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ABSTRACT. Every finite-dimensional irreducible representation of a (classical)
affine Lie algebra has quantum analogues, but these are generally ’larger’ than
their classical counterparts. Among the quantum analogues of a particular
classical representation, some (usually one) are 'minimal’ in a certain precise
sense. This paper studies the structure of these minimal representations when
the underlying finite-dimensional Lie algebra is of rank 2. We also compute

their g-characters in some cases.
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Introduction

Quantum affine algebras are the simplest infinite-dimensional examples of quan-
tum groups. The classification of the finite-dimensional irreducible representations
of quantum affine algebras is well known, but their structure is still not well un-
derstood. An important tool for studying the representations of quantum affine
algebras is their g-character; in particular, this invariant is sufficiently fine to dis-
tinguish different representations up to isomorphism. The purpose of this paper is
to describe a technique for computing g-characters.

The method is applied to the 'minimal’ affinizations: every finite-dimensional
irreducible representation of a (classical) affine Lie algebra has quantum analogues,
but these are generally ‘larger’ than their classical counterparts. Among the quan-
tum analogues of a particular classical representation, some (usually one) are ‘mini-
mal’ in a certain precise sense. It is known that every finite-dimensional irreducible
representation is a subquotient of a tensor product of minimal affinizations.

After some preliminary material, we treat the affine As and Cy cases in Sections
2 and 3, respectively. The methods used involve the construction of exact sequences

of representations involving the representation to be studied together with certain
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so-called ‘fundamental’ representations. The structure and g-character of the fun-
damental representations is known, hence the exact sequences enable those of the
representation under consideration to be obtained. The exact sequences we obtain
enable us to compute the g-characters of minimal representations in the As and Cy
cases by an inductive argument. In the As case a closed formula for the ¢-character
is obtained; in the Cy case, an algorithm is given which enables the g-character to
be computed for any given minimal representation.

For the affine G5 case, treated in Section 4, the methods used in the preceding
two chapters are more difficult to apply, essentially because of the complexity of
the tensor product decompositions of the representations involved. Nevertheless,
we have been able to determine the structure of the minimal affinizations in some

cases that have not been analyzed before.
1. Preliminaries

1.1 Kac-Moody algebras

Let n > 1 be an integer, I = {1,2,...,n}. Let g be the finite-dimensional complex
simple Lie algebra of rank n with Cartan matrix (a;;); jer. Thus, g is the Lie
algebra over the field C of complex numbers with generators xli, h; (i € I), and

the following defining relations:

[hi, hj] = O, [hz,l'i] = :I:aij:z:;t, [IL';F,‘IJ_] = 5ijhi7

J
(ad zF)1— % (x;t) =0, ifi#j.

Let b be the linear span of the h; (i € I). Denote by (, ) a non-zero invariant
bilinear form on g. Since the restriction of (, ) to b is non-degenerate, it induces
a bilinear form on the dual space h*, which we also denote by ( , ).

Let «; (i € I) be the simple roots of g, let AT be the set of positive roots,
A~ = —A7T, and let

Q:ézai, QJr:iNOti.
i=1 i=1

A weight is a linear functional A € h*. Weights can be identified with maps
I — C in the obvious way: to A : I — C corresponds the unique weight A € h* such

that
Ahi) = A(3).
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We shall often confuse these two notions of weights in the following.
Denote by
P={\N:1—-C|\4G)€Z Viel}
the set of integral weights, and by
Pt ={\:1—C|\i)eN Viel}

the set of dominant integral weights. The fundamental weights A\; € P+ (i € I) are

the dominant integral weights such that
Ai(hj) =0;; Vi,jel.
Denote by < the partial ordering on P given by A\, u € P,
A>p ifand only if A —peQt.

With respect to this ordering, there is a unique maximal root § € A¥.

1.2 Affine algebras
Define

L(g) =g®c L,
where L = C [t, t’l] is the algebra of Laurent polynomials in an indeterminate t.
For z € g, n € Z, write at™ for z @ t" € L(g).
The following bracket defines a Lie algebra structure on L(g):

[2t™, yt"], = [z, Y]t Vm,n€Z, z,y € g.
The bilinear form (, ) on g is extended to L(g) by
(™, yt") = dpmtn.o(z, y).
Let d be the derivation of L(g) defined by

d(xt™) =mat™ VmeZ, xeEg.

Define a bilinear map ¢ : L(g) x L(g) — C by
¥(a,b) = (d(a),b),  Va,be L(g).

It can be shown that 1 is a 2-cocycle on the Lie algebra L(g), so we can define a

central extension

L(g) = L(g) ® Ce
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of L(g) with bracket

la + Ae, b+ pc] = [a,b], +(a,b)e, Va,be L(g),\pneC.

The centre of L(g) is the 1-dimensional subspace spanned by the element c.

It is known that the affine Lie algebra L(g) is isomorphic to the Kac-Moody

algebra g with generalized Cartan matrix (a;;) where I = {0,1,...,n}, agy = 2

ijels
and
2(9,&1‘) 2(0,&1) .
i — ) 0 — — ’ I
agp (ai7ai) a;o (9, ) VZ S

Thus, g is given by generators xii, h; (i€ I ) and the same defining relations as g,

but with I replaced by I.

1.3 Quantum groups
Let ¢ be a transcendental complex number and, for non-zero positive integers m, n,

m < n, define

q; = qdia [n]q = q::qq:lna
]! = [lgln — 1l (1, [7], = proier.
q q q P Lnlg [n]q![m—n]g!

Here, d; (i € I) are the coprime positive integers such that the matrix (d;a;;); jer
is symmetric.

The quantum group U,(g) is the algebra over C which is generated by elements
o k!

[EREA*

(i € I), with the following defining relations:
ikt =k k=1,

kik; = kjk;,

+,.—-1 _  Faij +
kia:j k; " =gq; Ty,
*opT] =g, ik

S0 (=0 ] @) (af) e =00 i

Then U,(g) is a Hopf algebra with comultiplication A, counit ¢ and antipode S
given by:

A@f)=af @ki+10af, A7) =o; @1+k " @27, AR =k @k,

e(zF) =0, e(kfh) =1,
S(af) = —afkt, S(a;) = —kixf, Sk =k

Let g be the affine Lie algebra associated to g. Then, U,(§) is defined to be the
ol e

algebra over C which is generated by elements z;-, ki (i € I), with defining rela-

tions and Hopf algebra structure given by the same formulas as in the Uy(g) case
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but with I replaced by I. Denote by U,(+) (resp U,(—)) the subalgebra of U,(§)
generated by kX' (resp. kX', x;) (i € I).

In [1] and [9] there is a realization of U,(g) analogous to the realizations of § as

a central extension of L(g).

Theorem 1.1. Let A,(g) be the algebra over C with generators fc L (tel,rek),
EEY (e ), by, (i€ I,r € Z/{0}) and ¢='/2, and the following deﬁmng relations:

12 are central,

22 = V22 ) kT = kR = 1,
kiky = ki, kil = hy ok,

+a;
e e

73,V g,r?
—r

[hiﬂ'? hj,é'] = 0r,—s i [Tau]m 2,:76—1;

q;
[hiT?x;ts] = :tl[ra”} C:H ‘/2 7,ir+sf

+ + +a;; .t £ _ +a;i .t £ + +
xin'-‘rlxj, —q Jx_] T ,r+1 T q sz 71'] s+1 ‘Tj,s—i-lxi,r’

c(r s)/2q>jr+§_cf(7 S)/2<D;7~+

R o s Y . s
[mi,r’ xjs} 2] qi—q; ! ’
i

m
k[T + + + 4+ + _ o .
ZFEZm z :(_1) [ k }q_ Tirny " Tigreay TisTirneany  Tirnim) 0 ifi#j.

In the last relation, m =1 — a5, Xy, is the symmetric group on m letters and the

<I>ii’T are determined by equating powers of u in the formal power series

Zq)zi'r _k;tlexp< 7qz thﬂ:s );

the relation is to hold for all sequences of integers ri,...,Tm.

Then there is an isomorphism of algebras f : Uy(8) — Aq4(g) such that
ko) = kgt f (k) = ki, flaf) = 25

Here, we have kg =[], k" if 0 =, ric;.

We remark that explicit formulas are known [1] for the images under f of x?,
but we shall not need them in this work. On the other hand, explicit expressions
are not known for the comultiplication, counit and antipode on the generators h; s

(i € I,s € Z/{0}). The following result will be sufficient for our purposes.
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1/2

Lemma 1.2 [11, Lemma 1] On representations of Uy(g) on which c¢'/? acts as the

identity we have, for allt € I,r > 0,
A(hiy) =hiy ®1+1® h;, + terms in U, @ U’

where Ul is the augmentation ideal of the subalgebra Uy of U,(§) generated by the
elements :Efm forjel,meZ.

The defining relations of A,(g) are clearly Z-graded. Indeed, it is easy to verify
that, for any a € C*, there is a Hopf algebra automorphism 7, of U,(g) defined by

Ta(xii,r) Txi:’r’ Ta(q)ii,r) = ar(I)f,N

=a
Ta(Cl/Q) = 61/2, Ta(ki) = ]f1

forall: e I,r € Z.

1.4 Representation theory: finite case

If V is a representation of U,(g) then A € P is a weight of V' if the weight space

W={veVlkwv= Do vi e I}

3

is non-zero. Denote the set of weights of V' by P(V'). We say that V is of type 1 if

V= Vi
V)

A vector v € Vj is a highest weight vector if 27,0 = 0Vi € I. If V = U,(g).v,
then V is said to be a highest weight representation with highest weight A. There
is, up to isomorphism, a unique irreducible highest weight representation of any
given highest weight A, denoted by V,(X).

We shall need the following well-known properties of representations of U,(g) [7,
Section 10.1]:

(a) every finite-dimensional representation of U,(g) is completely reducible;

(b) every finite-dimensional irreducible representation of Uy(g) of type 1 is highest
weight;

(c) the representation V() is finite dimensional if and only if A € PT;

(d) if A € P*, then V,()) has the same character as the irreducible representation
V(A) of g of the same highest weight, i.e.

dimV;(A), =dimV(X),, Ve P;
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(e) the multiplicity m, (V4 (X) @ V4 (1)) of V4 (v) in the tensor product V() @ V(1)
(X, i, v € PT) is the same as in the tensor product of the irreducible representations

of g of the same highest weights.

1.5 Representation theory: affine case

1/2 acts as the identity on V'

A representation V of U,(g) is said to be of type 1 if ¢
and if V' is of type 1 as a representation of U,(g). A vector v € V is an L-highest

weight vector if
z; .w=0, @fr.v = frv, VrelZ,iel,

for some complex numbers (bfr. Note that qbi'r =0ifr <0,¢,,=0ifr >0
and gbzfogb; o = 1. A type 1 representation V is said to be an L-highest weight
representation if V' = U,(g).v for some highest weight vector v and the pair of
(I x Z)-tuples (d)i:,r)iej’rez is said to be its L-highest weight.

Let P be the set of all I-tuples (P;);cr of polynomials P; € Clu] with constant
term 1.
Theorem 1.3 [6, Theorem 3.3]

1) Ewery finite-dimensional irreducible representation of Uy(g) of type 1 is L-
highest weight.

2) The irreducible representation V' of U,(8) of type 1 and L-highest weight

(dﬁi«)iel,rez is finite dimensional iff there exists P = (P;);er € P such that

i‘ﬁi utr = e P;(q; *u)
= 1,7 ? Pl(u)

as an element of C[[u™1]].

We denote the finite-dimensional irreducible representation of U,(g) associated
to P by V(P) and call P its highest weight, by abuse of notation. The highest
weight of V(P) considered as a U,(g)-module is

A= (degP)A;.
i€l
Proposition 1.4 [6, Corollary 3.5] If P = (P;);cr and Q = (Q;)icr are members

of P, denote by P @ Q € P the I-tuple (P;Q;)icr- Then V(P ® Q) is isomorphic,
as a representation of Uq(§), to a quotient of the subrepresentaion of V(P)®V(Q)
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generated by the tensor product of the L-highest weight vectors in V(P) and V(Q).

Since every polynomial is a product of linear polynomials, we define a represen-

tation V(P) of U,(§) to be fundamental if, for some i € I,

With this definition, we have the following corollary of Proposition 1.4:

Corollary 1.5 [6, Corollary 3.6] For any P € P, the representation V(P) of U,(8)

is isomorphic to a subquotient of a tensor product of fundamental representations.

The left dual 'V (P) of V(P) is the representation of U,(g) on the vector space
dual of V(P) given by

(a.f.v) = (f,8(a).v), Vae Uyg),veV(P) fe V(P),

where S is the antipode of U,(g) and (, ) is the natural pairing between V(P)
and its dual. The right dual V(P)* is defined in the same way, but replacing S by
S—1.

Lemma 1.6 [4, Lemma 6.2] If g is of type Ca, with o being the short root, then
for any a # 0,

V(1,1 —uaq)' =2 V(1,1 —uaqg™®), V(1,1 —-wuaq)=V(1,1—uag®).

The following result is easy to check.

Lemma 1.7 For any P € P,a € C*, let 72 (V(P)) be the pull-back of V(P) by the

automorphism 1. Then,

where P* = (P?#);er and Pf(u) = P;(au).

l

1.6 Minimal affinizations
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Let P = (P,)icr € P, and let 0 # vp be an L-highest weight vector in V(P). If
A € P is defined by
(i) =deg(P;) Viel,
then
kivp = q;‘(i)vp
S0
V() = Cop and V(P) = @) V(P)r .

veQ~t

Since V(P) is finite dimensional it is completely reducible as a representation of

Uy,(g). Hence,
VP) = V,(\) & P Vil

pept

as a representation of Uy (g), where the multiplicities m,, € N are zero unless < .

Thus, V(P) gives a way of extending the action of U,(g) on V, () to an action
of Uy(g), by enlarging V;(\) by the addition of representations of U,(g) of smaller
highest weight. For this reason, V(P) is called an affinization of A, or of V(). Two
affinizations of A are said to be equivalent if they are isomorphic as representations
of Uy(g). If V is an affinization of A € P, its equivalence class is denoted by [V]
and we write A* for the set of equivalence classes of affinizations of .

We define a partial ordering on the set of equivalence classes of affinizations as
follows. If A\ € P+, [V],[W] € A, then [V] < [W] if and only if, for all u € P*,
either

m, (V) < m, (W),

or

there exists v > p with m, (V) < m, (W).

An affinization V' of A is minimal if [V] is a minimal element of A* for the partial
order defined above, i.e. if [W] € A* and [W] < [V] implies [V] = [W].

To state the main general result about minimal affinizations we shall use, we
need one more definition. Namely, the g-segment of centre a € C* and length r € N

is defined to be the r-tuple of complex numbers

—r+1 —r+3 7"—1)
s yeen .

(aq aq

Two g-segments are said to be in special position if their union is a g-segment that

properly contains both of them; they are said to be in general position otherwise. It
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is an elementary combinatorial fact that, if S is any finite set of non-zero complex
number with multiplicities; then S can be written uniquely as the union of g¢-
segments Si, ..., Sy, any two of which are in general position.

In the case g = sl2(C), it is known ([7, Section 12.2]) that V(P) is a minimal
affinization if and only if the roots of the polynomial P form a g-segment, and that

V(P) is then irreducible as a U,(g)-module. The situation in rank 2 is as follows:

Proposition 1.8 [2, Theorem 5.1] Let g be of rank 2, r1,r2 > 0 and X = ri ) +
rodo € Pt. Then, A> has a unique minimal element. This element is represented
by V(P) (P € P) if and only if the following two conditions are satisfied:

(a) for alli = 1,2, either P, =1 or the roots of P; form a q;-segment with center
a; and length r;, say, and

(b) if Py # 1 and P> # 1, then

ﬂ — qd1T1+d27‘2+2d271 or ﬂ — qf(d1T1+d27‘2+2d171)
a2 az

The following results describe the structure of minimal affinizations of U, (g)-modules

when g is of type As or Cs.

Proposition 1.9 [5, Section 3] Let g be of type Aa, A € PT and let V(P) be a
minimal affinization of A. Then, V(P) = V,(\) as a representation of Uy(g).

For any real number b, int b denotes the greatest integer less than or equal to b.

Proposition 1.10 [2, Theorem 6.1] Let g be of type Co, A € PT and let V(P) be a

minimal affinization of X. Then, as a representation of Uy(g),

nt(3(2)
VP) = P Vi -2r).
r=0

In the G5 case we have less complete information.
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Proposition 1.11 Let g be of type G2 and let m € N. Let V(P) (resp. V(Q)) be

a minimal affinization of mAy (resp. A2). Then, as Uy(g)-modules,

VP) =PV, (k\),  V(Q) = V(M)
k=0

(The nodes of the Dynkin diagram of g are numbered so that aq is the long root).

Proof. See [3, p. 645] and [2, p. 125].

1.7 Quantum characters
Many basic questions remain unanswered about the structure of the finite dimen-
sional representations of quantum affine algebras. A useful tool for studying these
questions is the theory of g-characters developed in [10], [11].

Recall that if V' is a finite-dimensional U, (g)-module, its character is the element
of the ring Z[y;"']ics defined by

x(V) = Z dim V) Hyi)‘(i).
AEP(V) i€l

If Rep A denotes the Grothendieck ring of finite-dimensional modules for an algebra

A over C, then x defines a ring homomorphism

X : Rep Uq(g) - Z[yiil}iel-

Turning now to the U,(g) case, note that it follows from the defining relations
of U,(g) that the @fr (¢ € I,r € Z) commute with each other on any finite-
dimensional Ug,(g)-module V' of type 1. Hence, V' can be decomposed into gener-
alized eigenspaces

V= @V(vfr)’

indexed by families v = (’yii,T) of complex numbers, where

Vizy={veVI|Viel reZ 3peNsuch that (®F, — 7, )P.v=0}.
Given such a family v, form the generating functions 7" (u) = S vfiruﬂ. By
[11, Proposition 1], the v (u) have the form

4\ degg,—degr, Qi(g; 'ut)Ri(qiu?)
Vi (u> =4q; -1 -1
Qi(giu=)Ri(q; ")

where Q;, R; (i € I) are polynomials in u with constant term 1. Write

)

m; Uz

Qi) = [ —avw),  Rilw) = T (1 = bou).

r=1 s=1
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Definition 1.12 Let Y; o, for i € I,a € C*, be invertible indeterminates. With

the above notation, the q-character x,(V) is the element of the ring Z[Y; = ic 1 acc

i,a
gien by

nq

(V) =Y dim v, [T Ve [T ¥
vy

i€l r=1 s=1

Assign the weight A; to Y; 4, and compute the weight of a monomial

nq

111 v TT v

i€l r=1 s=1
by adding the weights of the factors. Such a monomial is said to be dominant if
n; =0 for all i € I.

To state the main results about x, we shall need, denote by
B ZY ieraec — ZlyF ier
the ring homomorphism taking Y; , to y; for all ¢ € I,a € C*, and by
res : Rep Uy (g) — Rep Uy (g)

the restriction homomorphism. More generally, given J C I, denote by Ug(g)s
the subalgebra of U,(g) generated by the k', zF for i € J, and by U,(d); the
subalgebra of U,(§) generated by kX', hy ., xf,, fori e J,r € Z. Let

B Z[Yiil]iel,aec* - Z[Yiil]iel,aec*

be the homomorphism such that 8;(Y;,) =Y s ifi € J, and 8;(Yi,) =1if i ¢ J;

let resy : Uy(g).s — Uy(g)s be the restriction homomorphism; and define
X7 : Rep Uy(8)s — Z[Y;5 ic sacc

in the obvious way.

Theorem 1.13 [11, Theorem 3]

1) xq defines an injective homomorphism

Xq : Rep Uy(g) — Z[Yiil]iel,aeo-
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2) The diagram
Rep U,(a) e Z[Yiil]iel,aec*

s Js

RepUy(g) ——  Zly; Nies
commutes.

3) For any J C I, the diagram

Rep U,(§) —— ZIYEser,aece

'res,,l lﬁJ

Xq,J

Rep Uy(g)y —— Z[Y;,ial}ieJ,aeC*
commutes.

In [11] the g-characters of the first fundamental representation (with standard
numbering) are given. From these examples, and using the non-trivial diagram
automorphism of As, we have in the type As case:

X¢(V(1—aqu,0)) =Y 40 + }/ZanYv]:alq;; + Yzjalqm
Xa(V (0,1 = aqu)) = Ya.u + Y1,00Yy g + Y1 -
Similarly, making use of the natural isomorphism between types By and Cs, we
have in type Cs:
Xq(V(1—aqu,0)) = Y1,4+Y2,4¢Y2 a2 Yljalq‘L + YQ»an2Taq5 Y1002 Y2Talq3 YzT;qS +Y1Talq7’
Xe(V(0,1 = aqu)) =Yoo + Yo uu YL s + ViagVy b + Y, )

1,aq 2,aq? 2,aq%"

These special cases will be used extensively in the following chapters.

2. Computations: the A, case
In this section, g is of type As. We denote by V,(m,n) the minimal affinization of
mA1 + nAg in which the inverse roots of the polynomial P, form a ¢-segment with

centre a (if n = 0 the parameter a will denote the centre of the inverse roots of Py).

2.1 Computation of W,,(0,n)

Proposition 2.1 There exists an exact sequence of Uy (§)-modules
0— Vog-3(0,n—=3) = Vog2(0,n —2) @ Vggn-2(1,0)
!
Vag-1(0,n — 1) ® Vygn-1(0,1) — V,(0,n) — 0.
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Proof. By Proposition 1.8, V,(0,n) has polynomials

Piw)=1, Py(u)= J](1-uag"+%).
j=1

From Proposition 1.4, V,(0,n) is a quotient of V,(0,n — 1) ® V;4(0,1) for some
b,c € C*. For this to happen the polynomials of V,(0,n— 1), V4(0, 1) must multiply
to Py and P,. Now V.(0,n — 1) has polynomials

n—1

Ql(u) = ]-7 QZ(U) = H(l - ucq_n+2j)v

j=1

and V4(0, 1) has polynomials
Ri(u) =1, Ra(u)=1—ub

So we must have R;@Q; = P;, which happens automatically, and R2Q2 = P». It is

n—1 1

necessary to set b =aq" " ",c=aq” ", and so

Ro(u) =1 —uag" ",

Consider now the kernel K7 of the quotient map V. (0,n—1)®V;(0,1) — V,(0,n).
As Uy(g)-modules,

Ve(0,n = 1) = Vo((n = 1)A2), Vo(0,1) = Vg(A2), Va(0,n) = Vo(nhz).

Now,

Vi((n = 1)A2) @ Vo (A2) 2 Vo (nA2) @ V(A1 + (n — 2)A2).
So K1 2 Vy(A1 + (n—2)A2) as a Uy(g)-module; in particular, K is irreducible as
a U,(§)-module. Now, for any L-highest weight vector u in a U, (g)-module, and

any ¢ € I,k € Z, x;, .u is a scalar multiple of z; .u. It follows that K is spanned

by the vectors

Ty VR W,V Ty . W,
with v highest weight in V,.(0,n — 1) and w highest weight in V;(0,1). Thus, any
non-zero L-highest weight vector z € K7 is of the form

z=Az, v@w+ Bv® x5 .w

for some A, B € C. Since K is irreducible as a U,(g)-module, it is generated by
z as a Ug(g)-module. Using Lemma 1.2, for any k > 0,
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hi,k.Z = A(hz,k)z

=A(higry VQ W+ T3 0 hjp.w~+ aterm in Uz, v ® U’ w)

+ B(higv®@xy w~+0v® h; pxy w+ aterm in Ul v @ U z; .w).

69

Since v is L-highest weight, it follows that U .v®@U’ x5 .w is zero and U/ x5 .v@U’ .w

is a scalar multiple of v ® 5 .w. So

hig.z =A(h;gry v @ w+ x5 .0 @ h; .w) + scalar multiples of v ® x5 .w.

Since we know that z is an eigenvector of h; j, it follows that to calculate h; j.z it

suffices to calculate h; 25 v @ W+ x5 .0 ® h; ..

Using the relations from Theorem 1.1, we have

hig.z=A(higxy v @ W+ x5 .0 ® hj W)

1
=A (—k[kai,g]quk.v QW+ x5 iV QW+ 25 .0Q hzkw> .

To calculate this it is necessary to use Theorems 1.1 and 1.3, which give

Zukhi,k.v: 1L0g(Q (g u)>v
Pt a—q Qi(u)
Since Q1(u) =1 = Ry(u), this gives hy .v =0 and hy .w = 0. Now

Q2(ug™?) 1 uaq~ "1

Q2(u) 1 — uagn—3

SO

= 1 1—uag " !
Zukhzk.v = — Log ( 1 a — > v
— qa—q — uaq

1
= (Log(1 — uaq™""") — Log(1 — uaq™ ?))v.

g—q!

Hence, comparing coefficients of u*,

k

k(g —q71) (q

hg’k,’[} = k(n—3) _ q—k(7z+1)) v.

Using the fact that
Ro(ug™®)  1—uag™?

Ry(u) 1 —uaqn1’

similar calculations give

By o = L <qk(n—1) _ qk(n—3)) w.
’ k(g —q71)
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We must now calculate the term z; ,.v. For some Cj € C (k > 0), we have
Ty v = Cray 0.

Applying xJ gives

Q)Jr n—1 _ —n+1
72’111 v =C KN S q71 v
q—4q q—4q

By Theorem 1.3,

oo —2
3wk, v = 1089 Qalwa ),
k=0 7 @2(u)

=¢"'(1 —uag "N (A — uag" ) "o,

and comparing coefficients of u* we get

0 = abg O
SO
aqu(n+1) (qnfl _ q*n*‘rl) qnfl _ qf’n+1
— v=C} ——v
(¢g—q71) q—q
hence
C) = aqu(n—?)).

Finally, we have
x5 v = a"F s .

Now, for ¢ = 1 the term in braces on the right-hand side of equation (1) becomes

k
%xik.v QW+ zTohipv@wW+ 25 v® by pw
SO
B — (kaz) _ qk<nf4>) ;
’ k(g —q7") ’
while for i = 2 it becomes
—[%]qx* vRw4+ x5, h QW+ x5, v h
L 2,k 9 N2 k.U w Ty .U 2,k- W

SO

ak — n— n— n— n— —k(n
ho gz = = (qk(n 5) _ gh(n=1) L gh(n=1) _ ok(n=3) 4 (k(n=3) _ ,—k( +1)) -
_a" (F9) — gD
k(a—q')
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These expressions for hi .z and hg ;.2 are enough to determine the defining poly-

nomials S7,.5; of K via

0o (=2
Zukhi’k.z _ 1 _1Log (Sl(q u)) z
prt qa—q Si(u)

This gives
Si(u) =1—uag"2, Sa(u) = H(l — uag~ 1),

and we have an exact sequence
0— V(S1,52) = Vug-1(0,n — 1) ® Vyyn-1(0,1) — V4 (0,n) — 0.

The next step is to get K7 as a quotient of the tensor product of evaluation repre-

sentations
Va(1,0) @ Ve (0,n — 2).

Now, V4(1,0) has polynomials

Q1(u) =1—wud, Q2(u)=1,

and V,(0,n — 1) has polynomials

n—2

Ri(u) =1, Ro(u)= [](1—ueq ™"*+%),

j=1
so by Proposition 1.4, for K; to be in the quotient of this tensor product we must
have S; = R1Q1, So = RyQo, which gives d = aq" 2 and e = ag—2. Thus, we have

an exact sequence
0— Ky — Vygn—2(1,0) ® Vgy2(0,n — 2) - K1 — 0, (3)

say.

Let v" # 0 be an L-highest weight vector in V,,-2(0,n — 2) and w" # 0 an L-
highest weight vector in V,4n-2(1,0). Using the U, (g)-structure of these modules
and the fact that

zyv =ayw =0,
an L-highest weight vector in K must have the form

7 =ArTay v @uw' + BY @ayrw' + Clay v @ a7 W
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for some A’, B, C" € C. As in the proof of Proposition 2.7 below, one sees that K»

is generated by 2z’ as a Ug(g)-module. Let the L-highest weight of 2’ be given by

the polynomials T7,7T5. Then,

hi,k.zl = A(hi7k).2/

= A'(hipxyay V' @w + a2 0 @b’ + aterm in ULz zy 0" @ UL w')

+ B'(hipv' @ 327 w0 + 0 ® h; pry a7 w')

+ C'(hi gy V' @27 w' + 25 0" @ hy gy ' + aterm in Ul ay o' @ ULz w').

Note that Uz} x5, .v" ® UL.w' gives unknown scalar multiples of x5 .v" ® z .w’

and v' ® x5 27w, and U/, x5 0" @ Ul z7 .w' gives unknown scalar multiples of v’ ®

x5 x7 .w'. Hence, to calculate h; j.2" we consider the terms involving 7 z5 .0’ @ w'.

Hence, we must calculate
- — / / - = / /
higxy To V' @W + 2775 .0 @ Ay paw'.

Now,

Qi(q%u)  1—wag"™*  Qalg*u)

- b - 1?
Q1(u) 1 — uag™—2 Q2(u)
Ri(q2u) B Ra(q~2u) 1 —uag "1
Ri(u) 7 Rp(u)  1—wuaq"®’

which gives

ak

% k(n—=2) _ _k(n—4)y,,/
k(qiqfl)(q q )U),

hl)k.vl = 0, hl,k.w’ =

ak

k(g—q1)

— 1 k_k(n=5),.— - 1k, k(n—=2)_— /1
Ty U =aq Ty U, Tygw =aq Ty W

hQ,k.'U, _ (qk(n—5) _ qk(—n—l))vl7 h27k.w/ _ O7

(4)

To calculate (4), it is also necessary to find an expression for z] x5 .v". For some

D; eC,
z] x5 v = Dyayay '
Applying x| gives
+
Pk

q—q1

— o=
z, v = Dyxy v
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By Theorem 3.1,
Zuk<1> kx2vklexp<qq Zhlgu>x

k=0
= u’a’ s(n— s(n— —
— gexp (Zs(q‘( 4 g5 6))) ay v

s=1
(I —aug"™ )
~ T aug) ™2

S0
f g 0 = = k" (g — g Yy v
This gives Dj, = af¢"*"~%), and hence
Tty v = ab YTy W

For i =1, (4) now becomes

B [QZ]qxl_k@_ vV @w +xyay hy g @uw + Ujjqxl_a:z_,k.v’ @w +zyxy v @hy
which gives

hy k.2 = k(qakql)(qk(n—ﬁ) gt =)y gh(n=d) _ gk(n=0) 4 gk(n=2) _ k(n=d)y,/
=0.

For i = 2, (4) becomes

k 2k
%xlkxg vV @w +ayzyhy v @uw' — [ k]qxfx;kv @uw' + a7 xy v @ h
which gives
k
a — n— n— —n— n— n—

hops! = (gHY)  gR) | gR(n5) _ gR(on ) | () k(v

k(q—q7")

— a7k<qk(n—7) _ qk(—n—1)>z/
k(g—q7")

These values for hq j.z" and hg .2" give the polynomials for Ky as

— n—3
Ti(u) =1, Ta(u H (1 — uag~""1+%) = (1 — uag=3q~"+2+2).
1

<.
Il

j=1
By Proposition 1.8, K3 is isomorphic to the minimal affinization V,,-s(0,n — 3),

and we have an exact sequence

0 — Vag-3(0,n—3) = Vou—2(0,n = 2) ® Vyyn-s(1,0) — K1 — 0.
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Putting this sequence together with sequence (3) proves Proposition 2.1.

Denote by W, (m,n) the g-character x,(V,(m,n)) of the U, (§)-module V,(m, n).

The following corollary is an immediate consequence of Proposition 2.1.

Corollary 2.2 Fora € C*,n >0,
Wa(0,n) = Wag—1(0,n—1)W,gn-1(0,1)=W,4-2(0,n=2)Wgn-2(1,0)4+W4-3(0,n—3).

(Terms of the form Wy,(0,m) with m < 0 are understood to be zero.)

This corollary enables us to compute W,(0,7n) by induction on n. The proof is

straightforward, if lengthy.

Proposition 2.3 For a € C*,n > 0, the g-character W,4(0,n) is given by

n+1l n4+l—q 7 i—k k—1

-1 -1
E H YvQ,anj—("‘H) E I | Yl,aq"—2<r+k—2)Y27aqn+172(7~+k72) H YLaqnfz(sfz)-
im1  j=1 k=1 r=1 s=1

2.2 Computation of W,,(1,n)

The proof of the following proposition is similar to that of Proposition 2.1.

Proposition 2.4 For a € C*,n > 1, there exists an exact sequence of Ug(§)-

modules

0— Voe(0,n—1) — Vaq7n72(1,0) ®V,(0,n) — V,(1,n) — 0.

The following result is immediate from Proposition 2.4.

Corollary 2.5 Fora € C*,n >0,
Wa(l,n) = Wa(0,n)Wag-n—2(1,0) — Wy (0,n — 1).

(Here, Woq(0,n) is interpreted as zero if n < 0).

This leads to
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Proposition 2.6 Fora € C*,n >0,

Wag(1,1) = (Viagnoz + Yag-n Vi) Wag(0,1)

Lag™"
n+l1 n+l—k k—1
—1 —1 —1
+ Y27aq7n+1 E H Yl,aq"*Q(TJrk*?)Y—Q’aqn+172(r+k72) H Yl’aqn72(572)'
k=1 r=1 s=1

2.3 Computation of W,,(m,n)

Proposition 2.7 For m,n > 0,a € C*, there exists an exact sequence of Ug(§)-
modules

0— Va(m —3,n) = Vyg—2m-—n+1(0,1) ® Vo(m —2,n)
1
Vag-2m-—n(1,0) @ Vo(m — 1,n) — Vo(m,n) — 0.

Proof. We include some of the details of this proof as it involves a new feature (a
simpler version of which was actually used in the proof of Proposition 2.1). First,
we find as in the proof of Proposition 2.1 that V,(m,n) is a quotient of the tensor

product of evaluation representations
Ve(1,0) ® Vg(m — 1,n),

where the polynomials for V;(m — 1,n) are

m—1 n
Rl(u) = H (1 — uozq—2m—n+2j)7 Rg(u) _ H(l _ uaq—n—1+2j)
Jj=1 j=1

and those of V,(1,0) are

Qi(u) =1 —uaqg™?™ ™™, Qy(u)=1.
Let v # 0 be an L-highest weight vector in V, —2m-n)(1,0) and w # 0 an L-highest
weight vector in V,(m — 1,n). As U,(g)-modules

Va(m,n) =2 Vy(mAs + nha)
Ve(1,0) = V(A1)

Va(m —1,n) = Vo((m — 1)A1 + nha).
We have
Va(A)@Va((m — 1)A1 + nAg) =

Vo((m —2)A1 + (n+ 1)A2) @ Vy((m — 1)A1 + (n — 1)A2) & V(mA1 + n2).
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So the kernel K of the quotient map
V.(1,0) @ Vy(m — 1,n) — Va(m,n)

is isomorphic to V,((m —2) A1 + (n+1)A2) @ Vo((m— 1A+ (n—1)X2) as a Uy(g)-
module. Let z be a non-zero vector in K of weight (m — 2)A; + (n + 1)A2. As
this is the maximal weight in K, z is L-highest weight. Then z generates K as a

U,(g)-module. Indeed, let
J = U(g)z C K.

As a U,(g)-module, either
T Vy((m =2 + (n+ D)
or
J=ZVy(m—=2)A + (n+ 1)) & Vo((m — 1)A1 + (n— 1)A2).

In the former case, J would be an evaluation representation; but the calculations
below will show the L-highest weight of z is not that of an evaluation representation.
This contradiction shows that J = K, i.e. that K is generated by z. (A similar
argument is also applicable to the Cy case in the next section.)

Using the U,(g)-structure of these modules given above,
z=Az] v@w+ Bv® ] .w

for some A, B € C. Then
hijg.z = A(hi ).z
= A(hipry v@w+ 2] 0@ hi pw+ aterm in Ulzy .o @ UL w)
+ B(hipv®z] w+0v® h; pr] w).
But, Uz .v ® U_.w gives unknown scalar multiples of v ® z; .w, so in order to
calculate h; .2 we calculate

higry v@w+ ] .0 Q h; pw. (5)

Now,
Qi(g~*u) _ 1—uag™®™ "2 Qy(q ") _,
Q1(u) 1—uag—"2m 7 Qs(u) ’
Ri(q72u) 1—wuaqg=?™ " Ry(q %u) 11— uag~ "t

Ri(u)  1—wag™ 2"  Ry(u) 1 —uagn=1’
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which gives

k
a
hipw = qk(7n72) _ qk(72mfn) w,
" Ka—a )" )
hl U = aik(qk(—%’n—n) _ qk:(—Q’m—n—Q)),U7
’ k(g —q7")
k
hapw = s (@7 = M, by =0,
k(g —q7")
xik'v _ aqu(—7l—277L)x;.v.

For i =1, (5) becomes

2k
- [ k]qxik'v ® w + x;hl,k“v ® w + x;.'[} ® h’l,k"w
which gives
k
a
higz=———H— gFnmD)  gh(=2m—n+2))
1 Ka—a )" )

For i = 2, (5) becomes

k
%x;k.v Q@w+ 2] hopv@wW+ 7.0 ® hg pw,
which gives

k

a

h2,k-z — qk(—2m—n+1) _ qk(—2m—n—1) + qk(n—l) _ qk(—n—l) 2.
k(q — qfl)( )
These values for hy .z and hg ;.2 give the polynomials for K as
m—1 m—2
Sl(u) — H (1 _ uaq—Qm—7L+2]) — (1 _ uaq—Qm—n+2+2j)7

j=2 j=1

n
So(u) = (1 —ua™2m""H) H(l —uaq "),
j=1
This implies that K is not an evaluation representation, as the roots of Sy do not

form a g-segment.

Now the evaluation representation V,(m — 2,n) has polynomials

m—2 n
Ti(w) = [ —uag™™ "), Th(w) = [[(1 - uag™"~1¥2),
Jj=1 j=1

so K is a quotient of the tensor product
Vaq72m7n+1 (0, 1) QV, (m -2, ’I’L),
where V,,-2m-n+1(0,1) has polynomials

Ql(u) =1, QQ(U) =1 uaq72m—n+1.
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Let K be the kernel of this quotient map. Let v’ # 0 be an L-highest weight vector
in V, -2m-n+1)(0,1) and w’ # 0 an L-highest weight vector in V,(m — 2,n). Using
the U, (g)-structure of these modules and the fact that x.v" = 0, a highest weight

vector in K7 must have the form

Z=Aria; v @uw +Bv@aelr, w +C'xy v@z] w' + D'ajzy v @xyxy w

for some A’, B’,C’", D' € C. So, in order to calculate h; j.z, we calculate
higryzy v @w +x]zy v @b (6)

Now, if (U1, Us) are the polynomials for V,;-2m-n+1(0,1), we have

Ui(g—*u) _ Uz(q*u) _ 1 —uagq=?m—n1
Ui (u) T Us(u) 1 — uag—2m—n+1’
Tl(q’2u) 7 1— uaq72m7n+2 Tg(q72u) B 1— uaqfnfl
Ty (u) o 1— uaq—"—2 ’ TQ(U) T 1= uaq”—l s
which gives
/ / a* k( 2) k(-2 +2), ./
Bt =0, I = 0 (M) gh(-2men2))
1 ' k(q — q*l)( )
hopw' = aik(qk(nfl) _ qk(fnfl))w/
’ k(g—q") ’
h2 k~v/ — L(qk(f%nfrwrl) . qk(72m7n71))vl
’ kla—q7") )

— 1k _k(—m—2m+1),_ .—  /
Ty, =a'q xy v

To calculate (6) it is also necessary to find an expression for x; , x5 .v'. For some
scalars Ej, (k > 0), we have
- = [
Ty Ty V= By xy v

Applying x] gives
Jr
14
1

— =
Ty U = Epxy v

q—4q
By Theorem 1.3,

o0 [ee]
Zquika_.v' = kyexp ((q —q¢h Z hLSus) x5 v
k=0 s=1
o~ 18]
_ _ 1 s 1°lq — 7
= gexp <(q q )Zu S )mz.v

s=1

(1 — aug=?m=")

- /
(1 _ auq—2m—n+2)x2 v




Q-CHARACTERS AND MINIMAL AFFINIZATIONS 79

SO

72m7n+2)x— /

x5 v = akgh 2.

This gives

and hence

- =k _k(—2m-—n+2), .—, .—
Ty 2, v =a"q x] Ty 0.

For i = 1, (6) now becomes

[2K]q
k

which gives

— - / — / / [k/‘} — / !/ — 0 a0 /
Ty Ty U QW Xy Ty h kv Qu + qul Ty ¥ QW + 27 2y U ® hy

th.Z/ =

For i = 2, (6) becomes

klg _ _ _ 2kl _ _ o
—apay v @w +ayay hy g @w' — v ag 0 @ w' - ay xy W' @ hy g,

k k
which gives

a* (qk(n—l) _ qk(—n—l))z/
k(g—q71) '
These values for hq j.2" and hg j.2" give the polynomials for K as

hg’k.zl =

[N~}

m—3
Vi) = JT (1= uaq 2m=m+2+2) = T (1 - uaq2m—m+4+),
2 j=1

3

<.
||

fn71+2j)'

—-

Va(u) = (1 — uaq

1

j
The roots of V; (resp. Va) form a g-segment with centre a=1¢"t™=2 (resp. a™ 1),

and since
a1

a—lqn+m—2 =4q
K, is an evaluation representation by Proposition 1.8.

—n—m-+2
b

We now have two exact sequences
0— K — Vyg2m—n(1,0)® Vy(m —1,n) = Vo(m,n) — 0
0— Va(m—3,n) = Voyg-2m-nt1(0,1) ® Vo(m — 2,n) - K — 0,

and putting these together completes the proof of Proposition 2.7.

Corollary 2.8 Let a € C*,m,n > 0. Then

Wa(m,n) = Wo(m—1,n)Wyg—2m—n(1,0) =W, (m—2,n)Wy4-2m—nt1(0, 1)+W,(m—3,n).
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This leads to

m m—i
Theorem 2.9 Leta € C*,m,n > 0. Then, Wyq(m,n) = Agp g Y] aq2i-n-20m+1)
i=1 j=1
i i—k k—1
Y. : Yy ! \
2,aq—n—3-2(r+k-2) 1,aqg—n—2-2(r+k=2) 2,aq—n—1-2(s—1)
k=1 r=1 s=1
m+1 m+1—1 1—1
—1
+ Waq (0, ’ﬂ) E H Y17aq2j7n72(m+1) H Y27aq—n—172(r—1)Ylyaqfnfz(rfl)7 where
i=1  j=1 r=1
n+1 n+l—k k—1
vl Z -1 -1
Aa,n = Y’27aq7n+l H .Y,l7a,q"_2(r+k_2)Y‘27aqn+172(1'+k72) H Yl,aq”*Q(S*?)'
k=1 =1 s=1

3. The C, case

In this section, g denotes a complex simple Lie algebra of type Cy. We take

2 -1
-2 2

A= L di =2, dy=1.

If m > 0,n > 0, we denote by V,(m,n) the irreducible representation of U,(g)
having polynomials (P;, P») with deg P, = m > 0 and deg P, = n and in which
the inverse roots of P; form a g-segment with centre a. If m = 0,n > 0 the
parameter a will denote the centre of the ¢?-segment formed by the inverse roots

of P,. As the proofs are similar to those in the As case, we omit many of the details.

3.1 Some exact sequences

The proof of the following proposition is similar to that of Proposition 2.1.

Proposition 3.1 Let a € C*,r > 1. There exist exact sequences of Ug(g)-modules
0— Vaq4 (7" —1, 2) — Vaqur(l, 0) ® Vaqz (r, 0) — Va<7" + 1,0) — 0,

0— Vaqz (r—=2,00-V,(r—-1,0)® Vaq—2r—2(1, 0)
l
Vag-2r-4(0,1) @ Vo (r — 1,1) — Vo (r — 1,2) — 0,

0= Voge (r —2,1) = Vg202(0,1) @ Vo (r — 1,0) — Va(r — 1,1) — 0.
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Corollary 3.2 Let a € C*,r > 0. Then,

Wa(r41,0) = Wyge (r,0)Wg—2r(1,0) = Woga(r — 1,2),

Wa(r —1,2) = Wo(r — 1, 1)Wag—20-4(0,1) — W (r — 1,0)W,g—20-2(1,0) + W2 (r — 2,0),
Wa(r —1,1) = Wa(r — 1,0)Wyg-2r—2(0,1) = Wyge(r — 2,1).

(Terms involving We(r, s) with v < 0 are understood to be zero.)

Corollary 3.2 gives an inductive scheme for calculating W, (r +1,0), W,(r — 1,2)
and W, (r + 1, 1), starting with the formula for W,(1,0) which is given in Section
1.7. In the next section, we shall obtain a similar scheme for calculating W,(r, s)

for arbitrary r,s > 0.

3.2 Computation of W,(r,s)

Proposition 3.3 For a € C*,r,s > 0, there is an exact sequence of Uy(g)-modules

0— Vu(r,s =5) = Vo(r,s —4) ® Vyg-20-2:(0,1)

!

Vag—2r—2:(1,0) ® Vo (r,s — 3)
|

Vag-2r-2:-2(1,0) @ Vo (r, s — 1)
|

Vag-2r—2:-4(0,1) @ Vo (1, 8) — V,(r,s +1) — 0.

(Terms of the form Vy(r,s) with r or s < 0 are understood to be zero.)

Proof. As above, we find that the minimal affinization V,(r, s + 1) is a quotient of

the tensor product of evaluation representations
Vaq727“72374(07 1) ® Va(’l“, S).

Let v # 0 be an L-highest weight vector in V,,-2r—2.-4(0,1) and w # 0 an L-
highest weight vector in V,(r,s). Using the U,(g)-structure of these modules, a
highest weight vector in the kernel K of the quotient map

Vag-2r-2:-2(0,1) @ Vo (1, 8) — Vo(r,s +1)
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has the form
z=Az, v@w+ Bv® x5 .w

for some A, B € C. Arguing as in the proof of Proposition 2.7, we find that the

polynomials associated to z are

r s—1
S1(u) = (1 — uag=>">*7?) H(l —uag® T2 Sy(u) = H(l — waq~ 227,
j=1 j=1

This implies that K is not a minimal affinization as the roots of S; do not form

a g?-segment. But K appears in the quotient of the tensor product of
Vag-2r-20-2(1,0) @ Vo (1, s — 1).
where V,,-2--2(1,0) has polynomials
Ti(u) =1 —uaqg > ~27%, Ty(u) =1,

and V,(r,s — 1) has polynomials

T s—1
Uy(w) = JJ - uag?24), Usu) = [[(1 - uag=227%).
j=1 j=1

Let K7 be the kernel of the quotient map
Vaq727‘72572(170) ® Va(’l“, s — 1) — K.

Arguing as above, we find that a U,(§)-highest weight vector in Ky must have

polynomials
T ) s—3 ‘
Sy (w) = (1 —uaq™> ") JJ(1 ~uag™**7%), Sy(u) = [(1 —uag=>—27%).
j:l j=1

This implies that K is not a minimal affinization as the roots of Sy (u) do not form

a ¢?-segment. But K, appears as a quotient of the tensor product
Vag—2r-2:(1,0) ® Vo (r, s = 3),
where Vj,4-2r—2:(1,0) has polynomials
Ti(w) =1 - uag 22, Tju) =1,

and V,(r,s — 1) has polynomials

r s—3

Ui (u) = H(l —wag? Y, Ul(u) = H(l — uag~?r2),

Jj=1 Jj=1
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Let K5 be the kernel of the quotient map
Vaq72r—2s (1, 0) ® Va(r, S — 3) — K.

We find that a U,(g)-highest weight vector in K, must have polynomials

T

83

s—4
T (u) = [[( = uag®**74), T (w) = (1 —uag~> %) J](1 - uag—*~>"%).
j=1

Jj=1

This implies that K is not a minimal affinization as the roots of S1(u) do not form

a ¢?-segment. But K, appears as a quotient of the tensor product
Vaq—2r72s (0, 1) X Va(’l“, S — 4),
where V,-2r—2:(0,1) has polynomials

Wi(u) =1, Wau) =1—uaq™>"%

and V,(r, s — 4) has polynomials

r s—4
Wi(w) = [0~ wag~5+%), Wiu) = [] (1~ uag 272,
j=1 7j=1

Let K3 be the kernel of this quotient map. Dualizing the inclusion map
K3 — Vog-2r-2:(0,1) @ Vo(r, s — 4)

gives a non-zero homomorphism of U,(g)-modules
Va(r,s —4) = K3 @V}, 2r2.(0,1).

By Lemma 1.6,
th,gr,z (O, 1) = Vaq—27‘—25+6 (O, 1),

a
so we have a non-zero Uy(§)-module homomorphism

Va(T, S — 4) — K3 ® Vaq—Zr—25+6 (07 1)

If K3 has polynomials (U], UY),

s—4
(1 _ uaq—Qr—23+6>U2//(u) — H(l _ uaq—Qr—Q—Qj).
j=1
So K3 has polynomials
T 5—5

U () = T~ wag®9), Uf(w) = TT(1 ~ uag > 2-2).

Jj=1 Jj=1
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Hence, the inverse roots of U{ form a ¢2-segment with centre a, and those of U

form a g-segment with centre ag~2"~*%2. By Proposition 1.8,
K5 2V, (r,s —5).

Summarizing, we have the following exact sequences of U, (g)-modules:

0— K — Vyg2r-2:-4(0,1) @ Vo(r,s) = Vo(r,s+1) — 0,
0— K1 — Vgg2r—2(1,0) ® Vo(r,s = 1) = K — 0,

0— Ky — Vyg2r—2:(1,0) @ Vo (r,s = 3) = K1 — 0,

0— Va(r,s =5) = Vo(r,s —4) @ Vyg-20-2:(0,1) — Ko — 0,

and the proposition follows.

Corollary 3.4 For a € C*,r,s > 0, we have

Wa(r,s +1) = Weg-2r—2:-4(0,1)Wo(r, 5) + Wyg-20r—2:(1,0)Wy(r,5s — 3)

— Wag-2r—2:-2(1,0)Wy(r,s — 1) = W,(r,s — 5).

4. The G, Case

In this section g denotes a complex simple Lie algebra of type G5. We take

2 -1
A= , di=3, dy=1.
-3 2

We have

011:2)\1*3)\2, 012:*)\1+2/\2 0:2011+3042:>\1.

4.1 A special notation

We shall attempt to understand the U,(g)-structure of certain minimal affiniza-
tions of U,(g). Since the necessary calculations are rather complex, we have sim-
plified their presentation by employing the following ‘approximation’ notation: if

Vi,...,UM, ], .., Uy are vectors in a vector space V, we write

/ !
U1+...+UM%7_)1+...+UN
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to mean that there exist t1,...,¢a,t),...,ty € C* such that

M N

)
E tyvr = E t v,
r=1 s=1

For example, we shall make extensive use of the defining relations

+ + a4+ o+ tay ot ot + +
Tirp1T e — @ TG X5 =X X T e 1T (7)
m
k rm + + + £ + _ o .
Z Z(_l) [k ]qi xiﬂ‘wu) T xi,m(k)xjysximw(kﬂ) to xiwrw(m) =0 ifi#j. (8)

wezm k=0

Using the approximation notation, (7) becomes
xii,rJrlzjfs - xfsxii,r+1 ~ x?,[rxji,s+1 - x;ferler. 9)
In particular,
xii,ﬂxi ~ mixfﬂ. (10)
Similarly, we have the following special cases of (8):
(@1)a3 +afafaf +a3 ()’ =0, (11)

(w3) ) + (23) 2 23 + (23)%e) (23) + 2327 (23)° + 2] (23)" ~ 0. (12)

4.2 Multiplicities

Let A = 7\ + Ay € PT, with r > 0, and let V(P) be a minimal affinization of
A. Choose Q and R such that V(Q) is a minimal affinization of rA;, V(R) is a
minimal affinization of Ay and V(P) is isomorphic to a quotient of V(Q) ® V(R).

Lemma 4.1 As Uy(g)-modules, we have

Va(ran) @ Vy(A2) = Vo(rdr + X2) ® Vo(rAr + A2 — 0) © V(1A + A2 — (o1 + az)).

Proof. In view of the results of Section 1.4, it suffices to prove the analogous clas-

sical result, which we leave to the reader.

Proposition 4.2 As U,(g)-modules, we have

VQaV(R)=V,(\)® EB 2Vy(A = jO) © Vy(A = (a1 + ) = (5 = 1)O)].-
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Proof. By Proposition 1.11, as U,(g)-modules,
V(Q) =P Vil(r =), V(R) =V, (A2).
j=0

The result now follows from Lemma 4.1.

For any U,(g)-module V, set
Vii={veWizfv=0for all icI}, my(V)=dimV,

so that mx (V) is the multiplicity of V,(A) in V.

Proposition 4.3 Let yu € P*. Then,

(i) m,(V(P)) <1 if o is of the form A —nb — (a1 + ) for some n € N;

(ii) m,(V(P)) < 2 if p is of the form X —nb for some n € N;

(ili) m,(V(P)) = 0 if p is not of the form X —nf — (o + az) or X —nb for any
n €N

(iv) ma—no(V(P)) > 1 for 0 <n <r.

Proof. Parts (i), (ii) and (iii) follow from Proposition 4.2 and the fact that V(P)
is isomorphic to a quotient of V(Q) ® V(R).

To show part (iv), let the roots of the polynomial P; be py,...,p,. Each funda-
mental representation V' (1—up;, 1) can be identified with V; (A1) as a Uy(g)-module;
let vy, € V4(A1) be a non-zero U,(g)-highest weight vector. Then, for 1 < j <r,
there exists a non-zero vector w; € V(1 —up;,1)§ such that zy.w; = vy,. This

follows since V(1 —up;,1) = V(A1) ®C as a Uy(g)-module. For 1 < j <r, consider
_ ) Qr—j
wf’qu@)u)Q...(E@zUj®v)\1 @ Vx,,

so that
weV(l—up,1)®@...0 V(1 —up,, 1)@ V(0, P).

Clearly, 71 .w = 25 .w = 0. A lengthy but straightforward computation gives

(xg)j.w — qu(jfl)h[j]qwi@l ® v,

which is non-zero. Since V(P) is isomorphic to a quotient of V(Q) ® V(R) and
V(Q) to a quotient of V(1 —upy,1)® ... ® V(1 — up,, 1), there exists a surjective
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homomorphism of U,(g)-modules
7:V({I0I—up,)®...0 V(1 —up., 1) @V (0, P5) — V(P)

such that

W(U%T ® Uz\z) = Up,

1

where vp # 0 is an L-highest weight vector in V(P). Hence,
m((wg ) w) # 0,
and so w(w) is a non-zero element of V(P)j\r_jo.

To prove the next proposition the following two lemmas are needed. Recall that

V(P) is an affinization of A € PT.

Lemma 4.4 Suppose there exists a non-zero vector v € V(P)lf such that

w;-fl.v = m;’;l.v =0 (i=12).

9

Assume that my4,(V(P)) =0 (i=1,2). Then, A = p.
For a proof of this lemma see [2, Lemma 7.2].

Lemma 4.5 Let pn € P be such that m,4,(V(P)) = 0 if v is not of the form s
for any s € N. Then, xf(x;)?’arfil maps V(P)} to V(P)'. , and, ifv € V(P)F

p+6
is such that z{ .0 # 0, then o (z3)%2 L .0 #0.

Proof. It is obvious for weight reasons that z7 (3 )*z} ., maps V(P)} to V(P),4¢.
Let v € V(P)} be such that

xjxf(x;)sxfil.v =0 (i=1,2).

For 1 = 1 we consider
(xf)Q(J?;)Sxfir
By (11), we have

(@)23 ~ afafa] + ] (21)?,

SO

(@) (@3)° 2] oy~ i oy o] (23) 2] 4y +2f (2])(23) 27 1

o ot ot + 2 .+ .+
~ T Ty T

(332+)2331,i1 + (mjxf)%;wiﬂ + (23 )2 (a7 )a] Ty 415
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by (11) again. But, by (9),

fot g (ot ot ot ot ot
Loy 41~ (Il,ﬂxz +t Ty 1T] + g I2,$1)a

so we have
(@) (23)’af 1y = (] a3+ (a3 2y )+ (03) 2 (7)) (@] 123+ g +ai a5 1)
Now, by (11),
afafafayafay o~ afad (of 2o e oy + ot (23)% (2) %3 14,
SO
(@)*(@3)°af 1y € Ug(@)ad + Ug(@)af + Ug(8) (=) )23 11 + Ug(8)-23 3 1.
But, by (11) again,
(@)a3 21 € Ug(@)at, a32341 € Uy(g)y,
SO
(xf)2(x§r)3xii1 € Uq(ﬁl)m;r + Uq(ﬁ)xf.

Hence, for v € V(P),} we have

(@) (@23) 2] 110 =0.

For i = 2 we consider x;zf(a:;)%fil As above, we have

+ ot (ot +y4,.+ 3,4t 4

Ty xy (5 )3:cfi1 ~ (x5 )4% xfiﬁr(x;') Ty To xfilerf(x;') mii1+($;)2xT(x;)2xiil'

The first three terms on the right-hand side are contained in Uy, (g)xr4 + Uy(@)z7,

so we consider

(x;)%’f@;)z@"fﬂ ~ (x;)QxTx;(xfﬂx; + xé}le + xi%;,xl)-

Now
(z3)afafaiad o ~ (23)? (@) 2af o5 o0 + (23)% ()23
€ Uy(@)zs + Uy(9)z,
hence

x?xf(x;)?’xfﬂ S Uq(ﬁ).x;r + Uq(ﬁ).mf.

It follows that

+ o+ ()3 _
Ty x] (T3) {410 =0,
+

and so (x;')?’xfﬂ.v € V(P):‘JFG7 as required.
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Now suppose that 2} ;.0 # 0 and 2} (23 )32 . ;.0 = 0. Since
+ ()3t 4+ A\t
ry (z3) 2] 41 = (23) 2] 11 € Uy(@)ry,
we have
+ ()3t _
g (23)° 0] 410 = 0.

This implies that (z3)%z .0 € V(P)}, 3,,10, = 0 by assumption, hence

13+ _
(x3) 2] 410 =0.
Now consider

+, 4.+t
Ly Lo Ty Lo 1

~
~

xf(mgfmtil
~ () a3 g o +af (o) a3
~ (o) 2 + (23)%(23)° + (a3 2] )?

€ Uy(@)as + Ug(g)zy -

So (:E;')2xii1,v = 0 which gives

($2+)2$1+,i1~“ € V(P):+2az+0t1 =0,
and so
(scgr)%iil.v =0.
Next, consider
viog el g ® o e ey +of gaf el tefafaly, tagaiaf
€ Uy(@)rs + Ug(@)zy-
So xfx;xiil.v = 0 which gives

+.4 + _
Ty Ty 41-VE V(P);Hraeral =0,

and so
+ .t —
Ty 2y 4q.v =0.
Finally, consider = 2] ,,. Since this € U,(g)z], we have
Y 11,41- q\8)%1,
+ .t —
Ty L] 4q 0= 0,

so that xiﬂ.v € V(P):[+a1 = 0, which implies that xiil.v = 0. This completes

the proof of Lemma 4.5.
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Proposition 4.6 Let V(P) be a minimal affinization of A\ € PT with the roots of
Py forming a q*-segment with inverse centre a. Then:

(1) ma—no(V(P)) =1 for0<n <r;

(ii) m,(V(P)) = 0 if p is of the form A —nb — (o1 + o) for some n € N.

Proof. Both parts are proved by induction on n. The n = 0 case is proved in [2].
Assume that (i) and (ii) are proved for all integers < n.

Suppose that m_(41)0(V(P)) > 1. By Lemma 4.5, the action of 27 (z3)%27 4,
defines a map

V(P)If(wﬂ)a - V(P)I—n(r
By the induction hypothesis, my_no(V(P)) = 1 so this map has a non-zero kernel.
This implies that there exists 0 # v € V(P);\i_—(n—i-l)e such that
:ci'(a:;)?’xfl.v =0

which, by Lemma 4.5, gives xfl.v =0.

Suppose now that xfﬁl.v # 0 and, for s =0,1,...,n+ 1, define vs € V(P) by

Vg = (xf(m;)gxf_l)s.v.

We prove, by induction on s, that vs has the following properties:
(i), 0#vs € V(P){ (11 o9 (0<s<n+1),
(i), #pvs=0 (i=1,2, k>0).

Note that (i) holds by assumption, and that (ii)o holds by the choice of v. Since
xfl.vs =0 and vy #0 for s =1,...,r, Lemma 4.4 implies that xf’fl.vs # 0 and

Lemma 4.5 then implies that
xf(x;r)?’xf_l.vs #0,

S0 Us11 # 0 which gives (1)s41-

To prove that (ii)s11 holds it suffices, by the proof of Lemma 4.4, to show that
xfl.vsﬂ = xir”s-&-l =0.
Consider

3wy ()% o~ el ey () 2]+ ol (@) ey +adaly (a) 2]
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The first term on the right-hand side is contained in
Uq(@)xil + Uq(@)x; + Uq(@)mi_
and the second term is contained in U,(g)z3. Now

x;xil(m;):}mifl ~ (;vj)‘lelmfﬁl + (952+)3w1+,1935r$1+,71 + (xj)%fl(xj)%ffl.

The first two terms are contained in Uy (§)z + Ug(§)z7 . Next, consider

20t (V2 ()2t ot Y2, oot 32,4 ot oot
(zg) ) (23) 2] = (23) wy 2 125 7] +(25 ) 25177 29 2] _+(23 ) "2 @5 125 2] 4.
The first term is contained in Uy(§){ + Uy(d)z{; and the second term is contained
in Uy(g)z{. Finally,

(x3) 2zt af ot () 2at o

~ +
Ty ) Ty Tg 1T Ty 1 =~ (Lo ),

+ + +4+ +
12 (2] 25 + 2725 + 25 7]
and all three terms are contained in

Uy(@)az1 + Ug(@)rs + Ug(@)zy -

So xé”le (x3)3xF _, is contained in

Uq(@)x;@ + Uq(ﬁ)xg_ + Uq(ﬁ)xiF + Uq(@)xir

Hence,
(Y3t _
L2171 (z3) xy_1.vs =0,
which gives

+ —
Ty 1.Vs4+1 = 0.

Now consider

xi"le(x;’)sxj‘ 1~ 2 xfl(x;)3xf71
~ 5'3?_@_17?1(17;)217{—1 + Tz 1$T($;)2mf—1 + ($T)2$;1(5'3;)233t—1
—1+2+3,
say. Now,
1€ Uy(@)z] 75 mf—l + Uy(8)73,175 xf—l + Ug(@)rwyxi 4,
S0
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Next,
2~ (a7 w3 (23)e] g + a3, (a)?(23) 2] 4
~ (xf)z(xér)%;lmf,—l + 332+,1($Ir552+)2951+,—1 + xilxg(mf)%;lxi—l’

SO

2¢ Uq(ﬁ)$2+,1 + Uq(ﬂ)x; + Uq(ﬁ)xf-
Finally,

3~ (xf)Q(mg)Qmile—l

~ (a1)?(23) (2] o3y + ey +afay),
SO

3¢ Uq(ﬁ)le + Uq(ﬁ)a:;' + Uq(@)xi_-
Hence,

xflx;’_(x;)gxf_l € Uq(ﬁ)le + Uq(@)x;' + Uq(ﬁ)xil + Uq(ﬁ)xf,

which gives
+ (3t _
oy @) (2)°2) _qvs =0
and so

+ —
x)1.Vs41 =0,

which implies that (ii)sy; holds. We have now proved that (i)s; and (ii)s hold for
all s > 0.

Note that v,41 = Avp for some A € C*. Since dim(V (P)x_q,) = 1, it follows
that

(mj)Bwf_l.vn = Bz .up
for some B € C. Applying xiz)) gives

+ (pF\3.F S
ri 4(wy ) ] _ v, = Bx| 371 vp.

F o3t oAt (N2t Tt N2 oo N2
rig(wy) 2] Raga)s(xy ) o) +x5,27 o(v5 ) w) g + gz (25) 2]
— 44546,
say. Now,

(AN 2 o+ ot +, 4 o+ ot o oA ot
4~ (z3) Ty 3%g T _q T Ty T 9T3 1 T3 T] 1 + Ty Ty 1 X7 oTg Tq _q-
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But, for £ > 1,
o) pr3 o] g~ af ey g ol _gag el ol el ed g el ol ey el el
€ Ug(@)zs + Ug(@)z + Uy(@)ay_y + Uy(@)ay
(since x;xikxt_l ~~ x;wf_lxik + x;xTkaA + m;xkaf) and
x§$f2$;1x§${,1 ~ xijxj(wiflx;l +agzf +afag),

SO

4¢e Uq(g)x;_,l + Uq(ﬁ)x; + Uq(g)x;—ﬁ + Uq(ﬁ)$f2 + Uq(@)wfl + Uq(@)xr-

Next,
~ z;lx;zf?x;zi—l + (33;1)2515{113;55{—1 + lexilzilx;—xi—lv
SO
5 € Uq(@)xil + Uq(@)z3 + Uq(ﬁ)mfz"' Uq(8)],
and
6 c Uq(ﬁ)xil + Uq(@x;r + Uq(ﬁ)xf-
Finally,

i a(23) ) 1 € Ug(@)23,+ Ug(@)23 + Ug(@)27 5+ Ug(@)27 o+ Ug(@)271 1+ Uy (827,

which gives

xfg(ﬂc;):axf_l.vn =0
and hence
¢I3.vp =0.
But,

T

Pi(w) = [0~ uaq" %),
j=1

By Proposition 1.4,

= degp, Pi(ug;?
> oty - 5 LD,
k=0 2\

= q¢i(1 —uag; " ")(1 — uag; ™ )vp,
so by comparing coefficients of u? we get

3(r—1 _
O 50p = ¢} () — a7 ") vp.
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This is non-zero since r > 0, so this gives a contradiction which completes the proof
of part (i) of the proposition.
To prove part (ii), assume that the multiplicity m_png—(as+a.)(V(P)) = 0 and

let v € V(P>j\r—(n+1)9—(a1+a2)' Since, by Proposition 4.3,

m,\—(n+1)0—ai(V(P)) =0
and

A#EX—nb — (a1 + az)
for any n € N, to prove part (ii) it suffices to show, by Lemma 4.4, that

xzil.v = 0.

By Proposition 4.3, to do this it is enough to show that

23410 € VP (1100

By (7),
x;xé"’ﬂ.v =0.
To show that
:vfx;il.v =0
it is enough to show that
xfx;ﬂ.v € V(P);\r_(nﬂ)@ (13)

xf’sxfx;il.v =0 for s=4l.

To show (13), consider

(@) (@d) 0 23 uq ~ ol af ol af ol 2] 4 + o (@) 2f ol 2] 4
~afad (o) ag e o ol (@) (@) 05 1 + 23 (@) 23 25 4
2+

+zf i g (a]) Tg 41
€ Ug(8)zs + Uglg)zy
So
(a1)*(23) 27 25 1.0 = 0
and

2 2 2 3
vy af (@3) el wg oy~ agay (23) 0y o) +agal (@) o] peg tad ey (0) e o
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The first two terms on the right-hand side are in U, (g)r3 + U,(g)~] and

v3 i (23 2] o~ ol (@) 2 2y + (@) 2 w] o + (@) 2 of 2] o

+ (@3) 2] (23) 0] 1

€ Uy(@)xs + Ug(d)zy,

since
(z3)%2f (23)%27 31 ~ (03)af o3 (0] ;123 + 23 2] + 2723 4,).
This gives
x;mf(x;)Qxfx;ilv =0.
So
x:rmf(x;)zxfx;rilv =0 (1=12),

which implies that

xf(ffg)%fx;,ﬂ” € V(P);\rf(n+1)07(a1+a2)’

So

xf(x;)gxfm{il.v =0

95

by the induction hypothesis. On the other hand, by using relations (7) and (8) we

see that
(@3 ag sy € Ug(@)as + Ug(@)ai
Hence,
(m;f)za:fm;il.v =0
and so

(JC;)QIT‘T/;ﬂ-” € V(P>j—n9—(2a1+a2)'

By Proposition 4.3,
2
(xj) xfx;ﬂ.v =0.

Now consider
tototot o (N2t + N2+ PAPIE PAPE
Ty Xo Ty To 11~ (z1) w3 Ty 41 T Ty (z1) Ty 41 € Ug(8)zg + Ug(g)zy .
Hence,
+,t ot ot _
Ty Ty Ty Ty 11.0 =0,
and so

+ 4ot +
Ty Ty Tg 11V € V(P)A—né—(2a1+2a2)7
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which implies that

m;xfx;il.v =0.
But clearly,

(x1)%23 40 =0,
SO

CEDERRIES V(P);(nﬂ)e‘

This proves (13). To prove (14), we have from [2, p. 910],
(w3)af ol od ) € Ug(@ogafad )+ Uy(@)adad s

for s = +1. So, in particular,

xf(x%)?’xf’sxf;ﬁ;il.v =0.

Let w = xfac;il.v. Then,
Lemma 4.5 now implies that

This completes the proof of Proposition 4.6.

The following theorem is an immediate consequence of Proposition 4.6.

Theorem 4.7 Let g be of type Go, v > 0, A\=1A1 + o € P and V(P) a minimal
affinization of A. Then, as a Ugy(g)-module,

V(P) = PV, (A jA).
§=0
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