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ABSTRACT

In this paper the solvability conditions of one class of elliptic type second order operator-differential
equations. In this class the principal part of the operator whose spectrum is in some sector, is a normal
operator. The obtained conditions are expressed by the properties of the coefficients.
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1. INTRODUCTION

In the paper we study a regular solvability of a boundary-value problem for the second order

operator-differential equation.

Studying of the operational-differential equations with operators in boundary conditions
represents mathematical interest not only by virtue of that they in themselves contain
corresponding boundary problems in a case when coefficients in boundary conditions only
complex numbers but also for the reason that such problems are applicable to more wide field of
problems for the differential equations in partial derivatives. Among these problems we note, for

example, not local problems.

Namely, in a separable Hilbert space H we consider the boundary-value problem

d’u ) d’u du
PU= S+ pOATU+ At At A= (), teR, (1)
(0 =0 (2)

where f(t)eL,(R,;H), u(t)eW (R ;H).

Denote by L,(R,;H) a Hilbert space of the vector-functions f(t) with values fromH ,

measurable and integrable by square-law with norm

+00 2 %
Il =(Trore)”

Further we introduce space e.g. [1]
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oW e |
L L,

The sub-space W, (R,;H;l1) is a sub-space of the Hilbert spaceW, (R ;H), moreover

W2(R,;H)=4u(t): u”,A’ueL,(R;H) ,[u

W, (R,;H;1) = {u ‘ ueW/(R,;H),u’(0)= 0}, the member function p(t)=a’ for te(0,1)
and p(t)=p* for te(l,0), a>0, >0, but operator coefficients A and A; (j=0L2)

satisfy the following conditions:

1) A -1is normal invertible operator spectrum of which is contained in a corner sector,
S, :{/1:|arg/1|£g} , 0£g<77;
ii) Operators B; = A, A" (j=0.1,2,) are bounded in H .

Definition 1. If the vector-function u(t) e W, (R,;H) satisfies equation (1) almost everywhere

in R, = (0,00) and boundary condition (2) in the sense of

lim

t—>+0

u'], =0,
then it said to be a regular solution of problem (1),(2).

Definition 2. If for any f(t)eL,(R,;H) there exists a regular solution of problem (1), (2) and

it holds the inequality

||u||W22(R+;H) = ConSt||f||L2(R+;H) >

then problem (1),(2) is said to be regular solvable.
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In the present paper the sufficient conditions of regular resolvability of boundary problems (1),
(2) expressed only by the operational coefficients are obtained. Corresponding questions for the

boundary problems (1), (2) in a case of boundary condition u(0) = 0 are investigated in work [3]-

[4]. We shall note that for «a=/f=1 this problem is investigated in work [6],

forA=A">cE,c>0, a= F 1is investigated in [2]. The solvability of the equation (1) on the

whole axis is considered in [5].
Obviously that we can write the boundary-value problem in the from of operator equation

Pu=Pu+Pu="f, 3)

(0]
where, fel,(R,;H), ueW,(R,;H;l),

pu=-3"U 4 hA? W2(R,3Hs1 4
Ou__(":_2+p() u, ue 2( + ’) ()
and

d?u du °,
PU=A; T+ A AL USWRSH) | 5)

First we investigate solvability of the equation

Pu=f , (6)
[0]

where, feL,(R,;H), ueW, (R,;H;]).

We proof next theorem.

Theorem 1. Let the operator A satisfies the condition i). Then operator P, isomorphically

maps the space W, (R,;H) on space L, (R, ;H).
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Proof. First of all let’s show that equation (6) has a solution for any f € L, (R, ;H)from the

0
space W, (R, ;H;1).

It is easy to check
_LM( 2E 2A2)—1 +°Of i-9)¢ 45 |
u® =5 [ CTE+a’ A | T f(9)e s fig
—0 0

and

+00

Uy (t) = i_j (2E+p2A2 )l(f f()eit) dsjd{

satisfy the equations

du =, . du 5.
——+a " Au=f(t and ——+p°Au=1(t
e () e B )
correspondingly in R and belong to the space W,’(R,;H).We shall denote by w,(t) and
v, (t) their narrowing in (0;1) and (1;00) accordingly. Then obviously that, i, (t) esz ((0;1); H)

and y,(t) W, ((l;0);H).

Applying the trace theorem we get that there exist boundary values w,(0),

v1(0), i (D.w1(M), v, (1),w;5(1), moreover vi@eHsy ., yieH, . y,(heH,  and
2 2 2

(eH, ,wyHeH,,, v, DH)eH,, .

w1(0) e %‘//1()E Y vy, (De Y

Let’s construct the vector —function

uy= BO=VO T+ L te@ D,
0=y 1) +e™ Vg, te(too),
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where €% is a semi group of bounded operators generated by operator (—A), vectors

®,9, ,0; areunknownand @,,, ,Q; € H/

3
2
Then obviously that

e o+, e WS ((0;1);H), e g e WS ((1,o0);H).

0
To belong to the space:W22 (R,;H;1), u(t) must satisfy the condition:

u’'(0)=0,
6,1)=6,01),
o) =65(1) .

Hence it follows:

¥1(0)—aAp, +ahe " p, =0,
‘//1(1)+e_aA¢’1 +o, =y, (D)+e;,
v i()-aAe g +ahp, =y 2(1)-fAg; .

Hence comparatively @,,®, and ¢; we obtain the following system of the equations

aAp, —ahe p, +0-¢, =y(0),
e o +0, —py =, () -y, (D),
—ae™ g, +ap, + fpy = A (Wi () -y (D).

This system has the following main determinant of matrix:
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oA —ahe™ ™ 0
Ay(A)= |e™™ E ~E|.
— e oF JE

Now we’ll show that A,(A)is an invertible in the space H> = H x H x H .

Let’s denote by

ac —aoe™ % 0
Ay(c)=| e 1 1,
—ae™ a yij

where,aeSg:{i:|argl|Se} , 0££<%, Red >y >0.

Obviously that for c > o (o €S, ,Rec >y, >0)

ao 0 0
Ay(o)=|0 1 —1|+0(0), 0 > .
0 a B

Then for o — ©

{ / j

ie. for o —>00 A (0) is invertible QdetA0(0)| # O) :

|detAg (o) = +0(c) =aola + f|+0(o),

We shall show that for € S, and Reo > g, > 0) we also have |detA0(a)| #0.As
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ac —aoce ™ 0
_ 1 -1 _ e -1
detA,(o)=e"* 1 -l =ac +aoe™ =
-ao @ ﬂ _ae_ao' ﬂ
-a e a p

= ac(a+ B)-ace ™ (a— ) = acla+ ) - (a-B)|.

Then

Re(detAy(0)) = ao|(@+ B) -2 (a = B)|> auy (@ + B) e (@ - B) |> const > 0,

where 0 € S, , Reo >y .

Thereby A (o) is invertible for allo € S, . If we shall define the inverse matrix, then

a,, (o) a, (o) a; (o) |
A_01 (0)=]2a,(0) ay (o) a,(0) m s
a; (o) ay (o) ay; (o) ’

. . . . = th = th
where a; (o) are minor matrices corresponding to element in | row and 1™ column .

Since each element Ag(o) is bounded in S, but |detA0(a)| > const then considering that

o €S, N o(A) from spectral theory normal operators Af)l (o) we get that operator exists and

is bounded in H 3, since

2 (A)(detAg(A) ™ a,(A)(detAy(A)
Ay (A) =] ay (A)(detAg(A) " ay(A)(detA (A)™
23, (A)(detAg(A) ™ ay(A)(detAy(A)™

a;3(A)(detAy(A)™
2,5 (A)(det A, (A)™
253 (A)(detA(A)™

Here (detAy(A))" = (Al + p)-e 2 @-p) "
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Thereby we can define the vectors@,,®, , @5. As it can be seen from expression Af)l (A), for

jth

determination ¢@; (j=12,3) in row of ABI (o) we shall write the vectors

-y1(0) e H% NUZIOEZIOS H% , but A (ZYORZAOE H% and formally we’ll find

the determinant, then we’ll change o by the operator A and shall get the expressions for -

Is it clear that ?j will be a linear combination of the vectors —y,(0)eH 3
2

(v,)-yw,(1)eH ¥ and A_l(l//é -y 1) eH % after acting by boundary limited operators.

o
SO(DJ € H% (J = 1,2,3) . Therebyu EW22(R+; H,l) )

(0]
Now let’s show that equations Pju=0 have only zero solution froszz(R .3 H;l). Really this

equation is amounting to with boundary problem

du
—dt—2+p(t)A2u =0, ()
u'=0 3

where, U(t) eW5 (R, ;H). General solution of the equation (7) from W7 (R, ;H) is presented

in the from

0o () = e_’)’tA(/J1 + e_”’(l_t)A(/)2 , te(0;1),
0 A1) te(l:
e ¢3 H € ( ,OO),

where, ¢,,9, ,p;€ H 3y From condition (9) it follows that
2

—aAg, + oer*"‘A(o2 =0 . 9)
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From condition u(t) eW,’ (R, ;H) it follows that u(1+0)=u(1-0), u'(1+0)=u'(1-0), i.e.

—ahA
e +o, =@, ,
{ O TP, =5 (10)

—ahe g, +ahp, =—fAg; .
From (9) and (10) we get the following system of equations :

—aAp, +ahe 9, +0-9; =0,

eiaA(ﬂl +9, —p; =0,
—ae g, +ap, +Pp; =0.

Since main determinant of matrix

—aA  ahe™™ 0
Ay(A)=|e™ E ~-E

is invertible in the space H 3 , then ¢ =(¢,,9,,0;)=0 , consequently, u,(t)=0.

0
On the other hand for u e W,}(R, ;H;1)

2
L,

< const||u||V2V22 .

d2
||P0u||i2 =H— dtg + p(t)A%u

2
< const{ d
dt

Then wusing Banach theorem on inverse operator, we get that operator

d?u
dt?

2
+ “p(t)AzuHiz ] <
L,

2
+HA2u

L

u
2

2
L,

o]
Po_l L(R;H) > W22 (R,;H;0) bounded by operator P, is an isomorphism.
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The theorem is proved.

To prove the main theorem first of all let’s prove the following lemma.

[0]
Lemma 1. Let the condition 1) be satisfied. Then the inequality exists for any u eW22 (R,;H;D)::

1 2 | 2 gl 2

Hp hpudl 2o A +|p Ad—f +2c0s2¢(A 34 (11)

L Ly dt L L
Proof. Assume that

d’u °
POu:—dt—2+p(t)A2u, ueW, (R,;H:)  (u'(0)=0) .
_1
Multiplying equation P,u= f by function p A(t), we get:
ST | IO I T2 | B
Hp RuUl =l-p P+ pPAU =|p P——| +|p/?AU
L dt L dt” ||, L
2 2 (12)

_y d2U y 5 _y d2u2 y 5 2 d2u 5

—2Rel p 2 ——,p?AU| =|p T——| +|p?A%Ul -2Re—,Au| .
dt L dt” ||, L dt L
2 2
(o]

Since, for u esz(R LsH;1) u’(0) =0 therefore, after integration by parts we have:

2 2
_ord U A2y :2Re[A*d—u,Ad—u] 22cos28(Ad—u,Ad—uj ~2c0525|A Y

dt> ] dt’ dt ), dt”dt ), L
2

Allowing for this inequality in (12), we get:

2 2

2
Ay

+
L2

_1 | _1/ d?
Hp APOU pAAzu péit—g +2cos2¢

2
>
L

L, L
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Lemma is proved.

0

Lemma 2. Let condition i) be satisfied executed. Then for any u eW,*(R,;H;l) the following

estimations are true:

2 s,
A UHLZ(R+§H) SCo(5:0‘»ﬂ)”POu”Lz(&;H)’ (13)
du
AE SCl(8;05;,B)||P0u||L2(R+;H)’ "
L (R:;H)
d?u
d? g(:2(8;a;,3)||Pou|||_2(R+;H)’ -
L (R;H)
where
T
1 1 : 0353% ’
Co(ssa:f)=————-7 |
min(a”; f7) = > T4 <e<) ¢
V2 cose A ? "
1
¢ (s;0;8)= - 0=,
1805 5) 2cos & min(a; ) / "
1 : 0353% ’
C,(&a; )= e f)
PACEASE) _f 1
min(e; f) |__ - Yy €< :
V2 cose A A "

0]
Proof. Since for u esz(R+; H;l), u'(0)=0 and as A is a normal operator,
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2
HAd_“ :Hcd_“ 19)
dt, dt

2
L

Then after integration on a parts we obtain :

2 o0 o0 2
= (cd”,cd”J dt=—] [Czu,d ZUJ dt =
L 0 dt dt 0 dt

%
dt

2 2
=-] ,O%Czu,p%LI;J dt= - /O%Czu,p_%o%u :
0 dt dt L

We apply the Cauchy-Bunyakowskii inequality and have:

2
p ' —

duf> 1 H Y
A—| <—||p2A% 20
H dt 2| P dt? 0

2
+
L2

L,

But it follows from inequality (11) (lemma 1) that:

2 2

+
L2

2

_1
<|p APOU

1 _1/d?
Hp AAZU Yo, Azt—g —2co0s2¢

A0
dt

2
L, L L

Considering this inequality in (20), we get:

2 2 2

—cos2¢&
L

2
—2cos2¢ Ad—u

L

6
dt

A0
dt

2

2
1 _1
SE.[HP oy
I-2 I-2

-1
i

L

0
Hence it follows for u eW, (R, ;H;l)

2

2
1
L 2

(1+cos 28%

A0
d

L



S. S. Mirzoev, L. A. Rustamova / Erciyes Universitesi Fen Bilimleri Enstitiisti Dergisi 367
25 (1-2) 354 - 373 (2009)

2
1 -1 2 1 1
< . P = . P
L, 4cos’e e ” Ou”L2 4cos’ & rmn(a B ) | U||L2

_1
APOU

IA

o

Consequently

The inequality (14) is proved.

 4cos’e

1
L “2cose min(a; f)

[Poul., -

Let’s prove inequality (13). We first consider the case0 < & <7, i.e. cos2¢ > 0. Therefore in

this case from (11) we get

2
<

v d2l’
+p_é—

dt?

_1
o

1 2
i :

L, L

Hence it follows :

| 2 1 2
HpAAzu <|p APOU Smaxp‘1||P0u||i .
L, t :
On the other hand:
2|17 2NN 2 -1 % 2
HAU =|lp "2 p AU Smtaxp Ml 2A7u| <
2 L2 L2

- - - 1
<(maxo 0 max ' )P, =max 2 OIROE, =Rl

ie.for 0<¢e< % we have
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1
<————|Ru,_ - 1)

A e

But for % <e< % we have that cos2& <0 . From inequality (11) we obtain:

2 2.7
-1 2 y 2 —y d-u 1 2
max o (V)|Pul[” >|lp"?A%U| +|p 72— +2cos2e Pyul” .
|| 0 ||L2 L dtz . 4coszgm1n(a2;ﬂ2)” 0 ||L2
2
Then
2
Vo2 1 cos2¢ 2 1
HP AU S T R = ———
L, min(a”;B°) 2cos” & min(a”; f7)
2cos? e —cos’ +sin’ ¢ 2 | | 2
X 2 ||P0u||L2 NPy 2 ||P0u|||_2.
2cos” & min(a“; ) 2cos” &
On the other hand
2 /1 2 | 2
[Au ZH,OA,O s SmaXP‘l(t)HpAAZU Tt
L, L t L, min(a”;B°) min(a”; ) 2cos” ¢ 2

i.e. for ”4£8<”2 we have

1 1
= Poul,, - 22
L~ 2cose min(az;ﬂz)” Ou”LZ (22)

HAzu

Inequalities (21) and (22) show the validity of (14).

Let’s prove inequality (15). Let 0< ¢ < % (cos2¢>0). It follows from inequality (11) that
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2

2 2
dt L L
Then
v oy df 2l gl @A
p2p 2— <maxpt)|p P — Smaxp(t)”p 2Puf < ————=|Ppulf, .
dt*f, ae*f, L min@®ph)
So, for 0<¢< % (cos2¢ > 0) the inequality
d’u :
— S—m‘f‘x(“jﬂ ) IPull, (23)
dt L min(e; f) 2
holds.
Now, let’s assume that , % <e< % .
Then cos2& < 0. In this case it follows from Lemma 1 that
-1 d%u ’ 1o dul?
p = <|pPRu|l  —2cos2elA—— (24)
dt L L d L

Considering (14) in (24), one may get
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2

DAL (R S TP ! 2 el —
Hp &, <, eose Pl <max o Rl
1 2 1 2 cos2¢&
—2cos2 P =—|P, - 25
o €4cos25min(a2;ﬂ2)” 0u||L2 min(az;ﬂz)” 0u||L2 2cos25>< (25

1 ( cos2¢ 1 1

1 2 5 )
minta: gy oMl = - Poull,, = Pul” .
i min(az?ﬂz)” o, min(e*; f2)\ 2cos’ SJ” ol min(e:*; f*) 2 cos? g” ol

With regard to inequality (25) we get, that for 77 <eg<”% 5 the inequality

2, |17 v 1 d2ul? v od2ull 2. 92

e B e I e e

dt L dt L t dt L min(a”; f°) 2cos” ¢ 2
holds.
Hence , it follows that for the inequality

ool m@H)

— <— : P,u (26)
de* |, min(@;f) x/EcoseM ol

is valid.

Inequalities (23) and (26) affirm the validity of inequality (15). The Lemma is proved.

Now we shall prove the main theorem.

Theorem 2. Let the operator A satisfies the condition i), but operators B; = A; AT (j=0,1,2)

satisfy condition ii), moreover

K(af)= Yoy plBa i <.
=0
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where numbers C;(¢) are defined from lemma 2. Then boundary problem (1),(2) is regularly

solvable.

Proof. As in the proof of Theorem 1 we consider the boundary - value problem (1),(2) in the

form of equation (3) and P,u and Pu asequations (4)and (5).

0]
By the proved Theorem 1 the operator P, :W,* (R, ;H;1) - L, (R,;H) is an isomorphism. Then

[0]
the inverse Po_l exists and bounded. Therefore, for any u esz(R +3H;l) there responds a

unique $ € L,(R.;H):
$="Pu.

By means of this substitution we reduce equation (3) to the equation in L, (R, ;H):

9+PP19=1 | (27)
where JeL,(R_;H), feL,(R,;H).
Let’s show that

e

L2(R+;H)_)L2(R+;H)

Since forany $ € L,(R,;H) :
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a d? d d? d
HPIP0 IQHLZ =||P1u||L2 :HA()?;JjL Ald—l:+ A,u ) SHAOT;J ) 1d—l: ] +
2
G T o B PO - [ T T
2
d? d
i e I G AR

From lemma 2 we get

HPlF’o_ISHL2 S||'30||‘32(5=0‘55)||'30“”L2 +[Bc, (5’0‘;5)||F’0“”L2 +||'32||Co(“99‘7‘;:5)||P<)“||L2 =

+ Q|Bo||c2 (&.0: 8)+[By[c, (¢.5 B)+ By co(e.0 /3))| Pl =K(e,a: B9

L,’

1.€.

IRR’

L, (R;H)—-L(RH)

Then from equation (27) we can find

9=(E+PR) "1,
but

u=P;'[E+PPR) 1.

Hence it follows

Ju

< const||f

W3 (Ry1H) Ly (RyH)

The Theorem 2 is proved.

REFERENCES
1. Lions Z.H.-L., Madzhenes E., Non homogeneous boundary — value problems and their. M., Mir, 371, 1971.



S. S. Mirzoev, L. A. Rustamova / Erciyes Universitesi Fen Bilimleri Enstitiisti Dergisi 373
25 (1-2) 354 - 373 (2009)

Mirzoev S.S., Aliev A.R., On one boundary-value problem for operator-differential equations of the second
order with discontinuous coefficient. The Works of the Institute Mat. and Mech. AN ., VI (XIV), Baku, 117-
121, 1997,

Mirzoyev S.S., Rustamova L.A., On solvability of on boundary — value problem for operator differential
equations of the second order with discontinuous coefficient. An International Journal of Applied and
Computational Mathematics, Baku, 2, 191-200, 2006.

Rustamova L.A., On some second order operator-differential equations with discontinuous coefficients. NAS
Proceedings of Institute of Math. and Mech. of Azerbaijan , XXIV(XXXII), 179-186, 2006.

Rustamova L.A., On regular solvability of one class operator - differential equations of the second order.
BGU, Vestnik BGU, 1, 43-51, 2005.

Mirzoev S.S., The problems to theory to solvability of the boundaryvalue problems for operator -differential of

the equations in Hilbert space and spectral problems connected with them. The Thesis on competition dissert.

of uch.step.dokt.fiz.-mat. Sciences.Baku 229, 1993.



