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Abstract: The current astrophysical data sets have implied that our universe has recently entered an
accelerated expansion phase. In literature, it is commonly thought that the late-time speedy enlargement
behavior is caused by mysterious dark contents (dark matter, dark energy, and dark radiation) that
cannot be observed directly. Although Einstein's General Theory of Relativity has provided very
successful theoretical explanations and predictions, it cannot explain the aforementioned unusual
nature of the cosmos. This situation has led scientists to try to create a new theoretical model for the
nature of dark content. The cosmological constant, scalar fields, unified energy densities, additional
dimension ideas, and modified gravity theories are among the prominent point of view. In this research,
the reverse-engineering method is mainly taken into account in the rainbow gravity formalism for the
DBI-essence scalar field dark energy model. As it is known, scalar field models can be introduced with
the help of some fundamental physics theories, but these theories do not provide a direct way to write
explicitly the self-interaction potentials that we encounter in scalar field models. Therefore, the reverse-
engineering method used in this research takes a significant role while writing the self-interaction
potential of a scalar field model.
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1. Introduction

According to the astrophysical experiments completed in recent years [1-4], our universe has
entered an extraordinary period, in which it expands faster than expected. Cosmological data published
by the Planck Research Group [4] indicates that the distribution of contents in our universe is found to
be 4.9 % ordinary (or baryonic) matter (stars, galaxies, and everything including us), 26.8 % dark matter,
and 68.3 % dark energy. The General Theory of Relativity [5] is expressed as follows:

1
Ry, —5RGu = 81G[(p + PIULU, + PGy 3

The left side of this equation expresses the geometric structure of the space-time fabric, while the
right side contains information about the energy-matter distribution. The quantities R, R, g, G, p,
p, and Uuwritten in the above equation correspond to the Ricci tensor, Ricci scalar, metric tensor,
universal gravitational constant, energy density, pressure, and four-velocity vector, respectively. The
General Theory of Relativity, which has reached the age of 107 and offers very successful results in the
theoretical context, includes only the ordinary matter effect among the dominant contents of our
Universe. Naturally, the need to reorganize and expand Einstein's General Theory of Relativity has
emerged to explain the current observational data theoretically. According to the studies presented in
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the literature, the following methods come to the fore: (i) changing the left side of the equation (modified
gravity) [6-8], using the cosmology constant [9], making use of scalar field models [10-13]), (ii)
changing the right side of the equation (introducing dark matter and dark energy density definitions [14-
16] or unified density models [17,18]). In this study, we mainly focus our attention on the reverse-
engineering method, which comparatively connects a scalar field definition and the rainbow formalism
of gravity, which is a modified gravity idea that has been studied extensively in the literature [22,24].
As we emphasized in the summary of our study, some fundamental physics theories allow us to propose
various definitions of scalar fields, but they do not offer useful methods, by which we can obtain explicit
solutions for the self-interaction potential introduced in a scalar field model [10-13]. On the other hand,
the very recent observation of gravitational waves, which was estimated first by Einstein via the General
Theory of Relativity Theory [19], has increased the need for a successful quantum gravity model [20,21].
In this context, the rainbow formalism of gravity [22-24] stands out as a remarkable quantum gravity
idea proposed recently in the literature. This formalism is basically built on the idea that "the energy of
a test particle should affect the fabric of space-time" [22,23]. In this study, we discuss the results
obtained by substituting the Friedmann-Robertson-Walker (FRW) type rainbow metric in equation (1),
together with the (Dirac-Born-Infeld) DBI-essence scalar field dark energy model and compare them
via the reverse-engineering method.

In this study, the rainbow formalism and the DBI-essence scalar field model, which form the basis
of the research, will be briefly introduced in the second section. Subsequently, our original calculations
will be given in the third section. Finally, we will highlight the main results of our research and present
some suggestions for possible future research in the final section.

2. Materials And Methods

2.1. Fundamentals of Rainbow Formalism

Within the scope of this formalism, Magueijo and Smolin [23] defined a deformed equivalence
principle and presented a dispersion relation, which is valid also in curvilinear coordinates. From a
mathematical point of view, the rainbow formalism is basically represented by the following relation
[23]:

fHEE? — g*(e)p? =m?. )
Here, the quantities E and m represent energy and mass, respectively, while f(g) and g(¢) are called

rainbow functions [22-24]. On the other hand, the parameter € corresponds to the energy of a test particle
and it is written as

€= Ei,,l , ®3)
where E,; stands for the Planck energy. Various definitions [25-30] have been proposed in literature for

the rainbow functions (the quantities v, f and n that appear in some equations are arbitrary parameters):
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fO=1 g@=1, (4)
f& =g == (5)
fl&)=Vi-¢, g(e)=1, ®)
f@=1 gl&=1+} ™
fO=e %, ge)=1 ®)
f&="2 g@=1 ©
fle)=1, g(e)=1+&" (10)

The Friedmann-Robertson-Walker metric, which is the basis of cosmological studies and
describes the geometric structure of the Universe, points to a homogeneous and isotropic structure and
is expressed mathematically as follows [31]

ds? = —dt? + a?(t)[dr? + r*d6? + r’sin?0d 67| (11)

where the a(t) function is known as the scale factor and indicates an expanding geometry. Within the
scope of the rainbow formalism of gravity, the replacements

at dx dy dz
dt—>f, dx—>g, dy—>g, dz—>g (12)

transforms the Friedmann-Robertson-Walker metric into its rainbow gravity version [22-24]:
2
ds? = — 5 de? + “2[dr? + r2d6? + r2sin20d6?),
f 9
(13)

Thus, after using equation (13) in equation (1), the extended Friedmann equations are obtained as
follows [22,23]:

__ 8nG

2 _ 2%
H' =5, (14)
dH__%
w=—m et (15)

The quantity H = i% is known as the Hubble parameter in literature. Besides, after taking the above

results into account at the same time, the following equation is obtained for the extended conservation
equation [24]

% +3H(p+p) =0. (16)
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2.2. Fundamentals of the DBI-essence scalar field model
This type of scalar field is described by the action integral [32]:

@2
S=—[d*x/-g|T(®) 1—%—1 + V()| . (17)

Here, ¢ is the scalar field, g is the determinant of the metric tensor, V(¢) is the self-interaction potential,
and T(¢) is the warped brane tension. Within the scope of this model, the energy density and pressure
quantities are written as follows [33]:

pper = = DT(@) + V() , (18)
posr = (1 =2) T(9) -V (&), (19)
where
Ol
_ _ \at
17—(1 T(¢)> >1 . (20)
2
Therefore, we see that it should be (%) > T(¢) [33]. Inaddition to this, we get the subsequent

relation by making use of equations (18) and (19),
PpBr + Pppr = (77 - %) T(¢) . (21)

Note that this quantity must always take positive values [33]. Finally, the equation-of-state
parameter for the DBI-essence scalar field model is obtained as follows:
oo @V @)
WDBI = e T - DT@) V(@)

(22)

We can now apply the reverse-engineering method, which is based on the idea of making a
comparison between the rainbow gravity formalism and the DBI-essence scalar field model, to the
preliminary definitions and calculations.

3. Results and Discussions

From equations (14) and (15), the following relations are obtained for the energy density p and
the pressure p

_ 3 2

'0_871'GH ’ 23)
_ _ Sf? [aH 2

p= 8nG[dt+3H ] (24)

Thus, for the equation-of-state parameter, we reach the following result
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) aH | 32

_ b _ _at
w=B= a2 (25)

According to the reverse-engineering method, one can assume p = ppg; for the energy density,
p = ppp; for the pressure, and w = wpp; for the equation-of-state parameter. According to these
assumptions, we can write

d + +
_¢: PDBI+PDBI _ P+P , (26)
dt n n

(ppBI+PDBD? ﬂ)Z(IH'P)Z
(e e

T(®): &7
(ppBI+PDBI)? —(%)4 (P+p)2‘(i—f)4
V() ( )ZPDBI ~ppBi1(PDBI+PDBI) R (%)Zp—p(l)ﬂ’) (28)
—-) tPpBI+PDBI gz 2+p+p
(dt) (dt

When the expressions presented in equations (23) and (24) are used in equations (26), (27) and
(28), the following results are obtained:

dp _ __f* aH
dat  8mnG dt’ (29)
4(dH\?
rig) = — ) (30)
Br6)2-n2r*(r)
f4H2——81TG172f ( +3H2)
V(g) = I (31)

f —8mGn?

At this stage, the results are given in equations (29), (30), and (31) can be used for a graphical
analysis with the help of specific forms of rainbow functions (please check equations (4)-(10) introduced
before) and some solutions of Hubble parameter. Three well-known Hubble parameter formulations are
presented in Table 1.

Table 1. Custom scale factor and Hubble parameter selections

Phase a(t) H(t)
1
Radiation phase [34 z -
p [ ] aotz ot
Matter phase [35] 2 2
Energy phase [35] agetot H,

As an example, when we use the choice of rainbow functions presented in equation (6) and the
energy phase solution of the Hubble parameter, we get the following results:

¢ = ¢po = constant, (32)
T(¢) =0 (33)
V($) =3(1 —?)H,y”. (34)
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4, Conclusions

The main purpose of this research is to apply a method that we can express mathematically the
self-interaction potential quantity V(¢) of a scalar field dark energy model. In order to achieve this aim,
the reverse-engineering between the rainbow gravity formalism and the DBI-essence scalar field
definition has been studied. The effects of rainbow functions on the scalar field model have been clearly
demonstrated from the calculations performed with the help of the rainbow gravity framework. It would
be appropriate to emphasize here that it is possible to reach additional cosmological discussions by using
the obtained theoretical results in a graphic analysis. On the other hand, we can expand our research by
applying the comparative method introduced in this study to different scalar field models such as the
tachyon [10], quintessence [12], k-essence [36], and the dilaton [37] fields.

Ethical Statements

The author declares that this document does not require an ethics committee approval or any special
permission. Our study does not cause any harm to the environment.

Conflict of interest

The authors declare no conflict of interest.

Authors Contributions

FFB carried out calculations and wrote the first draft of the manuscript.

References
[1] Bennet, C.L., et al., “First-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations:
Preliminary Maps and Basic Results", The Astrophysical Journal (Supplement) 148, 1, 2003.

[2] Tegmark, M., et al., “Cosmological parameters from SDSS and WMAP”, Physical Review D, 69,
103501, 2004.

[3] Perlmutter, S., et al., “Measurements of W and L from 42 High-Redshift Supernovae”, The
Astrophysical Journal (Supplement) 517, 2, 1999.

[4] Ade, P.A.R., etal., “Planck 2013 results. XVI. Cosmological parameters”, Astronomy and
Astrophysics, 571, A16, 2014.

[5] Einstein, A., “Zur Allgemeinen Relativitétstheorie”, Sitzungsber. Preus. Akad. Wiss. Berlin
g
(Math. Phys.), 47, 778-786, 1915.

[6] Sotiriou, T.P. and Faraoni, V., “f(R) theories of gravity”, Review of Modern Physics, 82, 451,
2010.

[7] Hehl, F.W., Von Der Heyde, P., Kerlick, G.D. and Nester, J.M., 1976, “General relativity with
spin and torsion: Foundations and prospects”, Review of Modern Physics, 48, 393, 1976.

[8] Mikhail, M.I. and Wanas, M.I., “A generalized field theory. 1. Field equations”, Proceedings of
Royal Society London Ser. A, The Journal of Mathematical Physics 356, 471, 1977.

[9] Copeland, E.J., Sami, M. and Tsujikawa, S., “Dynamics of dark energy”, International Journal of
Modern Physics D, 15, 1753, 2006.

[10] Pasqua, A., Khodam-Mohammadi, A., Jamil, M. and Myrzakulov, R., “Interacting Ricci Dark
Energy with Logarithmic Correction”. Astrophysics Space Science, 340, 199. 2012.

[11] Jamil, M., Karami, K. ve Sheykhi, A., “Restoring New Agegraphic Dark Energy in RS 11
Braneworld”, International Journal of Theoretical Physics, 50, 3069, 2011.

31



Middle East Journal of Science (2022) 8(1):26-33 https://doi.org/10.51477/mejs.1109190

[12] Sheykhi, A. and Bagheri, A., “Quintessence Ghost Dark Energy Model”. Europhysics Letters, 95,
39000, 2011.

[13] Sheykhi, A., Movahed, M.S. and Ebrahimi, E., “Tachyon Reconstruction of Ghost Dark Energy”,
Astrophysics and Space Science, 339, 93. 2012

[14] M. Salti, H. Yanar, O. Aydogdu, and K. Sogut, “Dynamics of ghost scalar fields in Kaluza—Klein
cosmology”, Astrophysics and Space Science 362, 207, 2017.

[15] Ebrahimi, E. and Sheykhi, A., “Scalar field reconstruction of power-law entropy-corrected
holographic dark energy”, Physica Scripta. 04, 045016, 2011.

[16] Veneziano, G., “U (1) without instantons”, Nuclear Physics B 159, 213, 1979.

[17] Padmanabhan, T., “Cosmological Constant - the Weight of the Vacuum”, Physics Reports, 380,
235, 2003.

[18] Cai, Y.F., Saridakis, E.N., Setare, M.R. and Xia, J.Q., “Quantum Cosmology: Theoretical
implications and observations”, Physics Reports, 493, 1, 2010.

[19] Abbott, B.P., et al., (LIGO Scientific Collaboration and Virgo Collaboration), “Observation of
Gravitational Waves from a Binary Black Hole Merger”, Physical Review Letters, 116, 061102,
2016.

[20] Kiefer, C., Quantum Gravity, 2nd edition, Oxford University Press, Oxford, 2007.
[21] Carlip, S., “Quantum gravity: a progress report”, Reports on Progress in Physics, 64, 885, 2001.

[22] Magueijo, J. and Smolin, L., “Gravity's Rainbow", Classical and. Quantum Gravity, 21, 1725,
2004,

[23] Magueijo, J. and Smolin, L., “Generalized Lorentz invariance with an invariant energy scale”,
Physical Review D, 67, 044017, 2003.

[24] Ashour, A, Alcheikh, M. and Chamoun, N., “General modified Friedmann equations in Rainbow
flat universe, by thermodynamics”, European Physical Journal C, 79, 127, 2019.

[25] Ling, Y., Li, X. and Zhang, H., “Thermodynamics of Modified Black Holes From Gravity's
Rainbow”, Modern Physics Letters A, 22, 2749,2007.

[26] Leiva, C., Saavedra, J. and Villanueva, J., “Geodesic Structure of the Schwarzschild Black Hole
in Rainbow Gravity”’, Modern Physics Letters A, 24, 1443,2009.

[27] Liu, C.Z. and Zhu, J.Y ., “Hawking radiation and black hole entropy in a gravity’s rainbow”,
General Relativity and Gravitation, 40, 1899, 2008.

[28] Hendi, S.H., Faizal, M., Panah, B.E. and Panahiyan, S., “Charged dilatonic black holes in
gravity’s rainbow”, European Physical Journal C, 76, 296, 2016.

[29] Feng, Z.-W. and Yang, S.-Z., “Thermodynamic phase transition of a black hole in rainbow
gravity”, Physics Letters B, 772,737-742,2017.

[30] Amirabi, Z., Halilsoy, M. and Mazharimousavi, S.H., “Thin-shell wormholes in rainbow gravity”,
Modern Physics Letters A, 33, 1850049, 2018.

[31] Ellis, G.F.R. and van Elst, H., "Cosmological models (Cargése lectures 1998)". In Marc
Lachiéze-Rey (ed.). Theoretical and Observational Cosmology. NATO Science Series C. 541. 1—
116, 1999.

32



Middle East Journal of Science (2022) 8(1):26-33 https://doi.org/10.51477/mejs.1109190

[32] Martin, J. and Yamaguchi, M., “DBI-essence”, Physical Review D, 77, 123508, 2008.

[33] Debnath, U., and Jamil, M., “Correspondence between DBI-essence and modified Chaplygin Gas
and The Generalized Second Law Of Thermodynamics”, Astrophysics and Space Science. 335,
545, 2011.

[34] Padmanabhan, T., “Structure Formation in the Universe”, Cambridge University Press,
Cambridge, 1993.

[35] Ryden, B., “Introduction to Cosmology”’, Cambridge University Press, Cambridge, 2016.

[36] Chiba, T., Okabe, T. and Yamaguchi, M., “Kinetically driven quintessence”, Physical Review D
62, 023511, 2000.

[37] Piazza, F. and Tsujikawa, S., “Dilatonic ghost condensate as dark energy”, Journal of Cosmology
and Astroparticle Physics 7, 4, 2004,

33



