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Abstract: Two theorems of Lal [4] on [N, P,| summability method have been generalized for

ﬁ,Pn;(Slk

summability method, where £ 2 1 and & 2 0.

W, p,.0 lk TOPLANABILME CARPANLARI UZERINE BiR NOT

ﬁﬂpn E:pn;é"k

toplanabilme metodu igin genellegtirildi.

Ozet: Lal [4] in toplanabilme metodu ile ifgili iki teoremi, £ 2 1 ve & 2 0 olmak tzere

Introduction

Let Zan be a given infinite series with partial sums (Sn) . Let (p" ) be a sequence of positive numbers such

that

P,=)p,>® as n—>w, (P,=p, =0,ix]). )

v=0

The sequence-to-sequence transformation

1 n
t,=— p.Ss, 2
» ép @)

defines the sequence(tn) of the (N,p,) mean of the sequence (sn), generated by the sequence of

coefficients (p") (see [3]). The series Zan is said to be summable lN, P K k>1,if (see[1])
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k-1
Z('&J Jtm —rn—l |k < (3)
P

n=l

and it is said to be summable lﬁ, P.i0 g k21and & 20, if (see [2])

S k+k-1
2 P
Z[p_") | At [f <<, )

=]

=

Ifwetake k=1 and & =0, then IﬂNn, P.i0 Ik summability is the same as lﬁ, pn' summability.

Let f(¢) be a periodic function with period 27 and integrable (L) over (—7, 7). The Fourier series of f(f) is

F@0)2 3 (@, cosnt+b, sinnry = 4,() . )

n=1 n=]

The Results of Lal

Lal [4] proved the foiloving thecrems for Iﬁ, P, | summability methods.

Theorem A. If the sequence (Sn ) is bounded and {4, ) is a sequence such that

MY Erlg |=0() as m—> e, )
n=] Prr

Ylad,l=00) as m— . 7
n=1

then the series Za”ﬂ." is summable Iﬁ, )

of the series ZA,, (1)A, at a point is a local property of the

Theorem B. The summability ’ﬁ, b,

generating function if the conditions {6)-(7) of Theorem A are satisfied.
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The Main Result

The aim of this paper is to generalize above theorems for IN iy k summability methods, where £ =1 and

0 2 0. Now, we shall prove the following theorems.

Theorem 1. Let k > and 0 <&k <1. If the sequence (Sn) is bounded and the sequences (A,) and

(pn) satisfy the following conditions

Zm:(i)“"p,, =0(1) as m—> o, @)
n=1 n
C Pn o
> (2)*AA | = 0)as m— <o, ©)
n=] n

and
Z P —0{( F}’ (10)
n=v n-1 v v

then the series Zanﬁn is summable IN, p,:0 Ik.
Theorem 2. Let k > and 0 < 5k <1. The summabitity lﬁ, D0 lk of the series Z A,(H)A, at a point

is alocal property of the generating function if the conditions (8) and (9) are satisfied.

Remark. It may be noted that, if we take & =0and k=1 in Theorem 1 and Theorem 2, then we get

Theorem A and Theorem B, respectively. In this case condition (10) reduces to

m+l m+]1 1 1
n=2v+l ‘PnPn—l H=ZV+I P -1 Pn - Fv— e

which always holds.
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Proof of Theorem 1. Let {7, ) denotesthe (N, p,) mean of the series Za"/ln

have
1 n v 1 H
T, == p, Yai == (P -P)al,.
Pn vz{) r=0 n v=0
Then
T, - ZP LaA,, nzl, (P, =0).
Rﬂ n-1 v=l
By Abel’s transformation, we have
p.s.A
T - AP, A)s, +noan
n P ,.Z..] ( 1 ) })n
= 5,4, + ZP 5,04, + DSt
P, P-l P., - P,
=T, ,+T,,+T,;, say.

. Then, by definition, we

To complete the proof of Theorem 1, by Mikowski's inequality, it is sufficient to show that

<w, for r=1273.

Skwk-1
2[5] 7, [
n=l

Py

Now, applying Holder’s Inequality, we have that

mel P S k+ik-1
z[—"] T, <

=2 pn

Z[f_] .,

n=2 n

n=2 v=]

m+t P &-1
Z(;—J P,, S i

1 &1 -l
5 -O(I)Z[ J Pl Dl I Pl I xd =

n-1 v=l

(11

Zp kl

n]vl



~0(1)m2”( ) ;1—2 4, 1

m+l P -l
=003 p, 14,1 Z( ] =

n=v+] " -1

ok-1
m(p
=0(1)Z(p—VJ (4, =00 as m—o w,
y=1 ¥

by virtue of hypotheses of Theorem 1. Again

n=2 n=2 v=]

mil( p Skl . mil{ D -l
Z[;f) 17, I* < Z[;ﬂ—] Pr {ZP |5, I| A4, I}*

-1
m+1 P n-1 n-1
- 0Q) [] }%Zﬂ 1A, || 5, | Sp1as,

n-1 v=l n-1 v=l

m+] -l n—-]
=0(1)Z(—"—] };I-—Za | AA, |

n-1 v=1

_0(1)219 | AA, | E[P") Pl

n=v+} n

&
=0(1)Z(£!—J (AL | =01 a5 m—w,

by virtue of hypotheses of Theorem i.
Finally, we have that

i !in— Sk+k- l| I i ﬁt_‘ Sk+k-] [ pnsn/ln Ik
P, " P

n
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& ~1
=0(1)Z(§'J |4 =001 a5 m—>wo,
n=l "

by virtue of hypotheses of Theorem 1. Therefore, we get that

H+k-t
Z[PHJ Ian|k=O(l) as m-—» o, fOI‘ r=112=3-
P, |

n=l

This completes the proof of Theorem 1.

Proof of Theorem 2. Since the behaviour of the Fourier series, as far as convergence is concerned, for a
particular value of x depends on the behaviour of the function in the immediate neighbourhood of this point only,
hence the truth of Theorem 2 is a necessary consequence of Theorem 1.

If wetake § =0 and p, =1 for all values of » in these theorems, then we get two results related to

| C.l l , summability methods.
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