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ABSTRACT. As a dual concept of quasitriangular bialgebra, braided bialgebras
were introduced by Larson and Towber. The braided structures of w-smash
coproduct Hopf algebras have been investigated recently by the authors. Here
we study the braided structures of T-smash product Hopf algebras BxrH as
constructed by Caenepeel, Ion, Militaru and Zhu. Necessary and sufficient
conditions for T-smash product Hopf algebras to be braided Hopf algebras
are given in terms of properties of their components. We apply our results to
discuss some special cases. In particular, braided structures of the Drinfeld

double D(H) and of Hy X1 RZo = Hy* RZ> (skew-group ring) are constructed.
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1. Introduction

Braided bialgebras were introduced by Larson-Towber in [7] as a notion dual to
quasitriangular bialgebras. They provide solutions to the quantum Yang-Baxter
equations and have attracted many researchers. Some investigations related to
braided Hopf algebras can be found in [3,4,6,7,8].

Recently, w-smash coproduct Hopf algebra B, xH and T-smash product Hopf
algebra BxpH were constructed in [1,2]. The braided structures of w-smash co-
product Hopf algebras were studied in [6]. It is natural to ask when T-smash
product Hopf algebras BxpH admit braided structures, and if so, what form the
braided structures of BxpH will take. The aim of this paper is to study braided
structures of T-smash product Hopf algebras BxrH.

Let B and H be algebras over a commutative ring R. For a given R-linear
map T : H® B — B® H, the T-smash product algebra B4 H is defined as the
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R-module B ® H with multiplication
mpygrn = (mp@mpg)o(Ip@T @ Iy),

and unit 13 ® 1y, where certain conditions are to be imposed on T to ensure the
required properties of mpy, g and 1p ® 1y for (B#rH, mpy,.u,1p ® 1) being
an algebra (see [2, Definition 2.1]). The usual smash product B#H (see [9]), the
twisted smash product B « H (see [13]), the double crossed product Bx H (see
[8]), the Doi-Takeuchi product B, H [4] and the Drinfeld double D(H) [5] are
all special cases of a T-smash product algebra B#rH. If B and H are bialgebras
we may consider B ® H as coalgebra with componentwise comultiplication, and in
[2] necessary and sufficient conditions are given to make B#rH with this comul-
tiplication a bialgebra. Furthermore, if B and H are Hopf algebras, the bialgebra
B+#rH is also a Hopf algebra which we call the T-smash product Hopf algebra and
denote it by BxpH (also see [2]).

Our paper is organized as follows:

In Section 2, we recall the notions of a T-smash product Hopf algebra BxrH
and the braided Hopf algebra (H, o) (from [2,7]) and then give some definitions and
basic results needed in the sequel.

In Section 3, we show that if BxpH is a T-smash product Hopf algebra, then
(BxrH, o) is a braided Hopf algebra if and only if o can be written as (for a,b € B,
h,g € H)

o(a®@hb®@g) = plaw),buy) ulaa), 9)) v(he), be) T(ha), 92);

where p: BB - R, 7T: H®H - R, u:B®H — R,andv: H® B — R are
linear maps satisfying certain compatibility conditions.

In Section 4, some special cases are considered and an explicit example is con-
structed.

In Section 5, we first construct the T-smash product Hopf algebra structure of
B = H, and H = RZs, and then the braided structures for HyxpRZo = Hy *x RZ.o
(skew-group ring) by using Theorem 3.4.

Throughout R will denote a (fixed) commutative ring with unit, and we follow
[1], [2], and [12] for terminology and notation for coalgebras and Hopf algebras. For
a coalgebra C' and ¢ € C, we write A(c) = ) c(1) @ ¢(2y. The antipode of a Hopf
algebra H is denoted by S (or Sp).
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2. Preliminaries

Let B and H be R-algebras and consider a linear map T : H ® B — B® H; we

write

T(hob) =Y "ve Th
for all b € B and h € H. By definition, B#rH is equal to B ® H as R-module,
with multiplication

mB#TH:(mB ®mH)o(IB ®T®IH), or (21)

(@@h)(beg) =Y a’be hy (2.2)

forall a,b € B and h, g € H. If this new multiplication makes B# H an associative
algebra with unit 15 ® 1p, then we call B#rH a smash product algebra.

A special case of such a map T is the twist map
tw: H®B—B®H, hb—bxh,

for h € H and b € B. For this B#wH yields the usual product of two R-algebras

where multiplication is defined componentwise.

Proposition 2.1. With the notation above, B#1H is a smash product algebra if
and only if the following conditions hold for a,b € B and h,g € H:

(a

T(h®1lp) =15 ® h; (left normal condition)

)
(2) T(lg ®b) =b® 1y; (right normal condition)
(3) 3> Hab) @ Th=>"Tatb @ *(Th), where T =t;
4) Y Ta® T(hg) = T(ta) ® Thlg, where T =t.

Proof. See [2, Section 2]. O

Let B and H be coalgebras, recall from [12] that the tensor coproduct of B and
H is a coalgebra (B ® H,Apgu,cpgH), where

Apeu(b@h) = bay @ ha) ®be) @ he),

epeu(b®h) =¢e(b)e(h)
forallbe B,h € H.
Let B and H be bialgebras, T : H ® B — B ® H a linear map. If the smash
product algebra structure with the tensor coproduct coalgebra structure makes

B ® H into a bialgebra, then this bialgebra is called a T'-smash product bialgebra,
and is denoted by BxrH (see [2]).
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Proposition 2.2. [2] Let B and H be bialgebras and T : H® B — B® H a linear
map. Then BxrH is a T-smash product bialgebra if and only if the conditions
(1)-(4) in Proposition 2.1 hold and T is a coalgebra map.

Futhermore, if B and H are Hopf algebras with antipodes Sp and Sy such that

Ttw(Sy ® Sp)T tw= Sp ® Sy,
then BxpH is a Hopf algebra with an antipode given by
Spura(b@h) = TSp(b) @ S (h)
for allbe B and h € H.

Proof. See [2, Corollary 4.6]. O

Examples 2.3. (1) Let B and H be Hopf algebras, T =tw: H® B — BQ H
be the switch map. Then Bxr-H = B ® H is the usual tensor product Hopf
algebra of B and H.

(2) Let B,H be Hopf algebras, B a left H-module bialgebra with left module
structure map > such that ) hq)y ® higy > b= > h) @ hq)>b, forall b e B
and h € H. Let

T:H®B—B®H, T(h@b) =Y hu>b®ha), foralbe B,heH.
Then BxprH = B+#H is the usual smash product Hopf algebra defined by

Molnar [9].
(3) Let B and H be Hopf algebras, B an H-bimodule algebra with left mod-

ule structure map — and right module structure map < such that BxprH

becomes a T-smash product Hopf algebra under certain conditions. Take
T(h@b) =Y (ha) — b+ S(he)) @ h), forallbe B, h € H.

Then BxrH = B % H is the twisted smash product Hopf algebra of B and
H (see [13] for detail).

(4) Let B and H be a matched pair of Hopf algebras; this means that (B,>) is a
left H-module coalgebra and (H,<) is a right B-module coalgebra such that
five additional conditions hold (see [8, Chapter 7] for details). Let

T:H®B—BeH, T(h@b) =Y (ha)>bu)) @ (ha) b)), for allb € B,h € H.

Then BxpH = B 1 H is the double cross product in the sense of Majid [8].
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(5) Let B and H be Hopf algebras, o : B® H — k a skew pairing (see Definition
2.5). Let

T:-H®B - B®H

T(h®b) = bayo (b 1) ®@a(b@s), S~ Yhsy))ha), for all b € B, h € H.
(2) (3) (3)/)1(2)

Then BxpH = BX,H is the Doi-Takeuchi product Hopf algebra of B and
H.

(6) Let H be a finite dimensional Hopf algebra. Let

T -H® H*CoP _, [J*cop ® H,

h®$ Zx(Q 3), <.’L’(1)7S_1(h(3))>h(2),f07‘ allzx € H*,h € H.

Then H**°P?xpH = D(H) is the Drinfeld double in the sense of Radford
[10]. In fact, the Drinfeld double here is a special case of the Doi-Takeuchi
product Hopf algebra considered before.

Next we recall the definition of a braided Hopf algebra from [7] and the definition

of skew pairing from [4].

Definition 2.4. A braided Hopf algebra is a pair (H, o), where H is a Hopf algebra
over Rand o : H ® H — R is a linear map satisfying, for all z,y,z € H,

(BR1) o(zy,2) =X o(x,21))0(y, 2(2));
(BR2) o(lpy,x) =e(x);
(BR3) o(z,y2) = X o(z1), 2)0(x(2), 9);
(BR4) o(x,1g) = e(x);

(BR5) > o(x1y, ¥y1)T@¥e) = 2 ¥1)T1)o (@), ye))-

As a consequence, we notice that o is convolution invertible with o~ !(z,y) =

U<SH(x)7 y)

Definition 2.5. Let B, H be Hopf algebras and v : B ® H — R a linear map. u
is called a skew pairing on (B, H) if, for all a,b € B and h,g € H,

(c1) wu(ab,h) = > ula,hqy)u(d, hz));

(€2) u(lp,h) =cu(h);

(€3) (b, hg) = > ulbay, g)u(bz), h);

(cd) wu(b,1g) =cp(b).
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Clearly, u is convolution invertible with u=1(b,h) = u(Sg(b),h), that is, u is
invertible in Hom(B ® H, R) which means, for allb € B, h € H,

(wxu )@ h) =Y ulbay, hay)u ' (ba), he)) =epb)en(h) = ('« u)(b® h).

Remark 2.6. Following Definition 2.5, we see that a braided Hopf algebra is a pair
(H, o) where o is a skew-pairing of (H, H) with the additional condition (BR5).

3. The braided structure of Bxr+H

In this section B and H will be Hopf algebras with linear map T : B9 H — H®B
such that By H is a T-smash product Hopf algebra.

Let (BxrH, o) be a braided Hopf algebra, where o : (Bx7rH)® (BxrH) — R.
For all a,b € B and h,g € H, define (as in [6, Section 3])

p:B®B—R, plab)=0cla®ly,bx1ly),
T:H®H— R, 7(h,g)=0(lp®h,15®g);
u:B®H— R, u( o(b®1y,1p @ h);

(

)
)

v:H®B— R, v(hb)=0c(lp®h,b®1y).
d

)

The following properties are easily derived (see [6, Proposition 3.1]).

Proposition 3.1. Let BxpH be a T-smash product Hopf algebra. If there exists
a linear map o : (BxrH) ® (BxpH) — R satisfying the conditions (BR2) and
(BR4), then for allb € B and h € H,

(1) p(1p,b) =e(b) = p(b,15);

(2) 7(1m, h) = e(h) = 7(h, 1);

(3) u(lp,h) =e(h), u(b,1x) = £(b);
(4) v(lu,b) =e(b), v(h,1p) = e(h).

Proof. The proof follows by direct calculations. 0O

Proposition 3.2. Let (BxrH, o) be a braided Hopf algebra with o a bilinear form
on BxpH. Then for all a,b € B and h,g € H,

o(a®@hb®g) = plaw),buy) ulan) 9m) (i), be) T(hay,9@),  (3:1)
and
(1) ZU(Th b)p(Ta,bay) = Y v(h, bay)p(a, bezy);
(2) S u(Ta, hy)T(Tg, hizy) = > ula, hiz))7(g, h1y);
(3) Zv(h(Q)v b)r(hays Tg) = S v(hy, b)T(hz), 9);
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(4) Y ulagy, Th)p(ag), Tb) = 3 ulage), h)p(aa),b);
(5) > v(hay,ba))(Tba) ® Thiy) = Y (bay @ hay)v(hz), be));
(6) Do ulbay, hy)(b) ® hezy) = D2(Tbay @ Thiry)ulbeay, hz)).-

Proof. We first check (3.1). By (BR1) and (BR3), for all a,b,a’,b’ € B and
h,g,h',g' € H, we have

Za(aTa' @ The!', b ® Ygq')
o((a®@h)(@ @N),(beg)(t ®4d))
Z a(a® h, (bay ® ga)) (1) ® 9(1))) o(a’ @ 1, (brz) @ g(2)) (D{2) @ g(2)))
Z o(a@) ® hqy, bzl) ® 921)) o(ag) ® hea,ba)y ® ga)) -
o (1) ® hin) b2y ® 92)) 7 (a(z) @ i), bz) @ 92))-

BRI

BR3

Putting ' =% = 1p,g = h = 1y in the equation above, we obtain that
ola®h,b®g)
= Zo(a(l) ®1g,1p ®g£1))a(a(2) ® ]-H7b(1) ® 1H) .
o(1p ® hiy), 15 ® g(5)) 0 (1 ® hig),b2) @ 1n)

= Y _plag),ba)) ulagay, gay) v(higy, b)) T(hixy, 9(2))-

Thus (3.1) holds.

By (BR1), we have
Z O’(a Th © Thg, c® l) = Z 0’((], ® h, c1) ® l(l))O’(b ®9g,ce) @ l(g)). (3.2)

Putting a =c= 15,9 = 1y in (3.2) we get
ZO’(Tb® Th, 1B®l) = ZU(1B®h71B ®l(1))0'(b® lH,lB®l(2)),

then by using (3.1), (1) follows from the equation above. (2) is seen by putting
a=1pand g=1=1p in (3.2).
By (BR3), we have
Z ola®h,bTe® Tgl) = Z o(agy ® hay,c®@1)o(ag) @ he),b® g). (3.3)

Repeating the proof above, we can get (3) and (4).
By (BR5), we have

> o(aq) ® hay, by ® g))(ag) @) © Th)ge)

= > (b Tay @ Tgayhy)olag) @ k), ba) @ ge2)-
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Put a = 15,9 = 1y in (3.4), then (5) follows. (6) is seen by putting b =15, h = 1g
in (3.4). This completes the proof. |

Proposition 3.3. Let (BxpH, o) be a braided Hopf algebra with (3.1),

ola®@h,b®g) = Zp(a(m bery) ulay, 91y) v(h2y, beay) T(hrys 9(2))s
for alla,b e B and h,g € H. Then
(1) (H,7) and (B,p) are braided Hopf algebras;

(2) w is a skew pairing on (B, H) and v is a skew pairing on (H, B).

Proof. (1). We first show that (H,7) is a braided Hopf algebra. By Proposition
3.1(2), the conditions (BR2) and (BR4) hold for (H, 7). Puttinga=b=c=1p in
(3.2) yields

T(hga l) = Z T(hv l(l))T(g7 l(2))
and so (BR1) holds for (H, 7). Putting a = b= c=1p in (3.3) yields
T(hygl) = > _ 7(h2), 9) T(h), 1)

and so (BR3) holds for (H, 7). Putting a =b = 1p in (3.4) yields

T(h(1y, 90))h2)9¢2) = 29(1)h(1)7(h(2),9(2))

and (BR5) holds. Thus (H, ) is a braided Hopf algebra.
Similarly, we show that (B, p) is also a braided Hopf algebra.

(2). We only check that u is a skew pairing on (B, H), similarly for v. By
Proposition 3.1(3), the conditions (¢2) and (c4) are satisfied for (H, B, v). Putting
c=1p, h=g=1g in (3.2) yields

u(ab, h) = Zu(a, Lay)u(b, L))
and so (c1) holds for u. Putting b=c=1p,h = 1 in (3.3) yields
u(a, gl) = > ulaq), Dula), g)
and (¢3) holds for w. Thus u is a skew pairing on (B, H). O

We now come to the main result of this section.

Theorem 3.4. Let By H be a T-smash product Hopf algebra. Then the following

are equivalent:

(a) (BxrH,o0) is a braided Hopf algebra;
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(b) o can be written as

o(a®@hb®@g) = plaw),buy) ulagy, 9)) v(he), be) (k) 92);

such that
(H,T) and (B,p) are braided Hopf algebras;

u 1s a skew pairing on (B, H);
v is a skew pairing on (H, B)

and the conditions (1)-(6) in Proposition 3.2 are satisfied for p, T, u,v.

Proof. (a)=(b) follows from Proposition 3.1-3.3, so it remains to show that (b)=-(a).
Assume (b) holds. Then it is not difficult to verify that (BR2) and (BrR4) hold for o
and it remains to show that (BR1), (BR3) and (BR5) hold for o. For all a,b,c € B
and h,g,l € H, we compute
c((a@h)(b®g),c®1)

- Za(aTb@) Thg,c®1)

_ iy T T T

= > pla@) (") @)s cay)ulaqy (D)), lay)o(("h) @92y, c@)T((Th) 1)yg) L2)
= Zp(a(z), c1)p(0) 2), cay)ulagy, Lay)u((0) (1), L2))

o(("h) 2y, ¢(3))v(9¢2)» a))T((Th) (1), U3y )T (91, Lay)

= ZP(G(Q)’ c1))p(bey, cz))ulaqy, lay)ulbay, l))
vlhz), €@)v(9@): c)T(h), L) T(90), L)
Z O’(a ® h, c1) ® l(l))d(b ®g,c2) ® l(g))

Hence (BR1) holds for o. In a similar manner, we can show that (BR3) holds for
o. For all a,b € H and h,g € H, we have

> o(a@) @ hay,bay @ ga))(ae) T(be) © T(he)ge)
= > plag),bayulaq), 90))v(he), be)T(hay, 9@) (0@ (b)) ® T(hs)gE)

3.2(5)
=" ) plagy, bay)ulagy, 9a))vlhe), be)T(ha, 92) (0@ be) © he)ges)

BRS

=) wlag)be))ulany, 9ol be) (b)), 9) (bmae) © goha))

3.2(6)
=7 > (b May) @ T(ga))hay)plas), be))ulac), ge)v(hs), be)T(he), 963)

Z(b(l) amy) @ T(gay)ha))o(a@) @ hay,be) @ g@).-

Hence (BR5) holds for o. This completes the proof of the Theorem. |
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4. Applications

In this section, we will discuss some applications of Theorem 3.4.

Let B and H be Hopf algebras, we know from Example 2.3(2)-(4) that the usual
smash product Hopf algebra B# H, the twisted smash product Hopf algebra Bx H
and the double cross product Hopf algebra BxH can be viewed as special cases of
a T-smash product Hopf algebra BxpH. So, we can repeat Theorem 3.4 for them.

Now suppose that (H, o) is a braided Hopf algebra. We know from Example
2.3(5) that HxrH = Hx,H is a Doi-Takeuchi product Hopf algebra, where the
linear map T : H® H — H ® H is given by

T(h &® b) = Zb(2)0(b(1)7 h(l)) ® 0'_1(5(3), h(g))h(g), for all b, h € H.
Then, by Theorem 3.4, we have the following result.

Theorem 4.1. Suppose that (H,o) is a braided Hopf algebra. Then (Hx,H,o) is
a braided Hopf algebra with

Ga®hb®g) =) olaw,bu) olaw),9m) o by he) o (9@ ha)
for all a,b,h,g € H.
Proof. For all z,y € H, let p(z,y) = u(z,y) = o(x,y), 7(x,y) = v(z,y) =
o Yy,x). By a tedious computation, we can show that the conditions in The-

orem 3.4(b) are all satisfied. Thus we obtain that (H x,H,o) is a braided Hopf
algebra with

Fa®hb®g) = > plag), b)) ulaa)ga) vihe)be) T(ha),9e2)
= > ala).ba) ooy, 90)) o 0@y h) 0 g hay),
for all a,b,h,g € H. This completes the proof. 0O

Suppose that H is a finite-dimensional Hopf algebra. We know from Example
2.3(6) that the Drinfeld double D(H) can be viewed as a T-smash product Hopf
algebra with

T(hez) = za)(ws)ha) @ (@), S (he)he), forall z € H* ) h € H.

To end this section, we give the necessary and sufficient conditions for the Drinfeld
double D(H) to be a braided Hopf algebra.

Theorem 4.2. Suppose that H is a finite-dimensional Hopf algebra. Then (D(H),o)
is a braided Hopf algebra if and only if (H*,p) and (H,T) are braided Hopf algebras.
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Proof. Recall that D(H) = H**°?®@H. If (D(H), o) is a braided Hopf algebra, then
by Theorem 3.4, there exist linear maps p: H**P Q H**P - kand7: HQ H — k
such that (H*°P,p) and (H,7) are braided Hopf algebras, so is (H*,p), where
p(x,y) = p(y,x) for all z,y € H*.

Conversely, if (H*,p) and (H, 7) are braided Hopf algebras, recall that (H*¢°?, p)
is also a braided Hopf algebra, where p(x,y) = p(y,x) for all z,y € H*. Let
u: H*°P @ H — k be given by u(z,h) = (z,h) for all x € H*, and h € H and
v: H®H*°P — k be given by v(h,z) = (z,S7!(h)) for all z € H* and h € H. We
claim that u is a skew pairing on (H*“°?, H) and v is a skew pairing on (H, H*°P).

In fact, for all z,y € H* and h € H, we have

Hence (c1) holds for (H**°?, H,u). For all z € H* and h,g € H, we have

Hence (c3) holds for (H*°P, H,u). Thus we obtain that u is a skew pairing on
(H*<°P | H). Similarly, we can show that v is a skew pairing on (H, H*°°P).

To show that the conditions (1)-(6) in Theorem 3.4(b) hold, for z,y € H* and
h € H, we perform the computations
v("h,yay)p( ", ye)
y1), S (Th))p(y(2), ")
21y, S~ (hzy)) Wy, S (h))p(y(2), T(2)) (Z(3), b))

MMM

2@y, S~ (h2))p(Y()s ) (@), hay)

Y(2), S~ (hezy)) @2y, S (hi2))p (Y1), T 1)) (T 3)s hiny)
Y2, S~ HM))p(y(), )

v(h, Y2))p(T, Y1)

(

( )

( (
(Y22 2), S (h))P(yay, T1)) (@), b))
( )

(

Hence (1) holds. For x € H* and h € H, we have

v(hy, 2)(Te) ® The)

(), ST Hhy) {21y, ST Hhay) ) (@ (3), hi2y) (22) © Dys))
= Z<$(1), S™ (h))(@2) ® hay)

= > vlhe)e@) (@@ ® ha))

] 1]
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and (5) holds. Similarly, we can show that the conditions (2), (3), (4) and (6) are
all true.

We have checked that all conditions in Theorem 3.4(b) are satisfied for p, 7, u
and v. Then we conclude that (D(H), o) is a braided Hopf algebra with

Frohyog) = > plra)ye)u@e)gq) vhe),ym) T(ha), @)
= ) 2y ) (@@ 90) Wy, S~ (b)) T(hay, 92);

for all x,y € H* and h,g € H. This completes the proof of Theorem. O

5. The braided structures of Hy X1 RZ-

We construct an explicit example of an T-smash product Hopf algebra over a
ring R with 2 invertible in R based on the components we also used in [6, Section
5]. For this , let B = Hy be Sweedler’s 2-generated Hopf R-algebra (see [10]). This
is a free R-module with basis 1, g, x, gxr and as an algebra it has the generators g

and z with relations
=1, 22=0, zg = —gz.
The coalgebra structure and antipode of H, are given by
Alg)=9g®g, Alx) =29+ 1Rz, Algr) =gz ®1+ g ® gz;
e(g) =1, e(x) =0, e(gx) =0;  S(g) =g, S(x) = gz
Let H = RZ5 be the (group) Hopf algebra [12], where Zs is written multiplicatively

as {1,a}.

Lemma 5.1. Define a linear map T : H® B = RZs ® Hy — Hy ® R7Z: = B H

by
T: 1lpy®1lp—1p®1ly, a®lp—1p®a
ln®g—g®1m, a®g—gRa
lpg®r —2®1g, aRr — —rQa

lpg®gr - gr®1ly, a®gr — —grRa.
Then Bxr H is a T-smash product Hopf algebra.
Proof. A direct calculation shows that T is well defined, normal, multiplicative

and a coalgebra map. Thus, by Proposition 2.2, we see that B xp H is a T-smash

product Hopf algebra. a
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Remark 5.2. In the Lemma above, the map T could be given in a more compact
foomas T(lp®@z)=2® 1y and T(a® z) = a(z) @ a for all z € B where « is the

automorphism of B with
a(l) = 17a(g) = g,oz(.%‘) = —x,a(gm) = —g<z.
Hence the T-smash product Hopf algebra B xp H is the ordinary skew-group ring

B * G, where G =< « > is the group of order 2 generated by «.

To find the braidings of Hy X1 RZsy recall that if 2 is invertible in R, then Hy4
is quasitriangular and selfdual. Using the Hopf algebra isomorphism Hy = Hj
described in [10] at the end of Section 2 (or specializing [11, Proposition 8]), we can

compute all the braided structures of Hy.

Lemma 5.3. Let B= Hy, H = RZy and T the linear map defined above. Then
(1) (RZa,7) is a braided Hopf algebra, where T : RZs @ RZo — R is given by

7|1 a
111 1
all -1

u |1l a

1|1

g |1l -1

z [0 O
gr |0 O

(3) v is a skew pairing on (RZsa, Hy,v), where v : RZs @ Hy — R is given by

v‘l g T gz
111 1 0 O
a|l -1 0 O

(4) For any o € R, (Hy,pea) is a braided Hopf algebra, where py, : Hy @ Hy — R

is given by
Pa |1 g = gz
171 1 0 O
gl|1l -1 0 O
0 0 o —«a
gr |0 0 a «

and pq, T, u, v satisfy the conditions of Proposition 3.2 (1)-(9).
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Proof. The proof is straightforward and we omit the details. O

We see from Lemma 5.1 and 5.3 that all conditions of Theorem 3.4 (b) are
satisfied for p,,7,u,v, B = Hy and H = RZy. Thus we have

Proposition 5.4. Let B = Hy, H = RZy and T the linear map given above. Then
for all« € R, (BXrH,0,) is a braided Hopf algebra, where

oa(a®@h,b® g) = Zp(a(g), bay)ulagy, ga))v(he), be))T(ha), 92))

s given by
Ou 101 1®a g®1 gRa zR1 z2®a gr®l gr®a
1®1 1 1 1 1 0 0 0 0
1®a 1 -1 -1 1 0 0 0 0
g®1 1 -1 -1 1 0 0 0 0
g®a 1 1 1 1 0 0 0 0
T®1 0 0 0 0 o « - -
rT®a 0 0 0 0 - « - o
gr®l 0 0 0 0 @ -o « -a
gr @ a 0 0 0 0 - -o « «

Since RZs is commutative, we know that (RZs,7) is a braided Hopf algebra,

where 71 = egz, ® €rz, is given by

1|1 a
111 1
a |l 1

One can easily check that all conditions in Theorem 3.4 (b) are satisfied for p, u, v, 71.

Thus we can get the other braidings for Hy X1 RZ,.

Proposition 5.5. Let B = Hy, H = RZy and T the linear map given above. Then
for all« € R, (BXrH,G,) is a braided Hopf algebra, where

Gala®h,b®g) = plag),ba))ulaq), 90))v(he), be) 7 (ha), 92)

s given by
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O 101 1®a g1 g®a z®1 z®a gr®l gr®a
1®1 1 1 1 1 0 0 0 0
1®a 1 1 -1 -1 0 0 0 0
g®1 1 -1 -1 1 0 0 0 0
g®a 1 -1 1 -1 0 0 0 0
rz®1 0 0 0 0 o « -Qu -a
rT®a 0 0 0 0 - -a -a -
gr®1 0 0 0 0 @ -o « -a
9T a 0 0 0 0 - « « -

We do not know if these braiding structures given on BxpH are the only ones.
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