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ABSTRACT. New properties of divided domains R are established by looking
at multiplicatively closed subsets associated to ring morphisms. Let I be an
ideal of R. We exhibit primary ideals, like Iv/T and I™ if I is primary. We
show that Ass(I) = V(I) N Spec(Ryrax(ass(r)))- Moreover, the image of the
maximal spectrum of (I : I) is contained in Ass(f). We show that certain
intersections of ideals are primary ideals. Goldman prime ideals are prime g-
ideals. The characterization of maximal flat epimorphic subextensions gives as
a result that R is a valuation subring of Priifer hulls. We characterize Fontana-
Houston divided ©2-domains, divided APVDs and divided PPC-domains.
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1. Introduction and notation

This paper deals with commutative unital rings and their (homo)morphisms.
Dobbs introduced the divided property [7]. Let R be an integral domain with
quotient field K, with R # K (i.e. R is not a field). A prime ideal P of R is
called divided if PRp = P (equivalently, P is comparable under inclusion to any
(principal) ideal of R). Then R is termed divided if each of its prime ideals is
divided. A divided domain is a quasilocal going-down domain; that is, each of its
overring extensions has the going-down property [7]. We also consider the divided
rings of Badawi [1] that are rings in which each (principal) ideal is comparable to

any prime ideal. A commutative ring R is called treed if two incomparable prime
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ideals of R are coprime. In case R is quasilocal, the treed property for R means
that the spectrum Spec(R) of R is linearly ordered under inclusion. A going-down
integral domain is a treed domain.

We give below a short survey of the main results of the paper. The reader is
thereby invited to look at the definitions and notation involved in the different
sections and, in particular, at the end of this section.

We are aiming to exhibit new results on divided integral domains. As a factor
ring of a divided ring is a divided ring, we are lead to give results on divided rings
and also on quasilocal treed rings, when possible. This provides us results on ideals
and conductor overrings of divided domains. Key tools are multiplicatively closed
subsets (mcs), arising from elements that become units through a ring morphism.

Section 2 introduces two kinds of mcss and gives useful technical results. If I is
an ideal of a ring R, the elements of the mcs A(I) are z € R that becomes a unit
in Tot(R/I). Another one mcs is U(I) = {x € R | I = I}, widely used in the
valuation domain theory [29]. The sets Ass¢(I) of all Bourbaki associated prime
ideals of T and Ass(I) of all Krull associated prime ideals of I are closely linked to
these mcss. A first observation is that A = U on a treed quasilocal domain R if
and only if R is a divided domain (see Section 4).

In Section 3, we consider the properties of the mcs Sy = {s € A | f(s) e U(B)}
associated to a GD ring morphism f : A — B, in case A is a quasilocal treed ring
and in particular a divided ring. We get a key result; that is, Py := A\ Sy = U[AN
N | N € Max(B)] € Spec(A), Spec(B | A) = (Pf)! and there is a factorization
A — Ap, — B, where Ap, — B has the LO and GD properties. If, in addition, R
is a divided ring, then Py = N[As | s € Sy]. In case R is an integral domain and f is
a flat epimorphism, then B = Ap, (see Theorem 3.3). As a consequence, when A is
an integral domain, A — Ap, is the Morita maximal flat epimorphic subextension
of A — B [39]. These results are a powerful tool in the sequel. For instance, we
show that if R is a divided ring, then the maximal flat epimorphic extension of R is
R — Tot(R). When R is a divided domain, we also give information on the Priifer
hull P(R,T) associated to an extension of integral domain R C T by Knebusch and
Zhang [36]. For instance, R is a valuation subring of P(R,T') and P(R,T) = R,
for some p € Spec(R). Applying this result to the Priifer hull of R gives pleasant
results for P(R). In particular, z € P(R)\ R = 2~! € R.

This section also contains results on ideals of a divided ring. Clearly, each
nonzero ideal of a divided ring R is primal and an ideal I # 0 of R is primary if and
only if I* := R\ A(I) =v/I. Moreover, if R is an integral domain, IRp = I for each
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prime ideal P O I, whence IRA(ry = I. We show that a treed quasilocal ring R is
such that Tot(R) is a quasilocal Kasch ring. Among many consequences deduced
for factor rings, we get that an ideal, whose annihilator is zero, contains a regular
element, so that Tot(R) = Q(R). One main result is that Ass(I) = Assy(I) =
V(I) N (I*)! for an ideal I # 0 of a divided ring R.

Section 4 is concerned with conductor overrings (I : I) associated to a nonzero
ideal I of an integral domain R. We recover results known for valuation domains.
Actually, altough we get many results valid for quasilocal treed domains, we give
here them for divided domains (R, M). Let 7 be the natural map R — (I : I) and
I* ;== R\U(I), then I* = I* = P; and R — R,y is the maximal flat epimorphic
subextension of 7. If I is a fg-ideal, then I* = M and if not, (R : I) = (I : I). When
P # 0 is a prime ideal, I € P = (I : I) C (P : P). Hence the inclusion defines
a linear order over the family of overrings (P : P), where P € Spec(R), P # 0.
We pause here to claim that if Iy,..., I, are ideals of a divided ring, containing
V0 and such that I, is a Pj-primary ideal and+/T; C+/T; for k = 2,...,n, then
I, ---1, is a P,-primary ideal. Hence any power of a primary ideal containing/0
is primary as well as AT for any nonzero ideal I 2+/0. Theorem 4.7 is the main
result of this section, proving that w(Max(({ : I))) C Ass(I). Hence, in case I
is a primary ideal, *wr(Max((1 : I))) = {I*}. This generalizes Okabe’s result [41,
Theorem 2.2] and shows that an integral domain R is divided if and only if each
nonzero nonmaximal prime ideal is antesharp (see [22]). We get also that if (R : 1)
is a ring, then I, is a primary ideal.

Section 5 deals only with divided domains R. The consideration of rings of
sections I'(X) for X C Spec(R) exhibits prime ideals that are intersections of
certain families of ideals. It is enough to use Sx = Sy = {s € R | X C D(s)},
where f : R — T'(X) is the natural map, to get a prime ideal Px = N[Rs |
seSx]=n[I"|neNX C D), I € ZyR)]. For instance, if X = D(I) for
I € I;(R), we get the Okabe’s result: [I"™ | n € N] is a prime ideal Py, such that
(Pr)t = D(I) [40, Corollary 2.7). In particular, P; is a prime g-ideal. Actually,
we show that Goldman prime (G)-ideals are identical to prime g-ideals. As a
consequence, each nonzero nonmaximal prime ideal is divisorial. Moreover, R is
an open domain if and only if R is a G-ideal domain. Theorem 5.8 shows that
Gilmer’s characterization [30, Theorem 17.3] of a nonzero unbranched prime ideal
P of a Priifer domain R is still valid and is equivalent to Rp is fragmented. We give
a characterization of the Fontana-Houston divided Q-domains as QQR-domains in

which each nonzero prime ideal is a G-ideal. In that case, R is a propen domain
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and Rp is a valuation {2-domain for each nonmaximal prime ideal. This section
ends with some calculations of the complete integral closure of a divided domain.

Section 6 deals with some applications. We begin with a descent result of the
divided property. Then we focus on divided i-domains and provide conditions for
an overring to be divided. We give criteria for the natural map R — (I : I) to be
integral. We characterize APVDs inside the divided context. We show that divided
Okabe’s PPC-domains (R, M) [41] are characterized by R is an APVD such that
(M : M) is the minimal overring of R. We end by giving conditions on the sequence
{Ass(I™)}n>0 to be stationary for an ideal I of a divided domain. This question
was the subject of many papers in the Noetherian context.

We now give some notation. Let R be an arbitrary commutative unital ring,
then Tot(R) is its total quotient ring, Q(R) is its complete quotient ring, U (R) is
the set of all its units, Max(R) is the set of all maximal ideals, O(R) = U(R) U {0}
and ( Z7(R)) Z(R) is the set of all its (finitely generated) ideals I # R. An overring
of aring R is an R-subalgebra of Tot(R) and R’ denotes the integral closure of R in
Tot(R). If f: R — S is a ring morphism, Spec(S | R) is the image of the spectral
map 'f : Spec(S) — Spec(R). If 'f is injective, f is called an i-morphism. For
J C S, we occasionally write J N R instead of f~1(.J).

We denote by P! := Spec(Rp | R) the generalization of P € Spec(R) and
Q € P! < Q C Pfor Q € Spec(R). Now X! :=U[P! | P € X]is the generalization
of X C Spec(R) and X is said to be stable under generalization if X = X!. We
also set X1 := {Q € Spec(R) | P C Q for some P € X} (the specialization of X).

For I € I(R), we set V(I) := {P € Spec(R) | I C P} (a typical Zariski closed
subset of Spec(R)), D(I) := Spec(R) \ V(I). Now Z(I) is the set of x € R that
are zero-divisors in R/I, Min(I) is the set of minimal prime ideals of I and we set
Min(R) := Min(0) and Minp(R) := {P € Spec(R) | P € Min(Ra) for some a €
R\{0}}

When I and J are ideals of a ring R, we set [ : J:= {z € R | xJ C I}. For an
integral domain R with quotient field K, we set (I : J) :={x € K |aJ C I} if I
and J are R-submodules of K.

A multiplicatively closed subset of a ring is termed a mcs and a smcs, when
saturated. We abbreviate the words “finitely generated ideal” by fg-ideal, going-
down by GD and lying-over by LO.
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2. Zero divisors of factor rings and associated mcs

This section deals with technical results on zero divisors in arbitrary factor rings
and some associated mcs. Here p; is the natural map R — R/I — Tot(R/I) for
I €I(R).

2.1. The smcs A and associated prime ideals. Let I € Z(R), we set A(I) :=
{reR|I:2=1I}={z € R|pr(z) €U(Tot(R/I))} and I* := R\ A(I) = Z(I)
(see our paper [43]). Then A(I) is a smcs of R and [ is called a primal ideal if I*
is a (prime) ideal, and then I is called an I*-primal ideal. Note thaty/I C I* and
thatv/I = I < I is a primary ideal.

Then Assy([I) is the set of all Bourbaki associated prime ideals of I. A prime
ideal P belongs to Assy(I) if P € Min(! : r) for some r € R. It is well known that
M =U[BR | P € Assp(D],VI=N[P | P € Assy(I)] and V(I) = Ass;(I)! (see [4,
Ex. 17, p.165 and Ex. 12, p.169 ]).

We also introduce the set Ass(I) of all Krull associated prime ideals of T as in
[27, Section 2|. A prime ideal P of R belongs to Ass(I) if for each x € P there is
some y € R such that x € I : y CPB. In view of [27, Lemma 2.1], P € Spec(R) is
in Ass(I) if and only if B is a union of some elements of Assy(I). It follows that
Assy(I) C Ass(I) and I is a primal ideal if and only if I* € Ass(I).

Note that I* = U[P | B € Ass(D)],vVT =N[P | P € Ass(I)] and Ass(I) C V(I).

Lemma 2.1. Let R be a ring, I € I(R) and P € Ass(I), then the mazimal ideal
N of (R/I)g consists of zero divisors.

Proof. Set P:=%B/I and S := R/I. If z = /s is an element of N, where z € S
and s ¢ P, then = belongs to P. Hence there is some y € S such that z € 0: y C P.

It follows easily that z/1 is a zero-divisor. (]

Proposition 2.2. The set Z(R) is partially ordered by the relation R defined by
IRJ < there is some (s)mes S of R such that J =IsN R for I,J € Z(R). Then
IRJ =1CJ and A(I) C A(J).

Proof. The proof is straightforward. (I

2.2. The smcs A and ring morphisms. If f : R — T is a ring morphism, the
mapping J +— I := f~1(J) defines an application ‘f : Z(T) — Z(R), which verifies
the following properties:
(A1): Assy(I) C tf(Assy(J)); whence f=H(A(J)) € A(I) and I* C f=1(J?).
(A2): Set K := Jyy NT (so that JRK), then f~1(A(K)) = A(I), f~H(K) =1
and f~1(K*) = I,
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(A3): If U f is injective, then f~1(A(J)) = A(f~(J)) for J € Z(T).

Note that !f is injective if and only if J = f~(J)T for all J € Z(T). This
property holds in the following cases:

e f is a flat epimorphism [38, Proposition 2.1, p.111] (an example is given by
R — Rg, where S is a mcs of R).

o f verifies the condition (C): for each ¢t € T' there are some r € R and u € U(T)
such that ¢t = uf(r). A surjective morphism verifies (C).

The proofs of (A1) and (A3) may be found in our paper [43] and the others are

elementary.

Lemma 2.3. Let f: R — T be a ring morphism, J € Z(T) and I := f~1(J).
(a) If f is a flat morphism, then f(A(I)) = A(IT)N f(R).
(b) If I is irreducible, then I* € ' f(V(J) N Spec(Ta(sy | T)).

Proof. (a) Use the following facts. A flat morphism transforms a regular element
into a regular element. Moreover, R/I — T/IT is flat and injective, because
I = f~J) and then I = f~1(IT).

(b) I is primal, because irreducible and therefore p := I* € Ass(I). We can
reduce to a quasilocal ring (R, M), where M = Z(0) and 0 is irreducible in R (con-
sider Tot(R/I) = (R/I)p — (T/J)g and use Lemma 2.1). From [31, Proposition
1.2], we derive that U[0 :g z | © € M \ {0}] = M, where the set {0 :g 2} is directed
under inclusion. If T is an extension ring of R, then L := U[0 :x x| z € M \ {0}]
is an ideal of T" such that any minimal prime ideal N of L contracts to M. Then
N consists of zero-divisors. Indeed, for an element z € N there is some s ¢ N such
that sz™ € L for a positive integer n. Choose an integer n which is minimum for
the preceding property. Then there is some z € M \ {0} such that sz"z = 0 and
t := 52" 1z # 0. It follows that tz = 0 and z is a zero-divisor of 7. Therefore,
NNA@0)=0and NNT € V(J) N Spec(Tacs | T) by (a) and (A3). O

For amcs S of aring R and I an ideal of R, we set I(.S) := IgNR; so that, IRI(S)
and A(J) C A(I(S)) = A(Is)NR by (A3) applied to R — Rg and Proposition 2.2. If
S = R\ P, where P € Spec(R), we recover the isolated P-component I(P) := I(S)
of I. Then 9 is a minimal prime ideal of I if and only if I(9) is a M-primary
ideal [37, Proposition 6] and I(90) is the smallest 9M-primary ideal containing I.

(M): Let I € Z(R) with I # 0 and P a prime ideal of R with I C P, then
(Ip)* N R = I(P)*. In that case, [(P) = I if I C P and I C I(P) if P C I* [27,
Lemma 1.3]. If I is a P-primal ideal (hence P = I), we get I(P) = I.
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2.3. The smcs U in a quasilocal treed domain. Let R be a quasilocal treed
domain. We introduce a prime ideal linked to an ideal and used in the theory of
valuation domains [29, p. 69]. Let I # 0 be an ideal of R. We set I* := {r € R |
rl # I} = R\U(I), where U(I) := {r € R | rI = I} and we also set 0f = 0. As
U(I) is a smes, I* is a prime ideal. We list some properties of the operation I — %,
within a quasilocal treed domain R:
(#1): I* is a prime ideal of R, containing I.
(t2): (1% = I,
(#3): IRy = 1.
(#4): (r)! =I* forr € R, r #0.
(85): (IJ)F C I* N J*E.
(#6): If P is a prime ideal of R, then Ry C (I : I) < I* C P.
(#7): If f : R — T is a ring morphism and I an ideal of R, then U(I) C
“LU(IT)); so that, f~1((IT)*) C I*.
(88): U(T) C A(]).
For (#1) to (£3), rework the proof of [29, Lemma 4.3]. Now (#6) is a consequence
of RpyC([:I)=1/se (I:1)for s ¢P.
We note here that (I : I) = R;x = Rp(r), when R is a valuation domain [29,

f

Lemma 4.3] and [23, Lemma 3.1.9]. This result will be extended in a next section

to the divided domains context.

3. Properties of quasilocal treed or divided domains

Most of results of this section are derived from the consideration of smcss linked
to ring morphisms. More precisely, to a ring morphism f : A — B, we associate
the smes Sy :={s € A| f(s) € U(B)}. We first look at some properties of smcs.

When (R, M) is a quasilocal ring, the intersection of an empty family contained
in Z(R) is M by convention.

Proposition 3.1. Let (R, M) be a quasilocal treed ring and S a mcs of R such that
0¢ S. Then Rs = Rp for some prime ideal P of R, such that N[Rs|s € S| C P,
PNS=0and P =nN[D(s)|secS9]

Proof. We can assume that S is a smcs and then R\S = U [P | P € Spec(R), PN
S = 0]. As Spec(R) is linearly ordered, P := R\ S € Spec(R). Set [ :=N[Rs|s €
SNM]. Then I C P holds if SN M = () since I = M by convention. We can assume
that SN M # . Let z € N[Rs | s € SN M] and assume that ¢ P. Then 22 € S

and x = rz? for some r € R. Hence rx is an idempotent of R. As R is connected,
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either ¢ = 0 or rx = 1. Then either x = 0 or € U(R) is a contradiction and

x € P. Now Spec(Rg | R) = Spec(Rp | R) gives the last statement. O

Okabe proved the following result [41, Corollary 2.7]. Let I € Z;(R), where R is
a divided domain, then P := N[I™ | n € N] € Spec(R). This result is generalized
below and in a next section. If I is a principal ideal, Okabe’s result is a consequence

of the next corollary.

Corollary 3.2. Let (R, M) be a quasilocal ring.

(a) If R is a divided ring and S a mcs of R with 0 ¢ S, then Rs = Rp, where
P:=nN[Rs|s e S\U(R)] € Spec(R) is such that P* =N[D(s) | s € S].

In particular, let a € R\ O(R), then R, = Rp, where P := N[Ra" | n € N] €
Spec(R) is such that P* = D(a).

(b) If for each a € R\ O(R), there is a prime ideal P C Ra, such that R, = Rp,
then R is a divided ring.

Proof. (a) It is enough to show that P C N[Rs | s € S]. But from s ¢ P for s € S,
we deduce that P C Rs because R is divided.

Assume that the hypotheses of (b) hold. Let € Spec(R) and a € R\ Q. If a is
a unit, then @ C Ra = R. If not, there is some P € Spec(R), such that R, = Rp
and P C Ra. Then Q C P = @ C Ra. Hence, R is a divided ring. O

Let X # 0 be a subset of Spec(A), where A is an integral domain. The ring of
global sections over X is I'(X) := N[Ap | P € X]. We will consider epimorphisms
of the category of commutative rings and in particular flat epimorphisms (see [38,
Chapter 4]). They do not need to be surjective maps.

The following theorem is a (the) key result of this paper.

Theorem 3.3. Let f : A — B be a going-down ring morphism, where A is a
quasilocal treed ring.

(a) Sy is a smes of A, Py := A\ Sy € Spec(A) is such that N[As | s € S¢] C
Py =U[ANN | N € Max(B)] and Spec(B | A) = (Py)'. If in addition, A is a
divided ring, then N[As | s € Sy] = Py.

(b) There is a factorization A — Ap, — B, where Ap, — B has the lying-over
property and the going-down property.

(c¢) In case A is an integral domain, f is a flat epimorphism and X := Spec(B |
A), then B~T(X), Py =U[P|P¢c X] and B = Ap,.

Proof. (a) Clearly S := Sy is a smcs, Py := A\ S € Spec(A4) and P = U[f~1(Q) |
Q € Spec(B)]. Then Py = f~1(Qy) for some Qf € Spec(B). To see this, we
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observe that PyB # B; for if not, 1 = p1by + - -+ + puby,, where p; € P; = f~1(Q;),
with @Q; € Spec(B) and b; € B. There is some P; such that P, C P; for each 4
and 1 € P;B C @, an absurdity. From PyB # B, we deduce that PyB C N, for
some maximal ideal N of B. Set M := f~'(N), then Py C M = Py = f~1(Qy)
for some Q; € Spec(B) by the going-down property of f and Spec(B | A) C (Py)!.
The reverse inclusion is again deduced from the going-down property of f and
Py = f71(Qy)

(b) The factorization exists because s € S = f(s) € U(B) and its properties
follow from (Pf)} = Spec(B | A).

(¢) A — B identifies to A — I'(X) by [47, Proposition 4.7]. In view of [38,
Corollaire 3.2, p.114], As — B is a flat epimorphism with the lying-over property,
whence is faithfully flat. It follows from [38, Lemme 1.2] that Ag — B is an

isomorphism. O

Morita defines for an arbitrary injective ring morphism f : R — T the mazimal
flat epimorphic subextension g : R — E(f) of R — T [39]. We recall that a
going-down morphism A — B is injective when A is an integral domain, because
' f(Min(B)) C Min(4).

Proposition 3.4. Let f : A — B be an (injective) going-down ring morphism,
where A is a quasilocal treed domain. Then A — Ap, is the maximal flat epimorphic

subextension of A — B.

Proof. Let g be the map A — E(f), then we have S, C Sy and E(f) = Ap, by
Theorem 3.3(c). It follows that E(f) C Ap, C E(f) and A — Ap, is the maximal

flat epimorphic subextension of A — B. a

The above result applies to an extension of integral domains A C B, where A is

a GD-domain (such extensions have the GD-property).

Corollary 3.5. Let (A, M) be a divided integral domain and f : A — B an exten-
sion of integral domains, then A — Ap, is the mazimal flat epimorphic subextension
of A— B and Py = N[As | s € S¢].

Proof. Each extension of integral domains A C B has the GD-property [8, Theo-
rem 1]. O

Corollary 3.6. Let R be a divided domain and f : R — T an injective ring
i-morphism, where T is an integral domain. Then T is a divided domain. In
particular, each overring of a divided i-domain is a divided i-domain, (i.e. R is a

strong divided domain).
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Proof. Observe that Spec(T) — Spec(Rp,) is a homeomorphism. Then use [48,
Proposition 4.1]. O

Proposition 3.7. Let R be a divided (quasilocal) ring and I € T(R).
(a) I* € Ass(I) and I is a I*-primal ideal.
(b) I is a primary ideal if and only if I* =v/T.
(c) Either J C I* or I C J holds for any ideal J of R.
(d) If R is an integral domain, IRp = I for each P € V(I*).

Proof. (a) and (b) are known and are written here for further references.

(c) Assume that J € I, then I C I* C J follows from I* € Spec(R).

(d) Let z/s with « € I and s € A(I), then s ¢ I* = I* C Rs. From I C I*, we
deduce x = rs and then r € I, because s € A(I). Hence, /s = r € I completes the
proof of IRx(y = I. Then IRp = I for I* C P is clear because Ry 2 Rp. O

An ideal I of a ring R is called a divided ideal if the above statement (c) holds.
In case R is an integral domain, (c) is equivalent to /R, (;y = I. Dobbs proved part
of (d) in a particular case [12, Proposition 2.2].

We recall that a commutative ring R is called a Kasch ring if its maximal ideals
are of the form 0 : I for some I € Z(R). A ring is said to have few zero divisors if
m := 0" = Z(0) is a finite union of prime ideals. Then R has few zero-divisors if and
only if Tot(R) is semilocal Kasch [19, Theorem|. This corrects a wrong statement

frequently asserted in the literature.

Proposition 3.8. Let (R, M) be a treed quasilocal ring and K := Tot(R).

(a) m € Spec(R) and K = Ry, is a quasilocal Kasch ring.

(b) For each I € I(R), each overring of R/I has few zero divisors.

(¢) m=0:z for some x € R, whence m € Assz(0).

(d) Each ideal I of R such that 0 : I = 0 contains a regular element, whence
Tot(R) = Q(R).

(e) Let B € Spec(R) and I € Z(R), then B € Ass(I) < I(P)* =B.

(f) Let I € Z(R), then I* = I : x for some x € R and I* € Ass;(I). If
I ¢ Spec(R), then I* =1 :x=x €I and 2% € I.

(g9) Let I,J € Z(R), then I : J =1 & JNA(I) # 0.

Proof. (a) That K is a Kasch ring follows from [19, Theorem]|, because m is a prime
ideal. Then (b) is a consequence of (a), because each R/I is a treed quasilocal ring.

(¢) Set N = mR,,. Since K is a Kash ring, N = 0 : L for some ideal L of K.
Since L is nonzero, there is some k € L such that 0 : k # K and then N =0: (z/1),
where z € R. It follows that m = 0: z, because 0: (z/1)NR=0: z.
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(d) This is [18, Lemma 1.3].

(e) The statement is [37, Proposition 1].

(f) Since R/I is a treed quasilocal ring, apply (c). If I is not a prime ideal,
I*=T:zxand I* #1 =z ¢ A(I); so that z € I*, 22 € I.

(g) Replace J with I 4+ J containing I and use (d) in the ring R/I. O

Lemma 3.9. Let (R, M) be a divided (quasilocal) ring.
(a) M consists of zero divisors < M =m < M € Assf(0).
(b) If B C M € Ass(0) is a prime ideal, then P € Asss(0).
(c) P € Assy(0) & P =0(P) : y for somey € R.

Proof. (a) Assume that M consists of zero divisors, then M Cm = M =m €
Ass¢(0) by Proposition 3.8(c). The converse is clear.

(b) Check that the clever proof of [31, Lemma 1.1] works in our context, because
we only need the comparability of prime ideals with arbitrary ideals. Hence PRy
consists of zero divisors in S := Rg and by (a) PRy € Assy(0g). Conclude by
using [4, Exercise 17(d),p.166].

(c) PRy € Assy(0) consists of zero divisors. By Proposition 3.8, we get PRy =
0: (y/1). Taking inverse images in R of this equation completes the proof. O

We generalize [27, Proposition 2.7] to divided rings.

Theorem 3.10. Let R be a divided ring and I € Z(R).
(a) Ass(I) = Assp(I) = V(I) N (IM is (Zariski) compact.
(b)) P e Ass(I) &P =1I(P) :y for some y €R.

Proof. (a) Set N := I*/I. Then S := (R/I)y is a divided ring with maximal
ideal M, which consists of zero divisors by Lemma 2.1. Then P € Ass(I) verifies
I C P CI* ByLemma 3.9(b), (P/I)S € Ass;(0) and then P € Ass;(I). It follows
that Ass(I) = Assy(I). The same reasoning shows that V(I) N (I*)} C Assy(1).
As the reverse containment is clear, the proof is complete. The compactness of
Ass¢(I) follows, because it is the intersection of two patches of Spec(R) and a
patch is Zariski compact.

(b) Apply Lemma 3.9(c) to the ring (R/I);x. O

Remark 3.11. Let R be a divided ring and f : R — T a ring morphism.

(a) For J € Z(T) and I := f~1(J), then Ass(I) C f(Ass¢(J)). This is [43,
Corollaire, p. 89].

(b) If in addition R is a domain, T" an overring of R and ‘B € Spec(R) is such
that PT # T, then P = (PT)* N R and {P} = *f(Ass(PT)). Indeed, we have
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{PB} = "f(Ass;(PBT)) by [17, Proposition 2.1], since a divided integral domain is
straight.

Proposition 3.12. Let (R, M) be a divided integral domain, I € Z(R) and P €
V(I) (if I > P, then I(P) = R and Ass(I) = 0)).

(a) If I* C P, then Ass(I(P)) = Ass(I) and I(P)* = I’

(b) If I* = P, then I(P) = 1.

(c) If I* D P D I, then Ass(I(P)) = P nV(I) and I(P)* = P.

In any case,\/T(P) =V/T.

Proof. We read in [37, Proposition 5] that Ass(I(P)) = P! N Ass(I). To complete
the proof, use Theorem 3.10(a). 0

D. Lazard defined the mazimal flat epimorphic extension of a ring R [38] as
an injective flat epimorphism R — F that can be factored by any injective flat

epimorphism R — T.

Proposition 3.13. Let R be a divided ring, with total quotient ring K = Ry,.

Then the mazimal flat epimorphic extension of R is R — K.

Proof. Let R — F be the maximal flat epimorphic extension. It is enough to show
that g : K — K ®p F is an isomorphism. Since g is an injective flat epimorphism,
it is enough to show that the spectral map g is surjective, because a faithfully flat
epimorphism is an isomorphism [38, Lemme 1.2, p.109]. In view of Remark 3.11(a),
Spec(K | R) = m! = Ass(0) C Spec(E | R). By a well known property of tensor

products, tg is surjective. O

We recall that for a nontrivial ring extension R <— T and q € Spec(R), the pair
(R, q) is a valuation pair of T if for each © € T'\ R there is some ¢ € q with cx € R\q
(see [36]).

Proposition 3.14. Let (R, M) be a divided domain and (R, q) a valuation pair for
an overring T # R of R.

(a) Let x € T\ R, then x € U(T) and z~' € q C R.

(b) (R, M) is a Manis pair of T.

Proof. (a) Let 2 € T\ R, there is some ¢ € q with cx € R\ ¢. Since R is divided, we
get ¢ € @ C Rex. Hence there is some r € R such that ¢ = rex. Ascx #0 = ¢ # 0,
we have 1 = rx with r € R. Moreover, c =cxr € ¢ =1 € q.

(b) In view of [36, Theorem 2.5], (a) entails that (b) holds. O
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We now intend to give some information about the Priifer hull P(R,T) associated
to a ring extension R < T (Knebusch and Zhang [36, Chapter I]). Let R — S be
a ring extension, then R is called a S-Priifer ring if each subextension of R — S
defines a flat epimorphism. Clearly, an integral domain R is Priifer if and only
if R is Priifer in its quotient field. A ring extension R — T admits a unique
subextension R — P(R,T), such that R is Priifer in P(R,T') and P(R,T) contains
every T-overring of R in which R is Priifer [36, Ch. I, Theorem 5.15].

Proposition 3.15. Let f : R — T be a going-down extension of integral domains,
where (R, M) is a quasilocal treed domain.

(a) There is p € Spec(R) such that P(R,T) = R,.

(b) For z,y € P(R,T) such that zy € R, then either x € R or y € R.

(c) R is a valuation subring of P(R,T).

Proof. (a) Since g : R — P(R,T) is a flat epimorphism, P(R,T) = Rs, by
Theorem 3.3(c). Then take p := R\ Sj.

(b) The (u,u~!)-Lemma for an arbitrary ring extension A — B generalizes as
follows. Let P € Spec(A) and z,y € B be such that ay € A. There exists either
P, € Spec(Alz]) or P, € Spec(A[y]) lying over P. Set A:= R, B := P(R,T) and
P := M, there is for instance a prime ideal of R[] lying over M. Because R — R|x]
is a faithfully flat epimorphism, R = R[x] by [38, Ch.IV, Lemme 1.2].

(c) Use [36, Ch. I, Proposition 5.1](iii) and (b). O

For an integral domain R with quotient field K, we set P(R) := P(R, K).

Corollary 3.16. Let (R, M) be a divided integral domain.

(a) The Priifer hull P(R) is of the form P(R) = Ry, where p € Spec(R).

(b) The conductor of R — P(R) is p, R is a valuation subring of P(R) and R
is integrally closed in P(R).

(¢) P(R)\RCU(R) and z € P(R)\ R = z~" € R.

(d) Every subextension of R — P(R) is of the form Rg, where Q € Spec(R).

Proof. (a) is already proved.

(b) Use Proposition 3.15 and observe that p is a divided ideal for the statement
about the conductor.

(c) Use Proposition 3.14. O

Remark 3.17. The Priifer hull of an arbitrary ring R is its Priifer hull P(R) in
Q(R). It may happen that a ring R is Priifer-closed; that is, R = P(R). We give
here an example without proofs. Let X be a topological space and R := C(X) its
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ring of continuous functions f : X — R. Then R is seminormal, reduced, locally
integral and with divided factor domains. If, in addition, X is a connected metric
space, then Tot(R) is von Neumann regular and R is Priifer-closed. Hence R is a

locally divided ring, which is Priifer-closed.

4. Conductor overrings of divided domains

Fossum proved that if P C @ are ideals of an integral domain R with P €
Spec(R), then (Q : Q) C (R: Q) C (P : P) [26, Lemma 3.7]. This property is

considered below in the treed quasilocal domains context.

Proposition 4.1. Let (R, M) be a quasilocal treed domain, 0 # I € Z(R). For the
natural map m: R — (I : I), we set S := S, P:= R\ S.

The following statements hold:

(a) I CI* =U[NNR| N € Max((I : I))] = P. Hence, R — Ry: is the
mazimal flat epimorphic subextension of R — (I : I) and Rys — (I : I) has the
lying-over and the going-down properties.

(b) If in addition R is divided, then I* = N[Rs | s € A(I) N M], IRy = 1,
Raay C(I:1) and I* = P =I* = RN I* (the second I is relative to (I : I)). In
particular, SP* = P for P € Spec(R).

(c) If I € If(R), then I*¥ = M.

(d) If I ¢ T4(R), then U[r—I | Rr > 1) C (R: I)I C I* and (R: I) = (I* : I).
Moreover, I* CU[r~I | r ¢ I] holds.

Proof. (a) The following logical equivalences hold: r € R is a unit in (I : I) &
I/re(I:1)<1Crl<er¢If. Moreover, let r € R\ I¥, then [ :r =71 :7 C
I = r € A(I), whence I C I%.

(b) Assume that R is divided, then I* = N[Rs | s € A(I) N M] by Corollary 3.2
and IRy C I by Proposition 3.7(d). It follows from (a) that P = I* C I*, since
Rary € (I:1)= Ry» C Ry and I* C I*. Then use (A2) for the last equality.

(c) Assume that I € Z;(R) and let » € U(I). Then r € M implies that I =rI =
MT and, by the Nakayama Lemma, we get I = 0, a contradiction. It follows that
M C I*, whence M = I*.

(d) Assume that I ¢ Zy(R) and let € (R : I)I\ I*. We can write x =
kiy1 + - + knyn, where k;I € R and y; € I. From I = xI, we deduce that
IC (y1,-.-,yn) and I is generated by {y1,...,yn}, & contradiction. Therefore we
have proved that (R : I)I C I*. Now if = belongs to U[r~'I | Rr D I], then
r =r"ty withy € I. From I C Rr, we get 7+ € (R:1I)and z € (R : I)I.
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Therefore, U[r='I | Rr D I] C (R : I)I holds. Now consider x € I*. From
IC1I:x, wegetsomey¢ I, such that v € y~'1. (]
Proposition 4.2. Let (R, M) be a quasilocal treed domain. The following state-
ment holds:

(a) Let I,J € Z(R)\ {0} be such that IN(R\ J*) # 0. Then (I : 1) C (R:1)C
(J:J), (I :1)#(J:J) and J* C I* hold.

(b) Let I € T(R)\{0} be such that there is some J € I(R) verifying JN(R\I*) #
0, then (M : M) C (I : I) holds.
If in addition R is a divided domain, the following statements hold:

(c) If I and P € Spec(R) are nonzero ideals of R, then

(1) PeDI)ePCI=(I:1)cC(P:P).

(2) Rp C (I:I)& PeV(I).

(3) Rp C(R:I) < PeV().

(d) If I,J € Spec(R) \ {0}, then I D J implies (I : I) C (J : J). Hence the
inclusion defines a linear order over the family of overrings C(R) :={(I:I)|1I €
Spec(R)} with minimum member (M : M). If (M : M) is a valuation domain,

each element of C(R) is a valuation domain.

Proof. (a) Let r € I NU(J), then (R : I)r C R entails that (R : I)Jr C J and,
since r € U(J), we get (R : I) C (J: J); sothat, (I : I) C (R:1I)C (J:J).
It follows that J# C I* by Proposition 4.1(a). If (I : I) = (J : J), then I* = J*
because R;: = Rj: by (b). This is a contradiction, because I N (R \ J*) = (. It
follows that (I : 1) C (R: 1) C (J:J)and J* C I*. To complete the proof, observe
that Spec(R) is linearly ordered.

(b) If JN(R\ I*) # 0 and J # R, then M N (R\ I*) # () and we can use (a).

(c) (1) and (2) are clear, because U(I) = A(I) for any ideal I and because of
(86). We show (3). Let P O I be a prime ideal, then IRp C PRp = P C R
because P is divided. Therefore, Rp C (R : I) holds. Conversely, assume that
IRp C R holds. If P = M, there is nothing to show. If not, assume that I Z P.
Then Rp C R = P = M leads to a contradiction.

(d) is a consequence of (c)(1). O

We defined in our paper [43] the A-topology on Y := Z(R) as follows. Set
Y,:={I €Y |r e A(l)} for r € R. Then the set {Y, | r € R} is a basis of open
subsets on Y and defines the A-topology on Y. It induces the Zariski-topology
on Spec(R). Let f : R — T be a ring morphism, then *f : Z(T) — Z(R) is
A-continuous if and only if f~1(A(J)) = A(f~1(J)) for each J € Z(T). If 'f is
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injective, then f is continuous. We could write a non-integral domain version for

the next result.

Proposition 4.3. Let R be a treed quasilocal domain and Y :=I(R). There exist
two maps A, : T(R) — Spec(R) defined respectively by A\(I) = I and #(I) = I*.
Then R is a divided domain if and only A\ = §. In that case the map A\ = { is
a surjective open continuous map and Y, is a compact open subset of Y for each

r e R.

Proof. Proposition 4.1(b) shows that R is divided implies A = §. Assume that
A=tandlet I € Z(R). Then we have I = IRy: = IR by (§3), whence I = IR,y
and R is divided. In that case A verifies the properties claimed above, essentially
because the identity map of Spec(R) can be factored Spec(R) — Z(R) — Spec(R).
The compactness assertion is [43, Corollaire 1,p.86], because each ideal I # R of R

is primal. O

Let (R, M) be a divided ring. We set n :=+/0. If I is an ideal of R, then either
I CnornCI. Notethat n C I < n¢ Ass(I). We look at the behavior of such

ideals, generalizing [12, Proposition 2.2].

Proposition 4.4. Let (R, M) be a divided ring and n :=+/0.

(a) Let an ideal I € Z(R) be such that n ¢ Ass(I), then A(I) =U(I).

(b) A(Ix) CA(Iy---I,) fork=1,...,n when Iy,..., I, Dn.

(c) Let I1,...,I, D n be ideals of R, such that Iy is a primary ideal and Py :=
VI, CVI, for each k =1,...,n, then:

(i) I --- I, is a Py-primary ideal.

(i) If A(Iy) = - - = A(I,), then Iy N ---N I, is a Py-primary ideal.

(d) If Q is a P-primary ideal and @ D n, then Q = Qx for each x € R\ P. If
Q € Zf(R), then P = M.

Proof. (a) Set S := R/n and J := I/n. Then A(J) = U(J) follows from Propo-
sition 4.1. Let p : R — S the natural map. In view of (A3) in Section 2.2,
p~1(A(J)) = A(I). We show that p~1(U(J)) = U(I). This follows from p(r) €
UJ) e p(r)J=J< I Crl+n Since rl Cn=ICnisa contradiction, we get
n C rI and then I = rI. Hence A(I) = U(I) is proved.

(b) is a consequence of (a) because A(I) =U(T) if n ¢ Ass(I).

(¢)(i) This is a consequence of Proposition 3.7(c), becausey/I; - - - I,, = P, = I} D
(Ii - L) = (I 1) =VTh - 1.

(c)(ii) Use A(I1) N ---NA(L,) CA(IL N---N1).
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(d) Mimic the proof of [30, Theorem 17.3(a)]. The only change is as follows.
For x ¢ P, we have x ¢ n and 2~ exists in the total quotient ring R, of R. It is
enough to choose A = Qz~'. In case Q € Z;(R), use Proposition 4.1(c), because
V@ = Q* by Proposition 3.7(c). O

In particular, I™ is a primary ideal for each primary ideal I D n of R and each
positive integer n. This was proved by Dobbs for the powers of a prime ideal of
a divided integral domain [12, Proposition 2.2(a)]. Moreover, A/T is ay/I-primary
ideal for I € Z(R) such that n C I.

Let R be an integral domain, with quotient field K. An ideal I of R is called
K-irreducible if I = J; N Jy, where Ji, Jo are R-submodules of K implies either
I =J, or I =J5. In the same way, the complete K -irreducibility of I is defined by

considering infinite families of R-submodules of K.

Proposition 4.5. Let R be a divided domain and P € Spec(R). Then P is K-
irreducible if and only if Rp is a valuation domain. In that case, P = PRp is
K -completely irreducible in Rp. A nonzero ideal I € T(R) is K-irreducible if Ry

is a valuation domain.

Proof. It is enough to apply [28, Corollary 20.2.8]. For the second part, observe
that a proper ideal of a valuation domain is irreducible, whence K-irreducible by
[28, Corollary 20.2.7(ii)]. In view of [28, Lemma 20.2.3(iii)], we get that I is K-
irreducible because IR;: = I. O

Okabe proved that a quasilocal domain R is divided if and only if Max((P : P))
contracts to P in R for each P € Spec(R) [41, Theorem 2.2]. We further generalize
this result to an arbitrary ideal. A nonzero prime ideal P of an integral domain R
is called antesharp in [22] if Max((P : P)) N V(P) contracts to P in R.

Proposition 4.6. Let (R, M) be a quasilocal domain. The following statements
are equivalent:

(1) R is a divided domain;

(2) Each nonzero nonmazimal prime ideal of R is antesharp;

(3) P+ Rr is a principal ideal for each P € Spec(R)\{M} and for each r ¢ P.

Proof. (1) = (2) is a consequence of Okabe’s result and (2) = (3) by [22, Propo-
sition 2.3]. Assume that P + Rr = Rs for r ¢ P. Then we have s = p + rz and
r = sy, where p € P, x,y € R. We draw from these relations s(1 — xy) € P and
s ¢ P. It follows that 1 — 2y € M and xy is a unit, whence Rr = Rs. Therefore,
P C Rr and P is divided. Hence, (3) = (1). O
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We give below information about the factorization R — Ryy — (I : I), when
R is a divided integral domain and generalize Okabe’s result [41, Theorem 2.2] to
arbitrary ideals. We keep the notation of Proposition 4.1 and set [, = (R : (R : I)).

Theorem 4.7. Let (R, M) be a divided domain and I € Z(R), I # 0. The following
statements hold.

(a) Spec((I : I) | R) = (I*)}, ta(Max((I : I))) C V(I) N (I*)' = Assy(I) =
Ass(I) and I € tn(Max((I : I))).

(b) Rad((I : I)) N R € Ass(I) and /I =V JNR for some ideal J C Rad((I : I)).

(c) If I is a primary ideal, i.e. VI = I*, then *n(Max((I : I))) = {I*},
7= HI*) = V(I), Max((I : I)) € V(I) and “""N/T C Rad((I : I)).

Hence, {7~ 1(I"),D(I)} defines a partition of Spec((I : I)) and the mapping
Q+— (Q: 1) is a bijection D(I) :\ﬁi \ {VI} — D(I), with inverse Q" — Q' N R.
Moreover, Ryx — (I : I) has the lying-over and going-down properties.

(d) I* =T in case (R : I) = (I : I) and then I is a primary ideal. In particular,
if (R:1I) is a ring, then (R:I)=(R:1I,)= (I, : I,) and I, is a primary ideal.

(e) If I is not a principal ideal, then (R : 1) = (I*: I). In particular, (R : P) =
(P : P) for a non-principal ideal P € Spec(R) \ {0, M }.

Proof. (a) Spec((I : I) | R) = (I*)! by Proposition 4.1(a)(b). Let M be a maximal
ideal of (I : I) and suppose that I € M. Then M + I = (I : I) implies that
1=m+1, wherem € M and i € I. Let © € Rp(y), then zm =z —xi € Ryqy " M
shows that Ry;) = Ray N M + IRxy. As IRy = I by Proposition 4.1(b),
we get that Ry) = Raqy "M + 1 with I C I = IARA(I). In short, we have
Ry = Baan N M + I’\RA(I), from which we deduce that Ry N M € I’\RA(I).
Then IARA(I) C Ra(y N M, because Ry () is a divided domain and consequently,
Ry(1y = Ra¢ry N M, an absurdity. Thus we have proved that “m(Max((/ : I))) €
V(I). By using Theorem 3.10(a) we complete the proof of the first statement of
(a). Since I is lain over by @ € Spec((I : I)), pick some N € Max((I : I)) with
QCN. Then NNRC I* because NN R € Ass(I) givesus NN R = I,

(b) Use (a) and the going-down property of R — (I : I).

(¢) Use the known fact that for a ring extension A C B and a nonzero ideal I
shared by A and B, the mapping @ — QN A induced by Spec(B) — Spec(A) defines
a bijection D(I) — D(I). Use also [40, Proposition 1.3] and Proposition 3.7(c).

(d) Choose P =+/T in Proposition 4.2(c)(3) and assume that (R : I) = (I : I),
then Rp C (I : I) = I* C P by Proposition 4.2(c)(2) and I* =+/T follows. In
view of [33, Proposition 2.2], we have (R :I) = (I, : I,,) if (R : I) is a ring. Then
(I:1)C(R:1)gives (I:1)C (I,:1,); so that, (I,) C I
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(e) It is enough to show that (R : I) C (I* : I). Assume the contrary. There
are ¢ € K, a € I and b € A(I) such that xza = b and I C R. It follows that
c=alb e IRy = I and zc = 1. This is absurd, because x/ = R = [ is a
principal ideal. Now by [9, Corollary 2.4], a nonzero principal prime ideal of a

going-down domain is a maximal ideal. (Il

5. Goldman prime ideals and divided open rings

Let R be a ring. For X # 0, X C Spec(R), we set (X) := U[P | P € X],
R(X):=N[P|PeX]and Sy :={s€ R| X CD(s)}. If I is an ideal of R, we set
St = Sp(ry- Then Sx is a smcs of R, 0 ¢ Sx, Rx := Rg, is called the localization
of R at X and X" := Spec(Rx | R) = {P € Spec(R) | P C $(X)} is stable under
generalizations and compact [47, Remark 2.8(4)]. If f: R — T is a ring morphism
such that Spec(T | R) C X!, there is a factorization R — Rx — T.

Then Y := Spec(R) is endowed with the flat topology F', whose closed sets are the
Zariski compact subsets of Y that are stable under generalization. This topology
was introduced by M. Hochster under another name. We proved that its closed
subsets are of the form Spec(T | R), where R — T is a flat morphism [45, Section
IV]. If X" is the F-closure of X C Y and Fx is the family of all elements I € Z;(R)
such that X C D(I), we have X' = N[D(I) | T € Fx] and Sx = Syr.

We defined in “collective” form the g-ideal rings in [44, Section V] as rings in
which each prime ideal is a g-ideal. Fontana and Houston in [21, Proposition 1.8]
give a characterization of prime g-ideals, which is essentially extracted from our
paper. We recall that a prime ideal P is called a g-ideal in case P! is an open
subset of Spec(R), necessarily of the form D(a), where a € R is nonzero. Actually,
P is a g-ideal if and only if Rp = R, for some a € R\ {0} : See also [2, page 77].

The next proposition generalizes and completes Okabe’s result about the set

intersection of the power of a fg-ideal [41, Corollary 2.7].

Proposition 5.1. Let (R, M) be a divided integral domain and X # () a subset of
Spec(R).

(a) Sx ={s€ R|seU(X))}, Px :=U(X)=R\Sx =N[Rs|s€Sx] isa
prime ideal of R and X* = (Px)!.

(b) Px = Pgr, X' = (Px)! and Px =N[I" |n € N, I € Fx].

(c) Let I,J € Z(R), I # 0 and J = (a1,...,an) € Zf(R) be such that D(I) =
D(J). Then Pr:=nN[J" |n e N]=N[Rs|s € S;] is a prime ideal of R and D(I) =
(Pr)t. In particular, Py is a prime g-ideal and Rp, = R,, where a € {ay,...,a,}.

Proof. (a) Use Theorem 3.3 with f: R — Rx and Sy = Sx.
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(b) We can assume that X is compact and stable under generalizations. From
X =n[DU) | I € Fx], we deduce that Px € D(I) for each I € Fx. Indeed,
I C Px =3(X) =1 C P for some P € X, because I € Zy(R) and X is linearly
ordered. We are lead to the contradiction P € X C D(I). Therefore, Px belongs
to X; so that, (Px)! € X C X" = (Px)! by the first part of the proof. The last
part of (b) is a consequence of (c), because P)l( =N [PIl | I € Fx] and the set
intersection of the Prs is a prime ideal.

(c) X := D(I) = D(J) is F-closed and then X = (Px)! by (b). We have to show
that H :=N[J" | n € N] = Px. From Px € X we get that Py C H, because R is
divided. Now if s € J" for each n and s ¢ Px, we get s € Sy and then J Cv/Rs.
Since J is a fg-ideal, there is some positive integer k such that Rs C J**P C Rs
for each integer p. Therefore, J* = (J*)2 and J* is an idempotent fg-ideal of the
integral domain R and J* = 0, a contradiction. Therefore, H C Px. O

Corollary 5.2. Let (R, M) be a divided ring and J D n a f.g. ideal of R, then
AJ" |neN]=nN[Rs|s e Sy is a prime ideal of R.

Proof. Consider J/nin R/n. O

Remark 5.3. For the notions involved in this remark, we refer to a paper by
Badawi and Houston [3]. They proved that if I is a proper powerful ideal of an
integral domain R, then N[I™ | n € N] is a (strongly) prime ideal [3, Proposition
1.8]. This is a consequence of the following facts: a power of a powerful ideal is a
powerful ideal and if J is an ideal of R, then either J C I or I? C J. If R is an
APVD, each P € Spec(R) is strongly primary and then P? is a powerful ideal [3,
Corollary 2.6]. It follows that N[I™ | n € N] is a prime ideal for each I € Z(R).
Actually, an APVD is a divided domain (R, M). For an ideal I C M, we have
I3 C M3 with M? powerful and by [3, Proposition 1.4], I is a powerful ideal.

If I is an ideal of an integral domain R, many authors call the ring of global
sections T'(D(I)) over D(I) the Kaplansky transform of the ideal I, using the no-
tation Q(I) (see for instance [23, Chapter III]). Then D(I) endowed with the sheaf
induced by the scheme Spec(R) is called an affine open subset if it is a scheme. An
affine open subset is a quasi-compact subset but the converse does not generally

hold. The reader is referred to [32], in order to get information.

Theorem 5.4. Let (R, M) be a divided integral domain, I # 0 an ideal of R and
Y :=D().
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(a) There is a factorization R — Rp, — I'(Y), where P = R\ Sy =N[Rs|s €
Si] is a prime ideal.

(b) Y is an affine open subset if and only if there is some J € Ty(R) such that
VI =VJ and Rp, = T'(D(I)). In that case, R — Rp, is a flat epimorphism of finite
presentation (as an R-algebra) of the form R — R,, where a belongs to a set of

generators of J.

Proof. Consider the natural map f: R — T'(Y) = N[Rp | P € Y]. It is easy to
check that Sy = S; and (a) follows from Proposition 5.1. By [47, Proposition 4.16],
Y is an affine open subset if and only if R — I'(Y') is a flat epimorphism. In view of
Theorem 3.3(c), this condition holds if and only if I'(Y') := Rp,. Then R — Rp, is

of finite presentation, because Y — X is an open immersion [46, Lemme 4.9]. O

Recall from the Kaplansky’s book [35] the following notation and results. An
integral domain R with quotient field K is called a G-domain if {0} is an open
subset of Spec(R) (& R, = K for some a € R\ O(R)). For a ring R and P €
Spec(R), the pseudo-radical of P is w(P) := N[Q € Spec(R) | @ D P]. Now
P € Spec(R) is called a G-ideal if R/P is a G-domain; that is w(P) # P.

An integral domain is called a G-ideal domain if each prime ideal of R is a
G-ideal.

Note that a ring R is divided if and only if its prime G-ideals are divided, since
any prime ideal of R is an intersection of prime G-ideals.

For an arbitrary ring it is known that P is a G-ideal & P = M N R for some
M € Max(R[X]). We have a better result in a divided ring.

Proposition 5.5. Let R be a divided ring and P D n a prime G-ideal. There is
M € Max(R[X]), such that P" = M™ N R for each n € N.

Proof. For a prime G-ideal P, there is a maximal ideal M = P[X] + (aX — 1)
of R[X], where a ¢ P, and such that P = M N R. We need only to show that
M™NR C P" Letr = (p(X)+q(X)(aX —1))" € R, where p(X) € P[X] and
q¢(X) € R[X]. We can write r = p(X)" 4+ (aX — 1)s(X) where s(X) € R[X].
Consider this equation in Rp[X] and substitute 1/a to X as a € U(Rp). We get
r =p(1/a)™ and then a'r € P™ for some positive integer ¢. Since P" is P-primary

by Proposition 4.4, we see that r € P™. (]

Papick introduced propen domains R [42] (such that Spec(S) — Spec(R) is a
Zariski-open map for each overring S # K of R). An integral domain R is called
open if R is propen and Spec(K) — Spec(R) is open (i.e. R is a propen G-domain).

A propen domain is a going-down domain. For all these facts, see [42].
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Theorem 5.6. Let (R, M) be a divided (quasilocal) integral domain.

(1) Let P € Spec(R) \ {0}, then P is a G-ideal < P is a g-ideal.

(2) If P # 0,M is a prime g-ideal, Rp = R, for some r € R\ Q(R) and
P=n[Rr" |neN] for P# M.

(3) Let r € R\ Q(R), then N[Rr™ | n € N] is a prime g-ideal P # M and
P =nN[Rs" | n € N] for some s € R\ O(R) is equivalent to/Rs =v/Rr.

(4) Each P € Spec(R) \ {0, M} is an intersection of g-ideals and is divisorial.

(5) P'\ {P} = D(P) is an open subset for each P € Spec(R).

(6) R is an open domain if and only if R is a G-ideal domain and also, if and
only if R is a g-ideal domain.

In particular, a finite dimensional divided domain is an open domain.

Proof. (1) A g-ideal is clearly a G-ideal. Consider a G-ideal P. To prove our
claim, we can assume that P # M and P is nonzero. In light of [32, 0.1.3.3], we
have Rp = lim R,, where a varies in R\ P. Then [32, Proposition 0.3.4.10] provides
us the relation (x): Pt =N [D(a) | a ¢ P], where we can assume that a ¢ U(R), for
if not, D(a) = Spec(R) is surperfluous. There is at least a nonunit a ¢ P, because
P # M. In view of Corollary 3.2, there is a prime ideal P(a) = N[Ra™ | n € N]
such that D(a) = P(a)'. Then the relation (x) implies that P C P(a). Assume
that P! is not equal to any open subset D(r), then P = P(a) implies P! = D(a),
a contradiction; whence P C P(a). The inclusion P C N[P(a) | a € R\ P] is clear.
Let  # 0 be in the intersection of all the P(a), then x ¢ U(R) and x € P; deny,
then z ¢ P shows that z € P(z) = N[Rz™ | n € N]. In that case x = raz? for some
r € R and z is a unit, an absurdity. Therefore, P = 7(P), an absurdity since P is a
G-ideal. Thus P! = D(r) for some r € R and Rp = R,.. Set Q := N[Rr" | n € NJ,
then R, = Rg by Corollary 3.2. It follows that P = . Hence, (1) is proved.

(2), (3) Use Corollary 3.2.

(4) It is well-known that a prime ideal of an arbitrary ring is equal to a set
intersection of G-ideals.

(5) A divided prime ideal P is comparable to each prime ideal.

(6) The proof is an easy consequence of [42, Proposition 3.2], because a divided
domain is a going-down domain. If R is finite dimensional, let P € Spec(R) be such
that P # M, then w(P) # P shows that P has a prime ideal 7(P) right above P;
so that, P is a G-ideal. O

Dobbs calls an integral domain R either pointwise non-Archimedean or a power-
Ahmes domain if N[Rr™ | n € N] # 0 for all r € R\ {0} [10, Theorem 2.4]. We

recover below [10, Theorem 2.6] with a complement.
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Proposition 5.7. Let R be a divided domain. The following statements are equiv-
alent:

(a) R is a power-Ahmes domain;

(b) R is not a G-domain;

(¢) Fach nonzero prime ideal of R has infinite height.

Proof. If R is a power-Ahmes domain, assume that 0 is a G-ideal. There is some
a € R\ O(R), such that {0} = D(a). In view of Corollary 3.2 (a), we get N [Ra™ |
n € N] = 0, a contradiction. Hence R is not a G-domain. Conversely, if R is not
a G-domain, let @ # 0 in R. If a is a unit, then Ra™ = R and R # 0. If not,
P:=nN[Ra" | n € N] is a prime G-ideal, which is nonzero and R is a power-Ahmes
domain. Hence (a) is equivalent to (b) and (a) < (c) by [10, Theorem 2.6]. O

An integral domain R is called fragmented if for each r € R\ O(R), there exists
s € R\ Q(R) such that r € N[Rs" | n € N]. We generalize a result of Dobbs [11,
Theorem 2.5] and recover Gilmer’s results on unbranched prime ideals of Priifer
domains [30, Theorem 17.3].

Theorem 5.8. Let (R, M) be a divided integral domain and P € Spec(R) \ {0}.
The following statements are equivalent:

(1) Rp is fragmented;

(2) P is the union of all (some) prime ideals Q C P;

(2°) P is the union of all (some) prime ideals P C Q C P for each P’ C P;

(8) If I is an ideal of R such that\/I = P, then I = P;

(4) P #VRr for each r € R < P ¢ Minp(R);

(5) If Q is a P-primary ideal, then Q = P;

(6) For x € P\ {0}, there is a strictly ascending chain C := {P, }nen C Pt with
xz € P,.

If one of the preceding equivalent conditions holds, P is called a (Gilmer) un-

branched prime ideal and in that case ht(P) = co.

Proof. (1) < (2) In light of [11, Theorem 2.5], P is the union of all @ € Spec(R)
with @ # P if and only if Rp is fragmented.

(2) = (3). Suppose that (2) holds and let I be an ideal with /I = P, then
ICP IfI#Pandif QCI for all Q € Spec(R) with Q C P, then P C T C P,
a contradiction. If there is some Q C P with I C Q, then P =VI C Q, a
contradiction. Hence, I = P.

(3) = (4). Suppose thatyv/Rr = P and that (3) holds. Then P =v/Rr?2 and then
P = Rr=Rr?>=r €{0,1}, a contradiction.
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(4) = (2) Assume that (4) holds and let P’ = U[Q € Spec(R) | Q C P] €
Spec(R). If P" € P, let r € P\ P’; so thatvRr C P and actually vVRr C P.
Therefore,/Rr = Q C P and r € P’ leads to a contradiction. Hence P = P'.

(3) = (5) is clear.

(6) = (2). Let P/ = U[Q € Spec(R) | @ C P] € Spec(R) and suppose that
P’ C P. The prime ideals P’ and P are adjacent. Set S = R/P’ and N = P/P’,
then (S,N) is a one-dimensional integral domain. Let 7 € S\ N. Then S7 and
S72 are N-primary ideals, which gives two P-primary ideals P’ + Rr # P’ 4+ Pr?,
a contradiction. Hence P = P’ and (2) holds.

(1) < (6) This is [5, Corollary 2.10]. O

It follows that P = P? if P is unbranched (< P ¢ Minp(R)) by Proposition 4.4).
The same property holds for a P-primary ideal I. We say that P € Spec(R) is
strongly unbranched if for an ideal I of R, I* = P = P = I. Then P is strongly
unbranched implies that P is unbranched, because v/I = I if I is primary.

Remark 5.9. We refer the reader to [23, Section 5.1] for the definitions and results
on localizing systems. Let R be a divided domain, F a localizing system and the
natural map f: R — Ry =U[(R: I) | I € F]. We observe that R\ Py := Sy =
{reR|RreF}. Weset P =U|Q € Spec(R) | Q & F].

(a) Suppose that P € F; so that P is unbranched and P = P2. Then we
have B C NI | I € F] CN[Rr | r € S¢| = Py, with P, Py € Spec(R). Setting
Fyp ={I|P C I}, we get that Fy = F. We claim that P=nN[I | € F] = Py.
If %P is not principal, (R : P) = (P : P) by Theorem 4.7(e). Now by the Fossum’s
result [26, Lemma 3.7] applied to P C I, we get that (R: 1) C (P :P). It follows
that Rr = (R:B) = (P : P) and P =P =nN[I | I € F]. Now if P is principal,
then Py C P gives the same result.

(b) What happens when P ¢ F? This holds for a localizing system Fg associated
to a smcs S of a divided domain but we have an answer by Corollary 3.2. For
instance, let T be an ideal of a ring R and the localizing system Fr := {J | I :
J = I}, which by Proposition 3.8(g) is nothing but F, ) and in this case B ¢ F.
Let X be a subset of Spec(R), where R is a divided integral domain. Consider the
localizing system Fx = {I | X C D(I)}. Proposition 5.1 gives a result and P ¢ Fx
if X is compact. Note that the question is completely solved in [23, Section 5.1] for
valuation domains.

(¢) We come back to the maximal flat epimorphic subextensions of Section 3.
Let A be a treed quasilocal domain, f : A — B an injective ring morphism and
F :={I | IB = B} the fg-localizing system associated to f. In light of [47, Lemma
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25], Ar ={be B| A:be F}. The maximal flat epimorphic subextension of
A — B can be gotten by transfinite induction, the first step being Ax [39, p.36].
In view of [20, Corollary 1.15, Lemma 1.11], there is some P € Spec(A), such that
F = Fp because Spec(A) is linearly ordered. Hence A — Axr = Ap is a flat
epimorphism factoring A — B and is the maximal flat epimorphic subextension of
A — B. Proposition 3.4 shows that P = Pj.

Fontana and Houston define an §2-domain as an integral domain R whose over-
rings are of the form Q(I) := T'(I) for some ideal I of R [21].

Proposition 5.10. Let R be a divided domain and P € Spec(R) \ {0}.

(1) If Rp =T'(I) for some ideal I of R such that I C P, then P is unbranched,
I =P andVI =vJ where J €Zs(R).

(2) P is a prime g-ideal < Rp =T'(I) for some (necessarily fg)-ideal I of R.

Proof. (1) Since f : R — I'(I) is a flat epimorphism, D(I) is an affine open subset
[47, Proposition 4.16] or [25, Theorem 2.4] and theny/I =+/J where J is a fg-ideal
and Sy = R\ P = R\ U[Q | @ € D(I)]. It follows that P = U[Q | Q € D(I)].
Moreover, @ = P = I C @Q for @ € D(I) is absurd, whence Q@ C P. Thus
P=U[Q | Q C I] is unbranched and P C I.

(2) Since prime g-ideals and prime G-ideals coincide, we deduce from [21, Lemma
2.4] that Rp = T'(I) = Rp = I'(m(P)). If P is not a prime g-ideal, taking I :=
7(P) C P, we draw from (1) that P is unbranched and P =+v/J, where J € Z;(R).
Then P =vJ =U[Q | Q C P] leads to the contradiction P C Q for some Q C P.
Hence P is a g-ideal. For the converse, use that a prime g-ideal P is such that
Rp = R, =T(Rr) for some r € R. O

The following result completes [21, Theorem 3.12], where only one divided prime

ideal is involved.

Theorem 5.11. Let (R, M) be a divided domain. Then R is an Q-domain if and
only if R is a QQR-domain and each nonzero prime ideal is a G-ideal (g-ideal). In

that case, R is a propen domain and Rp is a valuation Q-domain for each prime
ideal P # M.

Proof. An Q-domain R is clearly a Q@ R-domain; that is, each overring is of the
form N;erRp, with {P;}ier € Spec(R). Proposition 5.10 implies that each nonzero
prime ideal is a G-ideal. Assume that the preceding conditions hold. It is enough
to show that Rp = I'(n(P)) for P € Spec(R) because N I'(I,) = I'(Zply). If P
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is a G-ideal, then D(7(P)) = P! and then Rp = I'(7(P)). Moreover, Ry = I'(0).
Then Rp is a valuation domain by [21, Theorem 3.12](1). O

We denote by R* and Rt the complete integral closure and the Swan’s seminor-
malization of a domain R with quotient field K [49]. Set 7 := m(0) and 7+ := 7(0)
for the pseudo-radicals of 0 in R and RT. A conducive domain is a domain R,
whose overrings # K admit a nonzero conductor [14]. Completely integrally closed

is shorten into cic.

Proposition 5.12. Let (R, M) be a divided domain.

(a) If P € Spec(R) \ {0}, then Rp C (P : P) C R*. Hence dim(R) <1 if R is
cic.

(b) If R is not a G-domain, then R* = K.

(c) If R is a G-domain, m =v/Rr for some r € R, ht(r) =1, Ry C (7 :7) C
R* = (R:)*, R* is integrally closed and R** is cic.

(d) If R is a G-domain, then (RT)* = (7t : n") is cic and then R** C (R™)*.

(e) If R is a conducive G-domain, then R* C K is a minimal extension; so that

R* = (R")* is cic and seminormal.

Proof. (a) Use R* =U [({ : I) | I € Z(R) \ {0}] and the fact that P is divided.

(b) Observe that R is a power-Ahmes domain by Proposition 5.7, because R is
not a G-domain. It follows easily that R* = K.

(c) We have m =+/Rr for some r € R by Theorem 5.8. Then ht(7) = 1 and
R, C (m:m) C R* are clear. Let x = b/a € R*. There is some nonzero u € R such
that uz™ € R for all n > 0. It follows that 1/a € (Rp)*. In view of Corollary 3.2,
P :=N[Rb" | n € N] is a prime g-ideal such that R, = Rp. Since R is not a G-
domain, P is nonzero. It follows that R* C U[(Rp)* | P # 0, P g-ideal] C (R,)*,
because m C P and then R* = (R;)*. The last statements are proved in [50].

(d) Since R C R™ is subintegral [49], Spec(R™) — Spec(R) is a homeomorphism.
We deduce from [48, Proposition 4.1] that the G-domain R™ is divided. Hence we
can assume that R is seminormal. Let I be a nonzero ideal of R. If m# C I, then
(I:1)C (r:m) [26, Lemma 3.7). If I C 7, thenv/T =7 and (I : I) C (7 : 7) since
R is seminormal [24, Theorem 3.3]. It follows that R* = (7 : w). Then R* = (7 : )
is cic by [15, Corollary 2.12].

(e) is a consequence of [14, Proposition 4.3]. ]

Remark 5.13. Let (R, M) be a divided G-domain, such that Rp is a valuation
domain for each P € Spec(R) \ {M}.
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(a) If dim(R) > 2, we get that R* = R, = (7 : m), because a one-dimensional
valuation domain is completely integrally closed. This property holds for either
APVD’s or divided Q-domains whose dimension is > 2 (see [6, Lemma 3.1] and
Theorem 5.11).

(b) Let I be a nonzero non-Archimedean ideal of R (such that I* # M). By
reworking the proofs of [12, Theorem 2.3] and [12, Corollary 2.4], we may get that I
is R-flat, but there is an easier proof as follows. Observe that IR, ;) = I is torsion-
free over the valuation domain Rj(y), whence is flat. By transitivity of flatness, I
is R-flat. In particular, a non-maximal prime ideal of R is flat when R is either an
APVD or a divided 2-domain. Dobbs observed that in case (R, M) is a coherent
divided domain each non-maximal prime ideal is flat if and only if Rp is a valuation
domain for each P € Spec(R) \ {M} [12, Remark 2.10].

6. Some applications

We first give a descent result.

Proposition 6.1. Let f: R — T be an extension of integral domains, where T is
a divided domain and with respective quotient fields K and L, such that R = KNT.
(a) An ideal I of R is divided and primal if there is some J € Z(T), such that
I=f"1J).
(b) If in addition R is a quasilocal treed domain and R — T has the going-down

property, then R is a divided integral domain.

Proof. (a) Let I = f~1(J), in view of (A\2) in Section 2.2, we can suppose that
f7HA(J)) = A(I). Consider € Ix(p), then @ € Jy(y) = J, because A(I) C A(J).
It follows that x € Ry yNJ € KNJNT =1. Thus I = Iy follows. Moreover,
f~HJ*) = R\ A() is a prime ideal.

(b) With the notation of Theorem 3.3, for P := Py we have Tp = T and
K NT = Rp, whence R = Rp . To complete the proof, apply (a) to the ring
morphism R = Rp — T defined in Theorem 3.3, since this morphism has the

lying-over property. (|

The above result shows that if either R — T is faithfully flat or R is going-down
and R — T is pure and if T is a divided integral domain, then so is R.

In the sequel, we focus on divided i-domains.

Proposition 6.2. Let (R, M) be a quasilocal i-domain, with integral closure (V,N),
a valuation domain. If I # 0, R is an ideal with\/I = P, then (I"™ : I"™) C Vp for
each positive integer n. In particular, if M =v/I, then (I™ : I™) is integral over R.
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Proof. Reworking the proof of [17, Proposition 6.1(a)], we first consider the case
VI = M. Setting J := I"V, we know that (J : J) = Vjx by [23, Lemma 3.1.9].
Then I™ C J C J* gives M C J* and M = RNJ*. Since R is an i-domain, it follows
that J» = N and I™ : I" C Vy = V since R C V is an INC-extension. Now if
VI = P, it is enough to consider Rp instead of R, because (I" : I") C (I} : I3). O

Corollary 6.3. Let (R, M) be a divided i-domain with integral closure (V,N) a
valuation domain and I € Z(R), I # 0 a P-primary ideal. Then Vp is the integral
closure of (I™ : I"™) 2 Rp.

Proof. Observe that I""Rp = I™ and that I"™ is P-primary. Use also Theorem 4.7.
O

The above result holds for Iv/T for an ideal I # R,0 (see Proposition 4.4). Next
we generalize an Okabe’s result [41, Corollary 3.13] and clarify Corollary 6.3.

Proposition 6.4. Let R be a divided integral domain and I a nonzero P-primary
ideal of R. Then Spec((I : I)) — Spec(Rp) is a homeomorphism if and only if
N/ is a (the unique) mazimal ideal of (I : I). In that case, each overring of R,

between (I : I) and Rp, is a divided domain.

Proof. The equivalence claimed is a consequence of Theorem 4.7(c) because a GD
morphism A — B, whose spectral map is bijective, is such that Spec(B) — Spec(A)
is a homeomorphism. Then (I : I) is divided by [48, Proposition 4.1]. O

An ideal I of an integral domain R, with quotient field K, is called strongly
primary if for z,y € K, the relation zy € K = either x € I or y" € [ for some
positive integer n. Then I € Z(R) \ {0} is strongly primary if and only if (I : I) is
a valuation domain and ““V/T € Max((I : I)) [3, Theorem 2.11].

Badawi and Houston introduced almost pseudo-valuation domains (APVDs) in
[3]. An integral domain R is an APVD if (R, M) is quasilocal and M is strongly
primary. An APVD (R, M) is a divided domain and Rp is a valuation domain for
each prime ideal P # M (see [6, Lemma 3.1]). In the next result, we examine some
(partial) converse.

An ideal I of a treed quasilocal domain (R, M) is termed Archimedean if I* = M.
Actually, an ideal I of a valuation domain is Archimedean if and only if (I : I) = R,
since (I : I) = Rys [29, p.71].

Assume that (R, M) is a treed quasilocal domain. By Proposition 4.1(c) a fg-ideal
of R is Archimedean. Observe that I* is Archimedean in R;:, because I*Ry; = I*.
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An ideal I of R is Archimedean if (I : I) = R, since Ry C (I : I). An M-primary

ideal I is Archimedean.

Proposition 6.5. Let (R, M) be a quasilocal integral domain.

(a) If R is a treed domain and I # 0 is a strongly primary ideal of R, then
It =V/T (I is a primary ideal). Hence, I is Archimedean <~/T = M.

(b) R is an APVD if and only if R is divided, Spec((M : M)) — Spec(R) is
injective (a homeomorphism) and (M : M) is a valuation domain. In that case,
each nonzero prime ideal P # M is non-Archimedean.

(¢) Suppose that R is treed. Let I # R be an ideal of R, such that Ry is a
valuation domain, then (I : I) is a valuation domain and I is comparable with any
prime ideal of R.

(d) Suppose that Rp is a valuation domain for each prime ideal P # M and that
R is treed. Then any non-Archimedean ideal I # R is comparable to any prime
ideal of R.

(e) In particular, if M is strongly unbranched, R is treed and Rp is a valuation

domain for each prime ideal P # M, then R is divided.

Proof. (a) Let € R\VI, in view of [3, Lemma 2.3] we have 2] = I, whence
x ¢ I, Tt follows that I C I* Cv/T and I* =/T.

(b) Use [3, Theorem 3.4], Proposition 6.2 and that an APVD is divided [3,
Proposition 3.2]. Moreover, each nonzero prime ideal is strongly primary. Hence
P*% = M implies P = M.

(c) Since Ry is a valuation domain and Ry C (I : I), we get that (I : I) is a
valuation domain. It follows from [34, Lemma 1] that I is comparable with any
prime ideal of R.

(d) An ideal T which is not Archimedean is such that I* # M, whence Ry: is a

valuation domain. To conclude, use (b). O

Okabe defines a PPC-domain as an integral domain R with quotient field K such
that each overring S # K is of the form (P : P) for some P € Spec(R) [41]. Any
PVD (R, M) is a PPC-domain if (M : M) is a minimal overring of R. The following
result is proved by Okabe, in case R is integrally closed [41, Theorem 3.5].

Proposition 6.6. Let R be an integral domain. Then (R, M) is a divided PPC-
domain if and only if R is an APVD and (M : M) is the minimal overring of
R.

Proof. Assume that R is a divided PPC-domain. Observe that R’ = (P : P) for
some P € Spec(R). As Rp C (P : P), we get that Rp = R because R — Rp is
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integral and P = M the maximal ideal of R. Then @ C M implies R' = (M : M) C
(Q : Q) by Proposition 4.2(d). It follows that R — R’ = (M : M) is a minimal
morphism and (M : M) is the minimal overring of R. Moreover, R is an i-domain
by a result of Gilbert, quoted by Dobbs [13, Theorem 4.1], whence (R, M’) is a
valuation domain. In view of Proposition 6.5(b), R is an APVD.

Now suppose that (R, M) is an APVD and (M : M) is the minimal overring of
R. Then (M : M) is a valuation domain by Proposition 6.5(b). The overrings of
R, different from R, are the overrings of the valuation domain (M : M). But an
overring of (M : M) is of the form (P’ : P’"), where P’ is a prime ideal of (M : M).
Since R is divided, Spec(R)\{M} = Spec(R')\{M'} by [16, Proposition 5.6] applied
to the minimal morphism R — (M : M). Therefore, if P’ # M’, such an overring
is of the form (P : P) with P € Spec(R). Now (M': M') = (M : M)y = (M : M)
by [23, Lemma 3.1.9]. It follows that R is a divided PPC-domain. O

Proposition 6.7. Let (R, M) be a divided i-domain such that Rp is a valuation
domain for each P € Spec(R)\ {M}. If R has finite Krull dimension, then each
overring extension R — S is either integral or of the form R — Rp, where P =
RN N and N is the maximal ideal of S. In particular, such a domain is strong

divided (each of its overrings is divided).

Proof. In view of [17, Proposition 6.1(b)], we have a factorization R — Rp — S,
with P = RN N and Rp — S is integral. Then Rp = S in case P # M. If not,
R = Rp and then R — S is integral. O

Let R be an integral domain and I € Z(R). Then R! is the union of the sequence
of overrings {(I" : I")},~o and defines a map B; : R — R!. Many authors studied

asymptotic prime divisors in Noetherian rings. We give a version for divided rings.

Proposition 6.8. Let (R, M) be a divided integral domain, I € Z(R) and n > 0
an integer.

(a)VI C (It C (I")* C I and Ass(I™t1') C Ass(I™) C Ass(I).

(b) If RINT is a g-ideal domain, the sequence {(I*)*}x>q is stationary and so is
[AsS(T) byso.

Therefore, if R is a divided g-ideal ring, {(I") }ns>0 and {Ass(I"™)} >0 are sta-
tionary for each I € Z(R).

Proof. (a) From U(I™) C U(I™*') and X = #, we deduce thatv/T C (I"t1)* C
(I C I, In view of Theorem 4.7, Ass(I"t1) C Ass(I™) C Ass(I).
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(b) If R/V/T is a g-ideal domain, the flat topology on Spec(RA/T) is Noetherian
[44, Proposition 4]. As an irreducible closed subset of the flat topology is of the form
Q' for some Q € Spec(RAT) ([44]), {(I*)*} is stationary and so is {Ass(I¥)}. O

Note that the g-ideal domain condition is not necessary for the sequence {Ass(I™)}

to be stationary. This occurs if I € Z;(R), because I* = M, if I is idempotent and
also if R is a valuation domain, because (I.J)f = I* N J# [29, Lemma 4.6].
If we set I := M=o (I¥)*, then Ngso Ass(I%) = V(I) N (I*)} and Sg, = R\ I*.
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