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1. Introduction

In differential geometry, submanifolds equipped with different geometric structure have been studied widely. A
submanifold of a semi-Riemannian (briefly s-Riemannian) manifold is called a lightlike submanifold if the induced
metric is degenerate. The general view of lightlike submanifold has been introduced in [4] (see also [7]). Many results
on lightlike submanifolds have been given in many papers [1, 5, 6, 11, 20].

The golden proportion and the golden rectangle have been found in the harmonious proportion of temples, fractals,
paintings etc. Golden structure was charecterized by J. Kepler. The number ϕ, which is the real positive root of

x2 − x − 1 = 0,

(hence ϕ = 1+
√

5
2 ) is the golden proportion. In [8], inspired by golden ratio, golden Riemannian manifolds were

introduced. Then, many authors have studied golden structure on different manifolds [3, 12, 13, 17].
As a generalization of the golden mean family, metallic mean family was introduced in [18]. The positive solution

of
x2 − px − q = 0,

is called member of the metallic means family, where p and q are fixed two positive integers. These numbers denoted
by

σp,q =
p +
√

p2 + 4q
2

,

are also known (p, q)−metallic numbers. Recently many paper about metallic mean have been published [2, 9, 10, 15].
Also in [16], the authors have defined Bronze structure which is different from Bronze mean given in [14]. In [19],

B. Şahin introduce as a new type of manifold which is called almost poly-Norden manifolds. An almost poly-Norden
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structure can not be expressed with metallic structure for any positive integer p, q. Recently, Yüksel Perktaş studied
submanifolds of almost poly-Norden Riemannian manifolds in [21].

In this article, by inspiring from [19], we study lightlike submanifolds of poly-Norden manifolds. Also, we introduce
and examine invariant and semi-invariant lightlike submanifolds of a poly-Norden s-Riemannian manifold. Also, we
give some examples of such types submanifolds.

2. Preliminaries

Let M̃ be a diffrentiable manifold and Φ be a (1, 1)−type tensor field on M̃. If

Φ2 = mΦ − I,

satisfied, then Φ is called an almost poly-Norden manifold [19].

Example 2.1 ( [19]). Consider the 4-tuples real space R4 and define a map by

Φ : R4 → R4

(x1, x2, x3, x4) → (Bmx1, Bmx2, B̄mx3, B̄mx4),

where Bm =
m+
√

m2−4
2 and B̄ = m − Bm. Thus, (R4,Φ) is an example of almost poly-Norden manifold.

If a s-Riemannian metric g̃ satisfies

g̃(ΦU,ΦV) = mg̃(ΦU,V) − g̃(U,V), (2.1)

then g̃ is called Φ−compatible. So (M̃,Φ, g̃) is called an almost poly-Norden s-Riemannian manifold [19].
By use of (2.1), we get

g̃(ΦU,V) = g̃(U,ΦV).

From now on, we will suppose that m is different from zero.
If the induced metric g from g̃ is degenerate on Mm and

rank(RadT M) = r, 1 ≤ r ≤ m,

then (M, g) is called a lightlike submanifold, where RadT M is the radical distribution and T M⊥ the normal bundle of
T M with

RadT M = T M ∩ T M⊥,

and
T M⊥ =

⋃
p∈Ḿ

{
Vp ∈ TpM̃ : gp(Up,Vp) = 0,∀U ∈ Γ(TpM)

}
.

Since T M and T M⊥ are non-degenerate vector subbundles, there exists complementary non-degenerate distributions
S (T M) and S (T M⊥) of RadT M in T M and T M⊥, respectively, which are the screen distribution and screen transversal
bundle of M with

T M = S (T M)⊥RadT M,

T M⊥ = S (T M⊥)⊥RadT M.

Also, in view of an orthogonal complement subbundle S (T M)⊥ to S (T M) in T M̃ such that

S (T M)⊥ = S (T M⊥)⊥S (T M⊥)⊥, (2.2)

where S (T M⊥)⊥ is the orthogonal complementary to S (T M⊥) in S (T M)⊥.

Theorem 2.2 ( [4]). Let (M, g, S (T M), S (T M⊥)) be a r−lightlike submanifold of a s-Riemannian manifold M̃. Then,
there exists a complementary vector bundle ltr(T M) known a lightlike transversal bundle of RadT M in S (T M⊥)⊥ and
a basis of Γ(ltr(T M)) consist of sections {N1, ...,Nr} of S (T M⊥)⊥ such that

g̃(Ni,N j) = 0, g̃(Ni, E j) = 1, i, j = 1, ..., r,

where {E1, ..., Er} is a basis of Γ(RadT M).
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This theorem gives that

tr(T M) = ltr(T M)⊥S (T M⊥), (2.3)

S (T M⊥)⊥ = RadT M ⊕ ltr(T M). (2.4)

So, in view of equations (2.2)−(2.4), we arrive at

T M̃ = S (T M)⊥S (T M)⊥

= S (T M)⊥{RadT M ⊕ ltr(T M)}⊥S (T M)⊥

= T M ⊕ tr(T M). (2.5)

The Gauss and Weingarten equations of M are given by

∇̃UV = ∇UV + h(U,V), U,V ∈ Γ(T M), (2.6)

∇̃U N = −ANU + ∇t
U N, N ∈ Γ(ltr(T M)),

where ∇UV, ANU ∈ Γ(T M) and h(U,V), ∇t
U N ∈ Γ(tr(T M)).

By using (2.5) with projection morphisms defined by

L : tr(T M)→ ltr(T M), S : tr(T M)→ S (T M⊥),

then every U,V ∈ Γ(T M), N ∈ Γ(ltr(T M)) and W ∈ Γ(S (T M⊥)), we get

∇̃UV = ∇UV + hl(U,V) + hs(U,V), (2.7)

∇̃U N = −ANU + ∇l
U N + Ds(U,N), (2.8)

∇̃UW = −AWU + Dl(U,W) + ∇s
UW, (2.9)

where ∇l
U N, Dl(U,W) ∈ Γ(ltr(T M)) and Ds(U,N), ∇s

UW ∈ Γ(S (T M⊥)) and

hl(U,V) = Lh(U,V) ∈ Γ(ltr(T M)),

hs(U,V) = S h(U,V) ∈ Γ(S (T M⊥)).

If we denote the projection of T M on S (T M) with P̃, from (2.6), (2.7), (2.8) and (2.9), we obtain

g̃(hs(U,V),W) + g̃(Y,Dl(U,W)) = g̃(AWU,Y),

g̃(Ds(U,N),W) = g̃(N, AWU),

∇U P̃V = ∇∗U P̃V + h∗(U, P̃V), (2.10)

∇U E = −A∗EU + ∇∗tU E, (2.11)

for U,V ∈ Γ(T M), E ∈ Γ(RadT M), where ∇∗ and ∇t are induced connections on S (T M) and RadT M, respectively.
Also, h∗ is Γ(RadT M)− valued bilinear form on Γ(T M) × Γ(S (T M)) which is called second fundamental form on
S (T M) and A∗ is Γ(S (T M))− valued bilinear forms on Γ(RadT M) × Γ(T M) which is called second fundamental form
on RadT M.

Moreover, induced connection ∇ onM is not a metric connection and satisfies

(∇Ug)(V,Y) = g̃(hl(U,V),Y) + g̃(hl(U,Y),V).

Also, ∇∗ is a metric connection on S (T M).
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3. Main Results

In this article, we assume that
∇̃Φ = 0, (3.1)

and to avoid repetition in the remain part of this section, (M̃,Φ, g̃) will be considered a poly-Norden semi-Riemannian
manifold.

Definition 3.1. Let (M, g) be a lightlike submanifold of (M̃,Φ, g̃). Then, M is an invariant lightlike submanifold if the
following conditions are satisfied [4]:

Φ(S (T M)) = S (T M),
Φ(RadT M) = RadT M.

Example 3.2. Let M̃ = R5
1 be a semi-Euclidean space with coordinate system (x1, x2, ..., x5) and signature (−,+,+,+,+).

If we take
Φ(x1, x2, ..., x5) = (Bmx1, Bmx2, Bmx3, Bmx4, Bmx5),

then Φ is an almost poly-Norden structure on M̃.
Suppose that M is a submanifold given by

x1 = u3, x2 = − sinαu1 + cosαu3

x3 = cosαu1 + sinαu3, x4 = u2, x5 = 0,

where (u1, u2, u3) is the local coordinate system of M. Then, T M is given by

Ψ1 = − sinα
∂

∂x2
+ cosα

∂

∂x3
,

Ψ2 =
∂

∂x4
,

Ψ3 =
∂

∂x1
+ cosα

∂

∂x2
+ sinα

∂

∂x3
.

Hence, RadT M = S p{Ψ3}, S (T M) = S p{Ψ1,Ψ2} and ltr(T M) is spanned by

N =
1
2

{
−
∂

∂x1
+ cosα

∂

∂x2
+ sinα

∂

∂x3

}
.

It follows that Φ(RadT M) = RadT M and Φ(S (T M)) = S (T M). Hence, M is an invariant lightlike submanifold.

If we show the projection morphisim on S (T M) and RadT M with T and R, respectively. Thus, for U ∈ Γ(T M), we
can state

U = TU + RU,

where TU ∈ Γ(S (T M)) and RU ∈ Γ(RadT M).
Applying Φ to above equation, we get

ΦU = ΦTU + ΦRU,

from which we can write
ΦU = S U + QU, (3.2)

where S U ∈ Γ(S (T M)) and QU ∈ Γ(RadT M).
If we differentiate (3.2) and by use of (3.1) with (2.7)−(2.9), we arrive at

S∇UV + Q∇UV + Φhl(U,V) + Φhs(U,V) = ∇∗US V + h∗(U, S V) + hl(U, S V) + hs(U, S V)

−A∗QVU + ∇∗tU QV + hl(U,QV) + hs(U,QV),
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which yields

S∇UV = ∇∗US V − A∗QVU,

Q∇UV = h∗(U, S V) + ∇∗tU QV,

Φhl(U,V) = hl(U,QV),
Φhs(U,V) = hs(U,QV),
Φ∇UV = ∇∗US V − A∗QVU + h∗(U, S V) + ∇∗tU QV.

Theorem 3.3. Let (M, g) be an invariant lightlike submanifold of (M̃,Φ, g̃). Then, RadT M is integrable if and only if

A∗ΦE1
E2 = A∗ΦE2

E1 and A∗E1
E2 = A∗E2

E1,

for any E1, E2 ∈ Γ(RadT M) and Z ∈ Γ(S (T M)).

Proof. For E1, E2 ∈ Γ(RadT M), RadT M is integrable if and only if

[E1, E2] ∈ Γ(RadT M).

From above equation, we can say g̃([E1, E2],Z] = 0. Therefore, from above equation and using (2.1) with (3.1), we get

g̃([E1, E2],Z] = g̃(∇̃E1 E2 − ∇̃E2 E1,Z)

= g̃(∇̃E1 E2,Z) − g̃(∇̃E2 E1,Z)

= −g̃(Φ∇̃E1 E2,ΦZ) + mg̃(∇̃E1 E2,ΦZ) + g̃(Φ∇̃E2 E1,ΦZ) − mg̃(∇̃E2 E1,ΦZ)

= −g̃(∇̃E1ΦE2,ΦZ) + mg̃(∇̃E1 E2,ΦZ) + g̃(∇̃E2ΦE1,ΦZ) − mg̃(∇̃E2 E1,ΦZ). (3.3)

In view of (2.7) with (3.3), we find

g(∇E2ΦE1,ΦZ) − g(∇E1ΦE2,ΦZ) + m
(
g(∇E1 E2,ΦZ) − g(∇E2 E1,ΦZ)

)
= 0.

Therefore, using the decomposition (2.5) and (2.11), we arrive at

g(AΦE2 E1 − AΦE1 E2,ΦZ) + m
(
g(AE1 E2 − AE2 E1,ΦZ)

)
= 0,

which yields the proof. □

Theorem 3.4. Let (M, g) be an invariant lightlike submanifold of (M̃,Φ, g̃). Then, S (T M) is integrable if and only if

h∗(U,ΦV) = h∗(V,ΦU) and h∗(U,V) = h∗(V,U),

for any U,V ∈ Γ(S (T M)) and N ∈ Γ(ltr(T M)).

Proof. For U,V ∈ Γ(S (T M)) and N ∈ Γ(ltr(T M)), S (T M) is integrable if and only if

g̃([U,V],N] = 0.

Therefore, from above equation and using (2.1) with (3.1), we have

g̃([U,V],N] = g̃(∇̃UV − ∇̃VU,N)
= −g̃(Φ∇̃UV,ΦN) + mg̃(∇̃UV,ΦN) + g̃(Φ∇̃VU,ΦN) − mg̃(∇̃VU,ΦN)
= −g̃(∇̃UΦV,ΦN) + mg̃(∇̃UV,ΦN) + g̃(∇̃VΦU,ΦN) − mg̃(∇̃VU,ΦN). (3.4)

By use of (2.10) with (3.4) and using the decomposition (2.5) and (2.11), we can write

g(h∗(U,ΦV) − h∗(V,ΦU),ΦN) + mg(h∗(U,V) − h∗(V,U),ΦN) = 0,

which gives the proof. □

Theorem 3.5. Let (M, g) be an invariant lightlike submanifold of (M̃,Φ, g̃). Then, ∇ on M is a metric connection if
and only if

A∗ΦEU = mA∗EU, (3.5)

for any U ∈ Γ(T M) and E ∈ Γ(RadT M).
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Proof. If ∇ is a metric connection, we have
∇U E ∈ Γ(RadT M),

for any U ∈ Γ(T M) and E ∈ Γ(RadT M). So we can write

g(∇U E,Z) = 0,

for all Z ∈ Γ(S (T M)).
Therefore, using (2.7) with (2.1), we get

g̃(Φ∇̃U E,ΦZ) − mg̃(∇̃U E,ΦZ) = 0,

so from (3.1), we have
g̃(∇̃UΦE,ΦZ) − mg̃(∇̃U E,ΦZ) = 0.

Therefore, using (2.11) in above equation, we find

g(−A∗ΦEU + mA∗EU,ΦZ) = 0,

which gives (3.5). □

Theorem 3.6. Let (M, g) be an invariant lightlike submanifold of (M̃,Φ, g̃). Then, RadT M defines a totally geodesic
foliation on M if and only if

hl(E,ΦU) = mhl(E,U), (3.6)

for any U ∈ Γ(S (T M)) and E ∈ Γ(RadT M).

Proof. The radical distribution RadT M defines a totally geodesic foliation if and only if

∇E1 E2 ∈ Γ(RadT M),

for any E1, E2 ∈ Γ(RadT M). Because of ∇̃ is a metric connection we can write for all U ∈ Γ(S (T M))

g(∇E1 E2,U) = g̃(∇̃E1 E2,U) = g̃(E2, ∇̃E1 U) = 0.

Therefore, using (2.7) with (2.1) and (2.10), we get

0 = g̃(∇̃E1ΦU,ΦE2) − mg̃(∇̃E1 U,ΦE2)

= g(hl(E1,ΦU),ΦE2) − mg(hl(E1,U),ΦE2).

So, we get (3.6). The converse of proof is clear. □

Now, we introduce semi-invariant lightlike submanifolds of (M̃,Φ, g̃). Firstly, we give the following:

Definition 3.7. Let (M, g) be a lightlike submanifold of (M̃,Φ, g̃). Then M is called a semi-invariant lightlike subman-
ifold if the following conditions are satisfied:

Φ(RadT M) = S (T M),
Φ(ltr(T M)) = S (T M),
Φ(S (T M⊥)) = S (T M).

Taking D̂ = Φ(RadT M), D̃ = Φ(ltr(T M)), D̊ = Φ(S (T M⊥)) then we can state

S (T M) = D0⊥{D̂ ⊕ D̃}⊥D̊.

So, we get
T M = D0⊥{D̂ ⊕ D̃}⊥D̊⊥RadT M,

T M̃ = D0⊥{D̂ ⊕ D̃}⊥D̊⊥S (T M⊥)⊥{RadT M ⊕ ltr(T M)}.

If we take
D = D0⊥D̂ ⊕ ⊥RadT M and D⊥ = D̃⊥D̊,

then we can write
T M = D ⊕ D⊥.
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Example 3.8. Let M̃ = R7
2 be a semi-Euclidean space with coordinate system (x1, x2, ..., x7) and signature

(−,+,−,+,+,+,+). If we take

Φ(x1, x2, ..., x7) = (B̄mx1, Bmx2, Bmx3, B̄mx4, Bmx5, Bmx6, Bmx7),

where B̄m = m − Bm, then we can say that Φ is an almost poly-Norden structure on M̃.
Suppose that M is a submanifold given by

x1 = Bmu1 + u2 + B̄mu3,

x2 = u1 + Bmu2 − Bmu3,

x3 = u1 + Bmu2 + Bmu3,

x4 = Bmu1 + u2 − B̄mu3,

x5 = x6 = B̄mu4, x7 = u5,

where (u1, u2, ..., u5) is the local coordinate system of M.Then, T M is given by

Ψ1 = Bm
∂

∂x1
+
∂

∂x2
+
∂

∂x3
+ Bm

∂

∂x4
,

Ψ2 =
∂

∂x1
+ Bm

∂

∂x2
+ Bm

∂

∂x3
+
∂

∂x4
,

Ψ3 = B̄m
∂

∂x1
− Bm

∂

∂x2
+ Bm

∂

∂x3
− B̄m

∂

∂x4
,

Ψ4 = B̄m
∂

∂x5
+ B̄m

∂

∂x6
,

Ψ5 =
∂

∂x7
.

So, we have RadT M = S p{E = Ψ1} and S (T M) = S p{Ψ2,Ψ3,Ψ4,Ψ5} with

ltr(T M) = S p
{

N = −
1

2 (Bm + 1)
{
∂

∂x1
−
∂

∂x2
+
∂

∂x3
−
∂

∂x4
}

}
,

S (T M⊥) = S p{L =
∂

∂x5
+
∂

∂x6
}.

Moreover, we arrive atΦ(E) = Ψ2,Φ(N) = Ψ3 andΦ(L) = Ψ4. If we consider D0 = S p{Ψ5}, D̂ = S p{Ψ2}, D̃ = S p{Ψ3}

and D̊ = S p{Ψ4}, then M is a semi-invariant lightlike submanifold.

Suppose that M is a semi-invariant lightlike submanifold of (M̃,Φ, g̃). If we show the projection morphism on
S (T M) and RadT M with T and S , respectively. Therefore, for U ∈ Γ(T M), we can write

U = TU + S U,

where TU ∈ Γ(S (T M)) and S U ∈ Γ(RadT M).
Applying Φ to above equation, we obtain

ΦU = ΦTU + ΦS U,

from which we can state
ΦU = KU + LU, (3.7)

where KU ∈ Γ(S (T M)) and LU ∈ Γ(ltr(T M)).
Similarly, for any W ∈ Γ(tr(T M)), we have

ΦW = BW +CW, (3.8)

where BW and CW are the tangential and transversal components of ΦW, respectively.
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Lemma 3.9. Let M be a semi-invariant lightlike submanifold of (M̃,Φ, g̃). Then, we get for any U,V ∈ Γ(T M) and
W ∈ Γ(tr(T M)),

(∇U K)V = ALVU + Bh(U,V), (3.9)
L∇UV = ∇t

U LV + h(U,KV), (3.10)
∇U BW = −KAWU + B∇UW, (3.11)

h(U, BW) = −LAWU. (3.12)

Proof. From (3.1) and (3.7) with (3.8), one can easily see that (3.9)-(3.12). □

Theorem 3.10. Let (M, g) be a semi-invariant lightlike submanifold of (M̃,Φ, g̃) . Then, D is integrable if and only if

hl(ΦU,ΦV) = mhl(V,ΦU) − hl(V,U), (3.13)

hs(ΦU,ΦV) = mhs(V,ΦU) − hs(V,U), (3.14)
for any U,V ∈ Γ(D).

Proof. From the definition of D, D is integrable if and only if

g̃([ΦU,V],ΦE) = 0,

and
g̃([ΦU,V],ΦL) = 0,

for E ∈ Γ(RadT M) and L ∈ Γ(S (T M⊥)).
In view of (2.1) and (2.7), we get

g̃([ΦU,V],ΦE) = g̃(∇̃ΦUV,ΦE) − g̃(∇̃VΦU,ΦE)
= g̃(Φ∇̃ΦUV, E) − g̃(Φ∇̃VU,ΦE)
= g̃(∇̃ΦUΦV, E) − mg̃(Φ∇̃VU, E) + g̃(∇̃VU, E)
= g̃(∇̃ΦUΦV, E) − mg̃(∇̃VΦU, E) + g̃(∇̃VU, E)
= g(hl(ΦU,ΦV), E) − mg(hl(V,ΦU), E) + g(hl(V,U), E),

which gives (3.13).
Also,

g̃([ΦU,V],ΦL) = g̃(∇̃ΦUV,ΦL) − g̃(∇̃VΦU,ΦL)
= g̃(Φ∇̃ΦUV, L) − g̃(Φ∇̃VU,ΦL)
= g̃(∇̃ΦUΦV, L) − mg̃(Φ∇̃VU, L) + g̃(∇̃VU, L)
= g̃(∇̃ΦUΦV, L) − mg̃(∇̃VΦU, L) + g̃(∇̃VU, L)
= g(hs(ΦU,ΦV), L) − mg(hs(V,ΦU), L) + g(hs(V,U), L),

which implies (3.14). □

Theorem 3.11. Let (M, g) be a semi-invariant lightlike submanifold of (M̃,Φ, g̃) . Then, D⊥ is integrable if and only if
i) mg(h∗(U,V) − h∗(V,U),N) = g(AW1 V − AW2 U,N),
ii) g(AW1 V,ΦN) = g(AW2 U,ΦN),
iii) g(AW1 V,ΦZ) = g(AW2 U,ΦZ)
for any U,V ∈ Γ(D⊥), N ∈ Γ(ltr(T M)), Z ∈ Γ(D0) and W1,W2 ∈ Γ(tr(T M)).

Proof. From the definition of D⊥, D⊥ is integrable if and only if

g̃([U,V],ΦN) = 0,

g̃([U,V],N) = 0,
and

g̃([U,V],Z) = 0,
for any U,V ∈ Γ(D⊥), N ∈ Γ(ltr(T M)) and Z ∈ Γ(D0). Taking U,V ∈ Γ(D⊥), there are some vector fields W1,W2 ∈

Γ(tr(T M)) such that
U = ΦW1 and V = ΦW2.
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By use of (2.1), (2.7), (2.8) and (2.10), we find

g̃([U,V],ΦN) = g̃(∇̃UV,ΦN) − g̃(∇̃VU,ΦN)
= g̃(∇̃UΦW2,ΦN) − g̃(∇̃VΦW1,ΦN)
= mg̃(∇̃UΦW2,N) − g̃(∇̃UW2,N) − mg̃(∇̃VΦW1,ΦN) + g̃(∇̃VW1,ΦN)
= mg(∇UΦW2 − ∇VΦW1,N) + g(AW2 U − AW1 V,N)
= mg(h∗(U,ΦW2) − h∗(V,ΦW1),N) + g(AW2 U − AW1 V,N),

which gives (i).
Moreover,

g̃([U,V],N) = g̃(∇̃UV,N) − g̃(∇̃VU,N)
= g̃(∇̃UΦW2,N) − g̃(∇̃VΦW1,N)
= g̃(Φ∇̃UW2,N) − g̃(Φ∇̃VW1,N)
= g̃(∇̃UW2,ΦN) − g̃(∇̃VW1,ΦN)
= g(AW1 V − AW2 U,N),

which implies (ii).
Also,

g̃([U,V],Z) = g̃(∇̃UV,Z) − g̃(∇̃VU,Z)
= g̃(∇̃UΦW2,Z) − g̃(∇̃VΦW1,Z)
= g̃(Φ∇̃UW2,Z) − g̃(Φ∇̃VW1,Z)
= g̃(∇̃UW2,ΦZ) − g̃(∇̃VW1,ΦZ)
= g(AW1 V − AW2 U,Z),

from which we obtain (iii). □

Theorem 3.12. Let (M, g) be a semi-invariant lightlike submanifold of (M̃,Φ, g̃). Then, RadT M is integrable if and
only if

i) h∗(E1,ΦE2) = h∗(ΦE1, E2),
ii) hl(E1,ΦE2) = hl(ΦE1, E2),
iii) hs(E1,ΦE2) = hs(ΦE1, E2),
iv) A∗E1

E2 = A∗E2
E1,

for any E1, E2, E3 ∈ Γ(RadT M), N ∈ Γ(ltr(T M)), Z ∈ Γ(D0) and L ∈ Γ(S (T M⊥)).

Proof. From the definition of RadT M, RadT M is integrable if and only if

g̃([E1, E2],ΦN) = 0,

g̃([E1, E2],ΦE3) = 0,

g̃([E1, E2],ΦL) = 0,

and
g̃([E1, E2],Z) = 0,

for any E1, E2, E3 ∈ Γ(RadT M), N ∈ Γ(ltr(T M)), Z ∈ Γ(D0) and L ∈ Γ(S (T M⊥)).
By use of (2.1), (2.7), (2.10) and (2.11), we can write

g̃([E1, E2],ΦN) = g̃(∇̃E1 E2,ΦN) − g̃(∇̃E2 E1,ΦN)

= g̃(Φ∇̃E1 E2,N) − g̃(Φ∇̃E2 E1,N)

= g̃(∇̃E1ΦE2,N) − g̃(∇̃E2ΦE1,N)
= g(∇E1ΦE2,N) − g(∇E2ΦE1,N)
= g(h∗(E1,ΦE2),N) − g(h∗(E2,ΦE1),N),
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g̃([E1, E2],ΦE3) = g̃(∇̃E1 E2,ΦE3) − g̃(∇̃E2 E1,ΦE3)

= g̃(Φ∇̃E1 E2, E3) − g̃(Φ∇̃E2 E1, E3)

= g̃(∇̃E1ΦE2, E3) − g̃(∇̃E2ΦE1, E3)
= g(∇E1ΦE2, E3) − g(∇E2ΦE1, E3)

= g(hl(E1,ΦE2), E3) − g(hl(E2,ΦE1), E3),

g̃([E1, E2],ΦL) = g̃(∇̃E1 E2,ΦL) − g̃(∇̃E2 E1,ΦL)

= g̃(Φ∇̃E1 E2, L) − g̃(Φ∇̃E2 E1, L)

= g̃(∇̃E1ΦE2, L) − g̃(∇̃E2ΦE1, L)
= g(∇E1ΦE2, L) − g(∇E2ΦE1, L)
= g(hs(E1,ΦE2), L) − g(hs(E2,ΦE1), L),

g̃([E1, E2],Z) = g̃(∇̃E1 E2,Z) − g̃(∇̃E2 E1,Z)
= g(A∗E1

E2,Z) − g(A∗E2
E1,Z),

which completes the proof. □

Theorem 3.13. Let (M, g) be a semi-invariant lightlike submanifold of (M̃,Φ, g̃). Then, ΦRadT M is integrable if and
only if

i) g(hl(ΦE1, E2), E3) = g(hl(ΦE2, E1), E3),
ii) g(hs(ΦE1, E2), L) = g(hs(ΦE2, E1), L),
iii) g(ΦE2, ANΦE1) = g(ΦE1, ANΦE2),
iv) g(AE1ΦE2,ΦZ) = g(AE2ΦE1,ΦZ),
for any E1, E2, E3 ∈ Γ(RadT M), N ∈ Γ(ltr(T M)), Z ∈ Γ(D0) and L ∈ Γ(S (T M⊥)).

Proof. From the definition of ΦRadT M, ΦRadT M is integrable if and only if

g̃([ΦE1,ΦE2],ΦE3) = 0,

g̃([ΦE1,ΦE2],ΦL) = 0,

g̃([ΦE1,ΦE2],N) = 0,

and

g̃([ΦE1,ΦE2],Z) = 0,

for any E1, E2, E3 ∈ Γ(RadT M), N ∈ Γ(ltr(T M)), Z ∈ Γ(D0) and L ∈ Γ(S (T M⊥)).
By use of (2.1), (2.7), (2.10) and (2.11), we can write

g̃([ΦE1,ΦE2],ΦE3) = g̃(∇̃ΦE1ΦE2,ΦE3) − g̃(∇̃ΦE2ΦE1,ΦE3)

= g̃(Φ∇̃ΦE1 E2,ΦE3) − g̃(Φ∇̃ΦE2 E1,ΦE3)

= mg̃(Φ∇̃ΦE1 E2, E3) − g̃(∇̃ΦE1 E2, E3) − mg̃(Φ∇̃ΦE2 E1, E3) + g̃(∇̃ΦE2 E1, E3)

= mg̃(∇̃ΦE1ΦE2, E3) − g̃(∇̃ΦE1 E2, E3) − mg̃(∇̃ΦE2ΦE1, E3) + g̃(∇̃ΦE2 E1, E3)

= g(hl(ΦE2, E1), E3) − g(hl(ΦE1, E2), E3),

g̃([ΦE1,ΦE2],ΦL) = g̃(∇̃ΦE1ΦE2,ΦL) − g̃(∇̃ΦE2ΦE1,ΦL)

= g̃(Φ∇̃ΦE1 E2,ΦL) − g̃(Φ∇̃ΦE2 E1,ΦL)

= mg̃(Φ∇̃ΦE1 E2, L) − g̃(∇̃ΦE1 E2, L) − mg̃(Φ∇̃ΦE2 E1, L) + g̃(∇̃ΦE2 E1, L)

= mg̃(∇̃ΦE1ΦE2, L) − g̃(∇̃ΦE1 E2, L) − mg̃(∇̃ΦE2ΦE1, L) + g̃(∇̃ΦE2 E1, L)
= g(hs(ΦE2, E1), L) − g(hs(ΦE1, E2), L),
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g̃([ΦE1,ΦE2],N) = g̃(∇̃ΦE1ΦE2,N) − g̃(∇̃ΦE2ΦE1,N)

= ΦE1g(ΦE2,N) − g̃(ΦE2, ∇̃ΦE1 N) − ΦE2g(ΦE1,N) + g̃(ΦE1, ∇̃ΦE2 N)

= −g̃(ΦE2, ∇̃ΦE1 N) + g̃(ΦE1, ∇̃ΦE2 N)
= g(ΦE2, ANΦE1) − g(ΦE1, ANΦE2),

g̃([ΦE1,ΦE2],Z) = g̃(∇̃ΦE1ΦE2,Z) − g̃(∇̃ΦE2ΦE1,Z)

= g̃(Φ∇̃ΦE1 E2,Z) − g̃(Φ∇̃ΦE2 E1,Z)

= g̃(∇̃ΦE1 E2,ΦZ) − g̃(∇̃ΦE2 E1,ΦZ)
= g(∇ΦE1 E2,ΦZ) − g(∇ΦE2 E1,ΦZ)
= −g(AE2ΦE1,ΦZ) + g(AE1ΦE2,ΦZ),

which gives the proof of our assertion. □
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