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ABSTRACT. Let R be a ring. For a fixed positive integer n, R is said to
be left n-semihereditary in case every n-generated left ideal is projective. R
is said to be weakly n-semihereditary if each n-generated left (and/or right)
ideal is flat. Some properties of n-semihereditary rings, respectively, weakly
n-semihereditary rings and n-coherent rings are investigated. It is also proved
that R is left n-semihereditary if and only if it is left n-coherent and weakly
n-semihereditary, if and only if the ring of n X n matrices over R is left 1-
semihereditary if and only if the class of all n-flat right R-modules form the
torsion-free class of a torsion theory. Some known results are extended or

obtained as corollaries.
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1. Introduction

The motivation of this paper comes mainly from Dauns and Fuchs [8] and Samei
[14]. By virtue of some results of [15,16,17,18], we investigate some classes of rings
which can be regarded as generalizations of hereditary rings. Thus some known
results are extended or obtained as corollaries.

There are many generalizations of hereditary rings such as, in literatures, semi-
hereditary rings, p.p. rings and p.f. rings. A left p.p. ring R (i.e., every principal
left ideal of R is projective as an R-module) is also called a left Rickart ring (see
Lam [11]). There exists a left p.p. ring which is not right p.p. (see Chase [4] or
Lam [11]). However the property that R is a p.f. ring (i.e., every principal left ideal
of R is flat as an R-module) is left-right-symmetric (see Jgndrup [10] or Dauns and
Fuchs [8] where a p.f. ring is said to be torsion-free). Indeed, for a ring R and a

fixed positive integer n, Jondrup [10] has proved that if all n-generated left ideals
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are flat, then all n-generated right ideals are flat, too. Such a ring R was also dis-
cussed by Shamsuddin [15] under the terminology n-semihereditary. But we shall
call it a weakly n-semihereditary ring since Zhu and Tan define a left (resp. right)
n-semihereditary ring to be a ring R whose n-generated left (resp. right) ideals
are all projective. Thus “left p.p.” = “left Rickart” = “left 1-semihereditary” and
“p.f.” = “torsion-free” = “weakly 1-semihereditary”.

Let X be a completely regular space and C(X) the ring of all continuous real-
valued functions defined on X. We refer the reader to [9] for details on C(X). It is
interesting that C'(X) is semihereditary if and only if C(X) is a p.p. ring if and only
if C(X) is coherent if and only if X is basically disconnected (see [13, Theorem 1.1,
Corollary 1.4 and Theorem 2.2]) while C(X) is p.f. if and only if X is an F-space
(see [1,12]).

Following Shamsuddin [15], a ring R is said to be left n-coherent if every n-
generated left ideal of R is finitely presented. Note that this definition is at odds
with another definition on n-coherence (see [5] and [7]) and R is a left n-coherent if
and only if it is left (1, n)-coherent in the sense of [16] where R is left (m, n)-coherent
means that every n-generated left submodule of the free left R-module R™ is finitely
presented. It is easy to see that 1-coherence is nothing other than p-coherence in
the sense of [6]. Moreover, “left semihereditary” = “left n-semihereditary for all
positive integers n” and “left coherent” = “left n-coherent for all positive integers
n” = “left (m,n)-coherent for all positive integers m and n”.

For two fixed positive integers m and n, a right R-module M is called (m,n)-flat
in [16,17] in case the canonical map M ® gl — M ®r R™ is a monomorphism for all
n-generated submodule I of the left R-module R™. A submodule K of a right R-
module F is said to be (m, n)-pure in F if the canonical map K @z (R™/I) — F®g
(R™/I) is a monomorphism for all n-generated submodule I of the left R-module
R™, or equivalently, if K™ N F"C = K"C for every n x m matrix C = (¢ij)nxm
over R, where F"C = {(3 1" xici1, 2oty TiCim) | (1, ,2n) € F™} and the
meaning of K™C is similar to F™C' (see [17] for details). (m,n)-flatness and (m, n)-
purity of left modules are defined similarly. Obviously, (1, n)-flatness coincides with
n-flatness in the sense of [2]. In particular, 1-flatness coincides with torsion-freeness
in the sense of [8].

According to Samei [14], a module A over a commutative ring R is quasi-torsion-

free relative to an exact sequence of R-modules

OHKHFLAHO,
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where F' is a flat submodule of a free R-module, if for all r € R and = € A such
that re = 0 there are 2’ € F and k € K with ¢(2') = = and r2’ = rk. It is
proved that A is quasi-torsion-free relative to every exact sequence if it is quasi-
torsion-free relative to one exact sequence (see [14, Lemma 2.2]). Thus the notion
of quasi-torsion-freeness is independent from the choice of the exact sequence. We
shall transfer this notion as well as some results of Samei [14] to modules over
any ring (which need not be commutative) and show that quasi-torsion-freeness
coincides with 1-flatness.

The ring of all 2 x 2 matrices over a p.f. ring may fail to be p.f. (see [8]). There
are analogous phenomena for p.p. rings and 1-coherent rings. Therefore it seems
interesting to investigate a ring R such that the ring of all n x n matrices over R is,
respectively, p.f., left 1-coherent and left p.p. for some fixed positive integer n > 1.

Throughout R is an associative ring with identity, all modules are unitary and
C(X) is the ring of all continuous real-valued functions on a completely regular
space X. For two fixed positive integers m and n, we write R™*" for the set of all
m x n matrices over R and write R" = R**" (resp., R,, = R"*!). In general, for
a right R-module M, we write M™ for the set of all formal 1 x n matrices whose

entries are elements of M.

2. Main Results

Let us start with the following characterizations of weakly n-semihereditary

rings.

Proposition 2.1. Let R be ring and n a fized positive integer. Then the following
are equivalent:

(1) R is weakly n-semihereditary.

(2) Every n-generated submodule of an n-flat R-module is flat.

(8) Every submodule of a flat R-module is n-flat.

(4) Every n-generated submodule of a flat R-module is flat.

(5) Every submodule of a projective R-module is n-flat.

(6) Every n-generated submodule of a projective R-module is flat.

(7) Every submodule of a free R-module is n-flat.

(8) Every n-generated submodule of a free R-module is flat.

(9) For each 1 <m € N, every submodule of an (m,n)-flat R-module is (m,n)-
flat.

(10) For each 1 < m € N, every n-generated submodule of an (m,n)-flat R-

module is flat.
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Proof. (1)=(2). Suppose R is weakly n-semihereditary, then every n-generated
submodule of an n-flat module is n-flat [15, §5.(f)]. But an n-generated n-flat
module is flat [15, §5.(a)].

(1)=(3) follows from [15, §5.(f)].

(8)=>(9). Let I be an n-generated submodule of the free module R™ and K
a submodule of an (m,n)-flat right R-module M. We have TorZ(M/K, R™ /) =
Torf!(M/K,I) = 0 by (8) and Torf{(M,R™/I) = 0 by the characterization of
(m, n)-flatness [17, Theorem 4.3(3)]. Thus the following long exact sequence yields
that Torf!(K, R/I) =0

-+ — Torf (M /K, R™/I) — Tori (K, R™/I) — Tor®(M,R™/I) — - --
(2)=(4)=(6)=(8)=(1), (3)=(5)=(7)=(1) and (9)=(10)=(2)are obvious. [

Recall that a ring R is left (resp., right) Bezout if every finitely generated left
(resp., right) ideal is principal. It is easy to see that a module is flat if and only
if it is n-flat for all positive integers n. On the other hand, it is well known that
a module M is flat if and only if every finitely generated submodule of M is flat
since M is a direct limit of its finitely generated submodules and every direct limit
of a direct system of flat modules is flat. So we have the following corollary which

transfers [14, Theorem 2.5 and Corollary 2.6] to a general case.

Corollary 2.2. The following are equivalent for any ring R.

(1) Every left ideal of R is flat.

(2) Every finitely generated left ideal of R is flat.

(8) Every submodule of a free left R-module is flat.

(4) Every finitely generated submodule of a free left R-module is flat.

All these conditions are equivalent to the corresponding ones on the opposite
sides. Moreover, if R be a right or left Bezout ring then the above conditions are

equivalent to

(5) R is p.f..

The equivalence (1)< (2)<(5) of the following theorem has been established by
Zhu and Tan [18, Theorem 2].

Theorem 2.3. Let R be ring and n a fized positive integer. Then the following are
equivalent.

(1) R is left n-semihereditary.

(2) R is weakly n-semihereditary and left n-coherent.

(8) R is weakly n-semihereditary and left (m,n)-coherent for each 1 < m € N.
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(4) R is weakly n-semihereditary and left (n,n)-coherent.

(5) Every torsion-less right R-module is n-flat.

(6) Every torsion-less right R-module is (m,n)-flat for each 1 < m € N.
(7) Every torsion-less right R-module is (n,n)-flat.

Proof. (1)=(3) follows from the fact that R is left n-semihereditary if and only
if every n-generated submodule of a projective left R-module is projective [18,
Theorem 1].

(3)=(4)=(2) is obvious.

(2)=(1). Note that an n-generated module is projective if and only if is flat and
finitely presented.

(2)=(5), (3)=(6) and (4)<(7) are immediate consequence of Proposition 2.1
and [16, Theorem 5.7]. O

Corollary 2.4. (1) ([8, Lemma 4.2]) Every right (or left) p.p. ring is a torsion-free
ring.
(2) ([8, Theorem 4.5]) R is a right p.p. ring if and only if R a is torsion-free
ring in which the right annihilators of elements are finitely generated.
(8) ([8, Theorem 4.6]) The following are equivalent for a torsion-free ring R.
(i) R is a right p.p. ring.
(i1) Direct products of torsion-free left R-modules are again torsion-free.
(iii) RY is a torsion-free left R-module for any set I.
(4) The following are equivalent for a p.f. ring R.
(i) R is a right p.p. ring.
(i) R is right 1-coherent.
(#ii) R is right pseudo-coherent.

The proof of [13, Theorem 2.2] virtually shows that X is basically disconnected if
C(X) is 1-coherent. According to [9, 1H.2 and Theorem 14.25], C'(X) is Bezout and
(equivalently) p.f. if X is basically disconnected. Therefore, the following result

(essentially due to Neville [13]) is an immediate consequence of Corollary 2.4(4).

Corollary 2.5. The following are equivalent for a Hausdorff completely reqular

(X) is a p.p. ring.

(X) is a semihereditary ring.
(3) C(X) is a 1-coherent ring.

(X) is a pseudo-coherent ring.

(X)

is a coherent ring.
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The following theorem and the proof of it are motivated by [8, Theorem 6.1].

Theorem 2.6. Let n be a positive integer and n-F the class of all n-flat left R-
modules. Then n-F is a torsion-free class of a torsion theory in R-Mod if and only

if R is right n-semihereditary.

Proof. Note that n-F is closed under isomorphism and extensions. By [15, §5.(f)],
n-F is closed under submodules if and only if R is weakly n-semihereditary. Fur-
thermore, by [15, §5.(h)], n-F is closed under direct products if and only if R is
right n-coherent. Thus the result follows from Theorem 2.3. (I

Corollary 2.7. (1) The torsion-free left R-modules form the torsion-free class of
a torsion theory in R-Mod if and only if R is right p.p..

(2) The flat left R-modules form the torsion-free class of a torsion theory in
R-Mod if and only if R is right semihereditary.

Note that (1) of Corollary 2.7 removes the hypotheses that R is a torsion-free
ring in [8, Theorem 6.1].

Given a right R-module M and n € N, we shall define the n-flat dimension
n-fdgM of M to be the smallest integer d > 0 such that

Tor§+k(M, R/I) = 0 for all n-generated left ideal I and k > 1.

The right global n-flat dimension r-n-fd(R) of R is defined to be the supremum of the
n-flat dimensions of all right R-modules. n-flat dimension of a left R-module and
the left global n-flat dimension l-n-fd(R) of R can be defined similarly. Obviously,
m-fdgM < n-fdgM whenever m < n, and the flat dimension of M f{dgrM = sup{
n-fdgM | n € N }. Moreover, for each fixed 1 < n € N, we have r-n-fd(R) = 0
& every right R-module is n-flat < every right R-module is 1-flat < R is von
Neumann regular < every left R-module is 1-flat < every left R-module is n-flat
< In-fd(R) = 0.

Theorem 2.8. Let R be ring and n a fized positive integer. Then the following are
equivalent.

(1) R is weakly n-semihereditary.

(2) The right global n-flat dimension r-n-fd(R) of R is at most 1.

(8) The left global n-flat dimension l-n-fd(R) of R is at most 1.

Proof. We need only to show that (1) < (2). (1) < (3) follows similarly.

(1) = (2). Suppose that R is weakly n-semihereditary. For any right R-module
M and any n-generated left ideal I of R, we have Tor{’, , (M, R/I) = Torf*(M,I) =0
for every 1 < k € N. Thus the global n-flat dimension of R is at most 1.
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(2) = (1). Let I an n-generated left ideal I of R. We have Tor®(M,I)
Torl*(M, R/I) = 0 for every left R-module M. That is, I is flat. O

Corollary 2.9. ([3, Theorem 4.1]) For any ring R, the following statements are
equivalent.

(1) R is left semihereditary.

(2) R is left coherent and the weak dimension of R is at most 1.

(8) Every torsion-less right R-module is flat.

Theorem 2.10. Let R be ring, n a fized positive integer and S = R™ ™. Then
(1) R is weakly n-semihereditary if and only if S is p.f..
(2) R is left (n,n)-coherent if and only if S is left 1-coherent.
(8) R is left n-semihereditary if and only if S is left p.p..

Proof. (1) It is easy to see that R is weakly n-semihereditary if and only if every
n-generated submodule K of the right R-module R,, is flat. Now suppose that R
is weakly m-semihereditary and A is an arbitrary matrix in S. Given any equation
AB =01in S with A = (a1, -+, @,). The n-generated submodule K = oy R+---+
o, R of the right R-module R, is flat and hence (n,n)-flat. By the characterization
of (n,n)-flat module [16,17] we have A = (a3, -+, ) = YC and CB = 0 for some
1eN,Y € K'and C € R*". But Y € K! implies Y = (ay,--- ,a,)D = AD for
some D € R™*!. Thus, A =YC = ADC and DCB = 0. By [8, Proposition 3.2], S
is p.f..

Conversely, let K = a1 R+ --- + a, R be an n-generated submodule of the right
R-module R,,. For all A €¢ K™, B € R"*"™ with AB = 0, by regarding AB = 0 as
an equation in S we have A = AC and CB = 0 for some C € S since S is p.f..
Therefore K is (n,n)-flat.

(2) Suppose R is left (n,n)-coherent and A € S. Then the left annihilator of A
in R" 1gn(A) = R*B for some 1 < k € N and B € R**". We may assume that
k = tn for some ¢ € N. Thus it is easy to see that lg(A) is t-generated. Therefore
S is left 1-coherent. The converse implication is easy.

(3) follows from (1), (2) and Theorem 2.3(4). O

Corollary 2.11. Let R be ring. Then
(1) The weak dimension WD(R) < 1 if and only if R™*™ is p.f. for all positive
integers n if and only if R™*"™ has weak dimension < 1 for all positive integers n.
(2) R is left coherent if and only if R™*™ is left 1-coherent for all positive integers

n if and only if R™*™ is left coherent for all positive integers n.
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(8) R is left semihereditary if and only if R™"™™ is left p.p. for all positive integers

n if and only if R™"*™ is left semihereditary for all positive integers n.

The following result uncovers the relationship between quasi-torsion-freeness and

1-flatness by taking m =n = 1.

Proposition 2.12. Given two fixed positive integers m and n and an epimorphism
of right R-modules ¢ : F' — M with kernel K, the following are equivalent.

(1) K is (m,n)-pure in F, i.e. K™ NF"C = K"C for every C € R"*™.

(2) For every matrizx C € R™*™ and x € M™ such that xC = 0 € M™, there
are ' = (x4, - ,z) € F" and k € K™ such that (¢p(z}), -+ ,¢(x))) = x and
2'C =kC.

Furthermore, if F is (m,n)-flat then the above conditions are equivalent to

(3) M is (m,n)-flat.

Proof. (1)< (2) follows from a slight modification the proof of [14, Theorem 2.3].
(1)<(3) is an immediate consequence of [17, Theorem 3.6]. O

It is easy to see that every flat right R-module is 1-flat and the converse holds if
R is left Bezout. Therefore [14, Lemma 2.2 and Theorem 2.3] can be obtained by
taking m = n =1 in Proposition 2.12.

We complete this note with the following proposition which is motivated by [8,
Theorem 6.2]. Recall that a right R-module M is n-injective if every R-linear map

from every n-generated right ideal of R to M extends to one from Rp to M.

Proposition 2.13. Given a positive integer n, the following conditions are equiv-
alent for a right n-coherent ring R.

(1) n-flat left R-modules are flat.

(2) n-injective right R-modules are FP-injective.

(8) n-injective pure-injective right R-modules are injective.

Moreover, R is right coherent if any one of the above equivalent conditions holds.

Proof. (2)=(3)=(1) follows for any ring R. Indeed, an FP-injective and pure-
injective right R-module is injective. So (2)=-(3) follows. To see (3)=-(1), we need
only note that the character module, M = Homgy (M, Q/Z), of any left R-module
M is a pure-injective right R-module and that g M is n-flat (flat) if and only if M ™
is n-injective (injective).

(1)=(2) By the n-coherence of R and [16, Theorem 5.7], we have that a right
R-module is n-injective (FP-injective) if and only if its character module is n-flat
(flat) as a left R-module. Therefore the result follows.
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Suppose (1) holds, then every direct product of copies of g R is flat by hypothesis.
Therefore R is right coherent. (I
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