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1. Introduction
Let X and Y be Banach spaces of analytic functions on a domain Ω in C, u an analytic

function onΩ and φ be an analytic function mapping Ω into itself. The weighted compo-
sition operator with symbols u and φ from X to Y is the operator uCφ with range in Y
defined by

uCφf = MuCφf = u(f ◦ φ), f ∈ X,

where Mu is the multiplication operator with symbol u and Cφ is the composition operator
with symbol φ. We refer the interested reader to [7] and [17] for the theory of composition
operators and to [6, 13, 18, 20, 21] for (weighted) composition on some spaces of analytic
functions. For essential norm of (generalized) weighted composition operators from some
spaces of analytic functions into nth weighted type spaces, we refer for example to [1,2,14].

Let D be the open unit disc in the complex plane C, H(D) the space of analytic func-
tions on D and H∞ = H∞(D) denote the space of bounded analytic functions f on D with
norm ∥f∥∞ = supz∈D |f(z)|.

The Lipschitz space Lipα (with 0 < α < 1) is the space of functions f ∈ H(D)
satisfying the Lipschitz condition of order α, i.e, there exists a constant C > 0 such that
|f(z) − f(w)| < C|z−w|α z, w ∈ D. Such functions f extend continuously to the closure
of the disc.
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The quantity

∥f∥Lipα = |f(0)| + sup
{ |f(z) − f(w)|

|z − w|α
, z, w ∈ D, z ̸= w

}
defines a norm on Lipα. Let f ∈ Lipα and set

C = sup{|f(z) − f(w)|
|z − w|α

, z, w ∈ D, z ̸= w}.

Then, for z ∈ D, we have

|f(z)| ≤ |f(0)| + C|z|α < C|z − w|α ≤ ∥f∥Lipα .

Thus, taking the supremum over D, we obtain ∥f∥∞ ≤ ∥f∥Lipα .
A function f ∈ H(D) is said to belong to the Bloch-type space, denoted by Bα, if

βf = supz∈D(1 − |z|2)α|f ′(z)| < ∞. Under the seminorm f → βf , Bα is conformally
invariant, and the norm defined by ∥f∥Bα = |f(0)| + βf yields a Banach space structure
on Bα.

By a theorem of Hardy and Littlewood [12], the elements of Lipα are characterized by
the following Bloch-type condition: A function f ∈ H(D) belongs to Lipα if and only if

α(f) = sup
z∈D

(1 − |z|2)1−α|f ′(z)| < ∞. (1.1)

Moreover,
∥f∥Lipα ≍ |f(0)| + α(f). (1.2)

Composition operators uCφ between Lipα and Zygmund space were studied by Colonna
and Li in [6]. The spaces Lipα and the Zygmund space play an important role in connection
to the theory of the Hp spaces when 0 < p < 1. For more information on these and other
facts regarding these spaces, we refer the interested reader to [8] and [9].

The logarithmic Bloch space is defined as follows [22,23]:

Blog =
{
f ∈ H(D) : ∥f∥ = sup

z∈D
(1 − |z|2) log 2

1 − |z|2
|f ′(z)| < ∞

}
.

The space Blog is a Banach space under the norm ∥f∥Blog
= |f(0)| + ∥f∥. The space

Blog arises in connection to the study of certain operators with symbols. Arazy in [3]
proved that the multiplication operator Mψ is bounded on the Bloch space if and only
if ψ ∈ H∞ ∩ Blog. The space Blog appeared in the study of boundedness of the Hankel
operators on the Bergman space. Attele [4] proved that for f ∈ L2

a(D), the Hankel operator
Hf : L1

a(D) → L1(D) is bounded if and only if ∥f∥Blog
< ∞. For recent papers on some

operators on Blog, see, for example, [5, 10,11,16,23]
The composition, multiplication, and differentiation operator on H(D) are defined as

follows:
(Cφf)(z) = (f ◦ φ)(z), z ∈ H(D),
(Mψf)(z) = ψ(z)(f)(z), z ∈ H(D),
(Df)(z) = f ′(z), z ∈ H(D).

(1.3)

The differentiation operator is typically unbounded on many analytic function spaces. For
ψ1, ψ2 ∈ H(D), let

Tψ1,ψ2,φf(z) = ψ1(z)f(φ(z)) + ψ2(z)f ′(φ(z)), f ∈ H(D).

The operator Tψ1,ψ2,φ was studied by Stevic and co-workers for the first time in [18,
24]. This operator is related to the various products of multiplication, composition, and
differentiation operators. It is clear that all products of composition, multiplication, and
differentiation operators in the following several ways can be obtained from the operator
Tψ1,ψ2,φ by fixing ψ1, ψ2.
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MψCφD = T0,ψ,φ, MψDCφ = T0,ψφ′,φ, CφMψD = T0,ψ◦φ,φ;
DMψCφ = Tψ′,ψφ,φ, CφDMψ = Tψ′◦φ,ψφ,φ, DCφMψ = Tψ′◦φφ′,(ψ◦φ)φ′,φ.

The purpose of this paper is to study the boundedness and compactness of the operator
Tψ1,ψ2,φ from Lipα space to the logarithmic Bloch space Blog.

The following criterion for the compactness follows by standard arguments (see, e.g.,
the proofs of the corresponding lemmas in [7] or [19]. The details will not be pursued here.
Lemma 1.1. Supposeψ1, ψ2 ∈ H(D) and φ be an analytic self-map of D. Then Tψ1,ψ2,φ :
Lipα → Blog is compact if and only if it is bounded and for any bounded sequence {fn} in
Lipα which converges to zero uniformly on D as n → ∞, ∥Tψ1,ψ2,φfn∥Blog → 0 as n → ∞.

Constants are denoted by C and K in this paper, they are positive and not necessarily
the same in each occurrence. The notation a ⪯ b means that there is a positive constant
C such that a ≤ Cb. We say that a ≍ b if both a ⪯ b and b ⪯ a hold.

2. Boundednes of the operator Tψ1,ψ2,φ : Lipα → Blog

In this section we give necessary and sufficient conditions for the boundedness of the
operator Tψ1,ψ2,φ : Lipα → Blog.
Theorem 2.1. Let ψ1, ψ2 ∈ H(D) and φ be an analytic self-map of D. The operator
Tψ1,ψ2,φ : Lipα → Blog is bounded if and only if the following quantities are finite:

M1 = sup
z∈D

(1 − |z|2) log 2
1 − |z|

|ψ′
1(z)|,

M2 = sup
z∈D

(1 − |z|2) log 2
1−|z| |ψ1(z)φ′(z) + ψ′

2(z)|
(1 − |φ(z)|2)1−α

and

M3 = sup
z∈D

(1 − |z|2) log 2
1−|z| |ψ2(z)φ′(z)|

(1 − |φ(z)|2)2−α .

Proof. Sufficiency. For any f ∈ Lipα,

(1 − |z|2) log 2
1 − |z|

|(Tψ1,ψ2,φf)′(z)| ≤ (1 − |z|2) log 2
1 − |z|

|ψ′
1(z)(f(φ(z))|

+ (1 − |z|2) log 2
1 − |z|

|(ψ1(z)φ′(z) + ψ′
2(z))f ′(φ(z)|

+ (1 − |z|2) log 2
1 − |z|

|(ψ2(z)φ′(z)|)f ′′(φ(z))|

≤ C∥f∥Lipα

(
(1 − |z|2) log 2

1 − |z|
|ψ′

1(z)|

+
(1 − |z|2) log 2

1−|z| |ψ1(z)φ′(z) + ψ′
2(z)|

(1 − |φ(z)|2)1−α +
(1 − |z|2) log 2

1−|z| |ψ2(z)φ′(z)|
(1 − |φ(z)|2)2−α

)
< ∞,

where in the last inequality we have used (1.1) and the following well-known characteri-
zation of Bloch-type functions (see [25]):

sup
z∈D

(1 − |z|2)1−α|f ′(z)| ≍ |f ′(0)| + sup
z∈D

(1 − |z|2)2−α|f ′′(z)|. (2.1)

Necessity. Assume that Tψ1,ψ2,φ : Lipα → B is bounded. It means that there exists a
constant C such that ∥Tψ1,ψ2,φf∥Blog ≤ C∥f∥Lipα for all f ∈ Lipα. For f(z) = 1 ∈ Lipα,

M1 = sup
z∈D

(1 − |z|2) log 2
1 − |z|

|ψ′
1(z)| < ∞. (2.2)
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For f(z) = z ∈ Lipα,

M = sup
z∈D

(1 − |z|2) log 2
1 − |z|

|ψ′
1(z)φ(z) + ψ1(z)φ′(z) + ψ′

2(z)| < ∞. (2.3)

By (2.2), (2.3), the triangle inequality and the fact that |φ| < 1, we obtain

N1 = sup
z∈D

(1 − |z|2) log 2
1 − |z|

|ψ1(z)φ′(z) + ψ′
2(z)| < ∞. (2.4)

For f(z) = z2 ∈ Lipα,

N2 = sup
z∈D

(1 − |z|2) log 2
1 − |z|

|ψ′
1(z)φ2(z) + 2(ψ1(z)φ′(z)

+ ψ′
2(z))φ(z) + 2ψ2φ

′(z)| < ∞.

(2.5)

By (2.2), (2.4), (2.5), the triangle inequality and the boundedness of the function φ(z),
we obtain

N3 = sup
z∈D

(1 − |z|2) log 2
1 − |z|

|ψ2(z)φ′(z)| < ∞. (2.6)

For a fixed a ∈ D and for z ∈ D, set

fa(z) = −(1 − |a|2)
(1 − az)1−α + b(1 − |a|2)2

(1 − az)2−α + c(1 − |a|2)3

(1 − az)3−α . (2.7)

A direct calculation shows that fa ∈ Lipα,

f ′
a(z) = a

(−(1 − α)(1 − |a|2)
(1 − az)1−α

+ b(2 − α)(1 − |a|2)2

(1 − az)1−α + c(3 − α)(1 − |a|2)3

(1 − az)1−α

) (2.8)

and

f ′′
a (z) = a2

(−(1 − α)(2 − α)(1 − |a|2)
(1 − az)2−α

+ b(2 − α)(3 − α)(1 − |a|2)2

(1 − az)2−α + c(3 − α)(4 − α)(1 − |a|2)3

(1 − az)2−α

)
.

(2.9)

Taking b, c in (2.7) such that fw(w) = f ′′
w(w) = 0, then f ′

a(a) = C1a
(1−|a|2)1−α ,

where C1 ̸= 0. Thus, for a ∈ D,

C ≥ ∥Tψ1,ψ2,φf∥ ≥ sup
z∈D

(1 − |z|2) log 2
1 − |z|

|(Tψ1,ψ2,φfφ(a))′(z)|

= sup
z∈D

(1 − |z|2) log 2
1 − |z|

(∣∣∣ψ′
1(z)(fφ(a)(φ(z))

+ (ψ1(z)φ′(z) + ψ′
2(z))f ′

φ(a)(φ(z)

+ (ψ2(z)φ′(z)|)f ′′
φ(a)(φ(z))

∣∣∣)
≥ (1 − |a|2) log 2

1 − |a|

(∣∣∣ψ′
1(a)(fφ(a)(φ(a))

+ (ψ1(a)φ′(a) + ψ′
2(a))f ′

φ(a)(φ(a)

+ (ψ2(a)φ′(a)|)f ′′
φ(a)(φ(a))

∣∣∣)
=

|C||φ(a)|(1 − |z|2) log 2
1−|a| |ψ1(a)φ′(a) + ψ′

2(a)|
(1 − |φ(a)|2)1−α .

(2.10)
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From (2.10),

sup
1
2<|φ(a)|<1

(1 − |a|2) log 2
1−|a| |ψ1(a)φ′(a) + ψ′

2(a)|
(1 − |φ(a)|2)1−α

≤ 2 sup
1
2<|φ(a)|<1

(1 − |a|2) log 2
1−|a| |ψ1(a)φ′(a) + ψ′

2(a)||φ(a)|
(1 − |φ(a)|2)1−α

≤ 2 sup
a∈D

(1 − |a|2) log 2
1−|a| |ψ1(a)φ′(a) + ψ′

2(a)||φ(a)|
(1 − |φ(a)|2)1−α ≤ 2C.

(2.11)

According to (2.4),

sup
|φ(a)|≤ 1

2

(1 − |a|2)
log 2

1−|a| |ψ1(z)φ′(a) + ψ′
2(a)|

(1 − |φ(a)|2)1−α

≤ 4
3

sup
a∈D

(1 − |a|2) log 2
1 − |a|

|ψ1(a)φ′(z) + ψ′
2(a)| ≤ 4

3
N1.

(2.12)

For a fixed a ∈ D and for z ∈ D, set

ga(z) = c(1 − |a|2)
(1 − az)1−α + d(1 − |a|2)2

(1 − az)2−α − (1 − |a|2)3

(1 − az)3−α . (2.13)

Then

g′
a(z) = a

(c(1 − α)(1 − |a|2)
(1 − az)1−α + d(2 − α)(1 − |a|2)2

(1 − az)1−α − (3 − α)(1 − |a|2)3

(1 − az)1−α

)
(2.14)

and
g′′
a(z) = a2

(c(1 − α)(2 − α)(1 − |a|2)
(1 − az)2−α + d(2 − α)(3 − α)(1 − |a|2)2

(1 − az)2−α

− (3 − α)(4 − α)(1 − |a|2)3

(1 − az)2−α

)
.

(2.15)

We can take two constants c, d in (2.13) such that gw(w) = g′
w(w) = 0. Then

g′′
a(a) = C2a

2

(1 − |a|2)2−α , (2.16)

where C2 ̸= 0. Thus, for a ∈ D,

C ≥ ∥Tψ1,ψ2,φfφ(a)∥ ≥ sup
z∈D

(1 − |z|2) log 2
1 − |z|

|(Tψ1,ψ2,φfφ(a))′(z)|

= sup
z∈D

(1 − |z|2) log 2
1 − |z|

(∣∣∣ψ′
1(z)(fφ(a)(φ(z))|

+ (1 − |z|2) log 2
1 − |z|

|(ψ1(z)φ′(z) + ψ′
2(z))f ′

φ(a)(φ(z)|

+ (1 − |z|2) log 2
1 − |z|

|(ψ2(z)φ′(z)|)f ′′
φ(a)(φ(z))

∣∣∣)
≥ (1 − |a|2) log 2

1 − |a|

(∣∣∣ψ′
1(a)(fφ(a)(φ(a))|

+ (1 − |a|2) log 2
1 − |a|

|(ψ1(a)φ′(a) + ψ′
2(a))f ′

φ(a)(φ(a)|

+ (1 − |a|2) log 2
1 − |a|

|(ψ2(a)φ′(a)|)f ′′
φ(a)(φ(a))

∣∣∣)
=

|C2||φ2(a)|(1 − |a|2) log 2
1−|a| |ψ2(a)φ′(a)|

(1 − |φ(a)|2)2−α .

(2.17)
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From (2.17),

sup
1
2<|φ(a)|<1

(1 − |a|2) log 2
1−|a| |ψ2(a)φ′(a)|

(1 − |φ(a)|2)2−α

≤ 4 sup
1
2<|φ(a)|<1

|φ2(a)|(1 − |z|2) log 2
1−|z| |ψ2(z)φ′(a)|

(1 − |φ(a)|2)2−α

≤ 4 sup
a∈D

(1 − |a|2)
|φ2(a)| log 2

1−|a| |ψ2(a)φ′(a)|
(1 − |φ(a)|2)2−α ≤ C.

(2.18)

According to (2.6),

sup
|φ(a)|≤ 1

2

(1 − |z|2) log 2
1−|z| |ψ2(z)φ′(z)|

(1 − |φ(z)|2)2−α

≤ 4
3

sup
1/2<|φ(a)|<1

(1 − |z|2) log 2
1 − |z|

|ψ2(z)φ′(z)|

≤ 4
3

sup
a∈D

(1 − |z|2) log 2
1 − |z|

|ψ2(z)φ′(z)| ≤ 4
3
N3.

(2.19)

□

3. Compactness of the operator Tψ1,ψ2,φ : Lipα → Blog

In this section we study the compactness of the operator Tψ1,ψ2,φ from Lipα into Blog.

Theorem 3.1. Let ψ1, ψ2 ∈ H(D) and φ be an analytic self-map of D. The operator
Tψ1,ψ2,φ : Lipα → Blog is compact if and only if it is bounded and

lim
|φ(z)|→1

(1 − |z|2) log 2
1 − |z|

|ψ′
1(z)| = 0, (3.1)

lim
|φ(z)|→1

(1 − |z|2) log 2
1−|z| |ψ1(z)φ′(z) + ψ′

2(z)|
(1 − |φ(z)|2)1−α = 0 (3.2)

and

lim
|φ(z)|→1

(1 − |z|2) log 2
1−|z| |ψ2(z)φ′(z)|

(1 − |φ(z)|2)2−α = 0. (3.3)

Proof. Suppose that Tψ1,ψ2,φ : Lipα → B is bounded, (3.1), (3.2) and (3.3) hold. Let
{fk} be a bounded sequence in Lipα which convergence to zero uniformly on D as k → ∞.
It suffices, in view of Lemma (1.1), to show that

∥Tψ1,ψ2,φfk∥Blog → 0, k → ∞. (3.4)
For any ϵ > 0, there exists δ ∈ (0, 1) such that if δ < |φ(z)| < 1 then

(1 − |z|2) log 2
1 − |z|

|ψ′
1(z)| < ϵ, (3.5)

(1 − |z|2) log 2
1−|z| |ψ1(z)φ′(z) + ψ′

2(z)|
(1 − |φ(z)|2)1−α < ϵ (3.6)

and
(1 − |z|2) log 2

1−|z| |ψ2(z)φ′(z)|
(1 − |φ(z)|2)2−α < ϵ. (3.7)

From the boundedness of the operator Tψ1,ψ2,φ : Lipα → Blog and the proof of Theorem
(2.1),the relations (2.2), (2.4) and (2.6) hold. Since fk → 0 uniformly on D, Cauchy
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estimate shows that {f ′
k} and {f ′′

k } converge to 0 uniformly on compact subsets of D.
There exists a N0 ∈ N such that k ≥ N0 implies that

sup
|φ(z)|≤δ

(1 − |z|2) log 2
1 − |z|

|(Tψ1,ψ2,φfk)′(z)|

≤ sup
|φ(z)|≤δ

(1 − |z|2) log 2
1 − |z|

|ψ′
1(z)(f(φ(z))|

+ sup
|φ(z)|≤δ

(1 − |z|2) log 2
1 − |z|

|(ψ1(z)φ′(z) + ψ′
2(z))f ′

k(φ(z)|

+ sup
|φ(z)|≤δ

(1 − |z|2) log 2
1 − |z|

|(ψ2(z)φ′(z)|)f ′′
k (φ(z))|

≤ M sup
|φ(z)|≤δ

sup fkφ(z) +N1 sup
|φ(z)|<δ

sup f ′
kφ(z) +N3 sup

|φ(z)|≤δ
sup f ′′

kφ(z) ≤ Cϵ.

(3.8)

From (3.1), (3.2), (3.3), (3.8),(1.1) and (2.1),

sup
z∈D

(1 − |z|2) log 2
1 − |z|

|(Tψ1,ψ2,φf)′(z)| ≤ Cϵ

+ sup
δ<|φ(z)|<1

(1 − |z|2) log 2
1 − |z|

|ψ′
1(z)∥f∥Lipα

+ sup
δ<|φ(z)|<1

(1 − |z|2) log 2
1−|z| |ψ1(z)φ′(z) + ψ′

2(z)|
(1 − |φ(z)|2)1−α ∥f ′∥Lipα

+ sup
δ<|φ(z)|<1

(1 − |z|2) log 2
1−|z| |ψ2(z)φ′(z)|

(1 − |φ(z)|2)2−α ∥f ′′∥Lipα ≤ Kϵ,

(3.9)

where K is constant. It follows that the operator Tψ1,ψ2,φ : Lipα → Blog is compact.
Conversely it is clear that the compactness of Tψ1,ψ2,φ : Lipα → Blog implies its bound-

edness. Let {zk} be a sequence in D such that |φ(zk)| → 1 as k → ∞. We can use the test
functions fk(z) = fφ(zk)(z), where fa is defined in (2.7). We have

f ′
k(φ(zk)) = C1φ(zk)

(1 − |φ(zk)|2)1−α and fk(φ(zk)) = f ′′
a (φ(zk)) = 0.

Since {fk} converges to 0 uniformly on D, hence {fk} converges to 0 uniformly on compact
subsets of D. Then {fk} is a bounded sequence in Lipα which converges to 0 uniformly
on D. By Lemma (1.1) we obtain limk→∞ ∥Tψ1,ψ2,φfk∥Blog = 0. Thus,

|C1||φ(zk)|(1 − |zk|2) log 2
1−|zk| |ψ1(zk)φ′(zk) + ψ′

2(zk)|
(1 − |φ(zk)|2)1−α

≤ ∥Tψ1,ψ2,φfk∥Blog → 0, k → ∞.

(3.10)

By (3.10) and since |φ(zk)| → 1 as k → ∞, so

lim
k→1

(1 − |z|2) log 2
1−|z| |ψ1(z)φ′(z) + ψ′

2(z)|
(1 − |φ(z)|2)1−α = 0.

Taking fk(z) = 1, we obtain supk(1 − |zk|2) log 2
1−|zk| |ψ

′
1(zk)| ≤ ∥Tψ1,ψ2,φfk∥Blog → 0.

Analogously, (3.3) can be proved by choosing the test function gk(z) = gφ(zk)(z), gk is
defined in (2.13). This completes the proof of the theorem. □
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4. Essential norm of the operator Tψ1,ψ2,φ : Lipα → Blog

In this section, we give an estimate for the essential norm of the operator
Tψ1,ψ2,φ : Lipα → Blog.

Theorem 4.1. Let ψ1, ψ2 ∈ H(D), φ be an analytic self-map of D and Tψ1,ψ2,φ : Lipα →
Blog is bounded. Then

∥Tψ1,ψ2,φf∥e,Lipα→Blog ≈ max{A1, A2},

where

Aj := lim sup
|a|→1

∥Tψ1,ψ2,φ

( (1 − |a|2)j

(1 − az)j−α
)
∥Blog , j = 1, 2.

Proof. First we prove that max{A1, A2} ≤ ∥Tψ1,ψ2,φ∥e,Lipα→Blog . Let a ∈ D. Define

fa,j(z) = (1 − |a|2)j

(1 − az)j−α
.

It is easy to check that fa,j ∈ Lipα for all a ∈ D and fa,j converges uniformly to 0 on
compact subset of Lipα as |a| → 1 Thus, for any compact operator K : Lipα → Blog, we
have

lim
|a|→1

∥Kfa,j∥Blog = 0, j = 1, 2.

Hence,

∥Tψ1,ψ2,φ −K∥Lipα→Blog ≳ lim sup
|a|→1

∥(Tψ1,ψ2,φ −K)fa,j∥Blog

≳ lim sup
|a|→1

∥Tψ1,ψ2,φfa,j∥Blog − lim sup
|a|→1

∥Kfa,j∥Blog = Aj .

Therefore, based on the definition of the essential norm, we obtain

∥Tψ1,ψ2,φ∥e,Lipα→Blog = inf
K

∥Tψ1,ψ2,φ −K∥Lipα→Blog ≳ Aj , j = 1, 2.

Now, we prove that

∥Tψ1,ψ2,φf∥e,Lipα→Blog ≲ max{A1, A2}.

For r ∈ [0, 1), set Kr : H(D) → H(D) by (Krf)(z) = fr(z) = f(rz). It is obvious
that fr − f → 0 uniformly on compact subsets of D as r → 1. Moreover, the operator
Kr is compact on B and ∥Kr∥B→B ≤ 1(see[15]). By a similar argument can be proved
that the operator Kr is compact on Lipα and ∥Kr∥Lipα→Lipα ≤ 1. Let {rj} ⊂ (0, 1) be
a sequence such that rj → 1 as j → ∞. Then for all positive integer j, the operator
Tψ1,ψ2,φKrj : Lipα → Blog is compact. By the definition of the essential norm, we get

∥Tψ1,ψ2,φ∥e,Lipα→Blog ≤ lim sup
j→∞

∥Tψ1,ψ2,φ − Tψ1,ψ2,φKrj ∥Lipα→Blog .
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For any f ∈ Lipα such that ∥f∥Lipα ≤ 1,
∥(Tψ1,ψ2,φ − Tψ1,ψ2,φKrj

)f∥Blog ≤ |(Tψ1,ψ2,φf(0)| + |(f − frj
)′(φ(0))g(0)|

+ sup
z∈D

(1 − |z|2) log 2
1 − |z|

|ψ′
1(z)|(f − frj

)(φ(z))|

+ sup
z∈D

(1 − |z|2) log 2
1 − |z|

|(ψ1(z)φ′(z) + ψ′
2(z))(f − frj )′(φ(z))|

+ sup
z∈D

(1 − |z|2) log 2
1 − |z|

|(ψ2(z)φ′(z))(f − frj
)′′(φ(z))|

≤ lim sup
j→∞

sup
|φ(z)|≤rN

(1 − |z|2) log 2
1 − |z|

|ψ′
1(z)|(f − frj

)(φ(z))|︸ ︷︷ ︸
M1

+ lim sup
j→∞

sup
|φ(z)|>rN

(1 − |z|2) log 2
1 − |z|

|ψ′
1(z)|(f − frj

)(φ(z))|︸ ︷︷ ︸
M2

+ lim sup
j→∞

sup
|φ(z)|≤rN

(1 − |z|2)|(ψ1(z)φ′(z) + ψ′
2(z))(f − frj

)′(φ(z))|︸ ︷︷ ︸
M3

+ lim sup
j→∞

sup
|φ(z)|>rN

(1 − |z|2)|(ψ1(z)φ′(z) + ψ′
2(z))(f − frj

)′(φ(z))|︸ ︷︷ ︸
M4

,

+ lim sup
j→∞

sup
|φ(z)|>rN

(1 − |z|2)|(ψ2(z)φ′(z))(f − frj
)′′(φ(z))|︸ ︷︷ ︸

M5

+ lim sup
j→∞

sup
|φ(z)|>rN

(1 − |z|2)|(ψ2(z)φ′(z))(f − frj )′′(φ(z))|︸ ︷︷ ︸
M6

,

where N ∈ N is large enough such that rj ≥ 1
2 for all j ∈ N. Since Tψ1,ψ2,φ : Lipα → Blog is

bounded, by (2.3) and (2.6), we have

F̃1 = sup
z∈D

(1 − |z|2) log 2
1 − |z|

|ψ′
1(z)| < ∞,

F̃2 = sup
z∈D

(1 − |z|2) log 2
1 − |z|

|ψ1(z)φ′(z) + ψ′
2(z)| < ∞

and
F̃3 = sup

z∈D
(1 − |z|2) log 2

1 − |z|
|ψ2(z)φ′(z))| < ∞

Since rjf ′
rj

→ f ′ uniformly on compact subsets of D as j → ∞, so

M1 ≤ F̃1 = sup
z∈D

(1 − |z|2) log 2
1 − |z|

|ψ′
1(z)| = 0,

M3 ≤ F̃2 = sup
z∈D

(1 − |z|2) log 2
1 − |z|

|ψ1(z)φ′(z) + ψ′
2(z)| = 0,

and
M5 ≤ F̃2 = sup

z∈D
(1 − |z|2) log 2

1 − |z|
|ψ2(z)φ′(z))| = 0,

Next we consider M2. We have M2 ≤ lim supj→∞(Q1 +Q2), where

Q1 = sup
|φ(z)|>rN

(1 − |z|2) log 2
1 − |z|

|(f(φ(z))||ψ′
1(z)|,

and
Q2 = sup

|φ(z)|>rN

(1 − |z|2) log 2
1 − |z|

rj |(f(φ(z))|ψ′
1(z)|.
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Using the fact that ∥f∥Lipα ≤ 1 and (1.2), we obtain

Q1 = sup
|φ(z)|>rN

(1 − |z|2) log 2
1 − |z|

|(f(φ(z))||ψ′
1(z)|

× (1 − |φ(z)|2)1−α

(j − α)φ(z)
(j − α)φ(z)

(1 − |φ(z)|2)1−α

⪯
(j − α)∥f∥Lipα

rN
sup

|φ(z)|>rN

(1 − |z|2) log 2
1 − |z|

|ψ′
1(z)| (j − α)φ(z)

(1 − |φ(z)|2)1−α

⪯ sup
|φ(z)|>rN

(1 − |z|2) log 2
1 − |z|

|ψ′
1(z)| (j − α)φ(z)

(1 − |φ(z)|2)1−α

⪯ sup
|a|>rN

∥Tψ1,ψ2,φ(fa,j)∥Blog j = 1, 2.

Taking the limit as N → ∞, we obtain

lim sup
j→∞

Q1 ≤ lim sup
|a|→∞

∥Tψ1,ψ2,φ(fa,j)∥Blog .

Similarly,
lim sup
j→∞

Q2 ≤ lim sup
|a|→∞

∥Tψ1,ψ2,φ(fa,j)∥Blog .

Hence, we get M2 ⪯ max{A1, A2}. Similarly, it can be shown that M4 ⪯ max{A1, A2} and
M6 ⪯ max{A1, A2}. This completes the proof of the theorem. □
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