〉 ⊕M ′

1 → K ′′⊕N ′
1⊕N ′

2

and ψ = ψ1 : K ′ → M ′′
1 . Then

f |〈M2
γ→M ′′

1 〉⊕M ′
1

= g ◦ ϕ and g|K′ = f ◦ ψ.

Therefore M is generalized N -projective. ¤

Using the propositions above, we obtain the following.

Theorem 3.4. Let M1, · · · ,Mn be quasi-discrete modules and put M = M1⊕· · ·⊕
Mn. Then the following conditions are equivalent.

(1) M is lifting with the (finite) internal exchange property.

(2) M is lifting for M = M1 ⊕ · · · ⊕Mn.

(3) Mi is generalized Mj-projective (i 6= j).

Proof. This is immediate from Propositions 2.2, 3.2, 3.3, and Theorem 2.3. ¤

A module H is said to be hollow if it is an indecomposable lifting module. Note

that any hollow module is quasi-discrete. Hence we obtain the following:

Corollary 3.5. Let H1, · · · ,Hn be hollow modules and put M = H1 ⊕ · · · ⊕ Hn.

Then the following conditions are equivalent.

(1) M is lifting with the (finite) internal exchange property.

(2) M is lifting for M = H1 ⊕ · · · ⊕Hn.

(3) Hi is generalized Hj-projective (i 6= j).
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